Exercise Solution HW3 (3.5)
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Find dy/dx by the implicit differentiation.
e =x —y

Sol.

1—e¥
VY = (1 —y) = eV Y/ ) =1 -1 = zeVy =1 — eV = =
(ze?)' = (x —y)' = ¥ + xe?(y') y = xe'y' +y ey =
Find dy/dx by the implicit differentiation.
e’siny=x+vy
Sol.
(e*siny) = (x +y) = e“siny +e“cosy(y’) =1+y = e“cosyy +y =1—e"siny =
, 1—e€"siny
v= e cosy + 1

Find dy/dz by the implicit differentiation.

tan(x — y) = 2zy3 + 1

Sol.

(tan(z — y))' = 22y +1)' = sec*(z —y) - (1 —y') = 2¢° + 22(3y*(y)) =
sec?(x — y) — sec?(x — )y’ = 2y° + 6zy’y =

sec?(x —y) — 29°
6xy? + sec?(z — y)

Y (bay? + sec(@ — y)) = sec®(x — y) — 2 = ¢f =

Use implicit differentiation to find an equation of the tangent line to the curve at the given point.
sin x

yes* = gcosy, (0,0)

Sol.
(yes™ ) = (zcosy) = ¥ €T + ye*" ¥ (cosx) = cosy — wsiny(y’) =
since cosy — ye*"*(cosx)

cosz) =y =

ST 4 rsiny(y') = cosy — ye .
Y + y(y') Y-y T p———

cos0 — 0e5"0(cos0)  1-0

M0 1 0sin0 140
So the equation is y —0=1(z —0), or y = x

When z =0 and y = 0, we have ¢y = 1.

Use implicit differentiation to find an equation of the tangent line to the curve at the given point.
tan(z +y) +sec(z —y) =2, (n/8,7/8)
Sol.
(tan(z 4 y) + sec(z — y)) = (2) = sec’(z +y)(1 +¢') + sec(x — y) tan(z —y)(1 —y') =0 =
sec?(x +y) +sec(z —y) tan(z —y) = y sec(z — y) tan(z —y) — ¢’ sec®(x +y) = ' (sec(z — y) tan(z —
y) —sec(z +v)) =

, sec(z —y)tan(z — y) + sec?(z 4 y)

~ sec(x — y) tan(z — y) — sec2(z + y)
x

When z = 5 and y = g,

. secOtanO—&—secQ% 0+ (V2)? B

o secOtan0 — sec? § T 0— (V2)2 o

™
So the equation is y — 5= —(z —

—y=0and v +y= 7 and thus

T
Jory=—z+7
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Use implicit differentiation to find an equation of the tangent line to the curve at the given point.
2?2+ % = (222 + 2% — )%, (0, %)

Sol.

(22 + %) = ((22% + 2% — 2)?) = 2z + 2yy = 2(22° + 2% — x)(4x + 4dyy' — 1)

1
Whena:anndy:%,wehaveO—l—y’:2(0—&—5—0)(0—&—23/—1):>y’:2y'—1:>y’:l.
So the equation isyfézl(zf()) OI‘y:iL'+%

Use implicit differentiation to find an equation of the tangent line to the curve at the given point.

$2y2 = (y+1)2(47y2)7 (2\/371)

Sol.

(@) = (y+ D4 —v*) = 22y + 2*(2yy") = 24y + Dy )4 - y*) + (y + 1)*(—2y¢) =

22y” + 22%yy = —2yy' (y + 1> + 20/ (4 — ") (y + 1)

When z = 2v/3 and y = 1, we have 2(2v/3)12+2(2v/3)2-1-y/ = —2-1-y/(1+1)2+2y/ (4—12)(1+1) =
-3

AVB+ 24y = -8y +12y =4y = o = —

So the equation is y — 1 = —T\/g(xfg\/g) ory = —Tﬁer 1

Sl

Find y” by implicit differentiation.
-y =7
Sol.

2

x3—y3:7:>3x2—3y2y’:0:y’:x—z:>
Y

2 4
s D)2 — (@) 2yy) 2wy — 2%y 2ay® - 25 o3 2t
Yy = =

(y?)? yt y - ¥

2xy® — 22% 2x(y® — 23 —14

You may further simplify it by 3" = i - ro_ oy _ z”) = r
yd yd va

Show that the sum of the z— and y—intercepts of any tangent line to the curve \/x + /5y = \/c is
equal to c.

Sol.
1 y Vi
=Ve= —— =0=y =-—"=.
AR N AN A .-
Hence the equation of the tangent line at a given point (zg,yo0) is y — yo = —\/Lz%(x — )
Set x = 0 for y—intercepts, we get y — yg = —\/‘/2(0 — Zo) = /Zor/Yo = Y = Yor/To\/Yo-

Set y = 0 for xz—intercepts, we get 0 — yg = —\/Lg%(x —Zp) =>x=x0+ yO% = x9 + /To/Yo-

Hence the sum of them is:

(30-+ Va0V I) + (0 + VETVIR) = (V) + 2VEaviin + (Vi)® = (V& + Vin)* = (Vo) =

Find equations of both the tangent lines to the ellipse z? + 4y? = 36 that pass through the point
(12,3).

Sol.



2+ 4y? =36=20+8yy =0=19 = i
Let (a,b) be a point on the ellipse whose tangent line passes through (12, 3).
The tangent line is then y — 3 = ffb(z —12),50b—3 = ffb(a —12) = 46® — 12b = —a® + 124
= 12(a+b) =4b* +a* =36 = a+ b= 3.
Substituting b = 3 — a into the equation a? + 4b? = 36 gives:
24

A +4(3-a)* =a* +4a* — 240 +36 =36 = 5a® —24a=0= a = 5 ora=0
Thus we obtain two points (%, %9) and (0, 3) with slopes % and 0, respectively.
So the equations of the two tangent lines are

- 2

_—) = — _ — = - — 5

y-5)=zl@-Floy=g
y—3=0(x—-0)ory=3

A graph of the ellipse and the tangent lines confirms our results.

1(0.3) (12,3) ~

y=_775..



