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Plan of the this Video

In this video, we will cover

materials in 4.4 Indeterminate Forms and |I” Hopital’ s Rule
We discuss how to determine the limit of the form limy_, 5 %
where both f(x) — 0and g(x) — 0as x — aor

both f(x) — co or — oo and g(x) — co or — oo as x — a.



Suppose we are trying to analyze the behavior of the function

f(x) = % Although f is not defined when x = 0, we need
to know how f behaves near 0.

In particular, we would like to know the value of the limit

limx_o % Note that

limy_,0 & — x — 1 = limy_,0sin?(x) = 0. In computing this limit
we can’ t apply Law 5 of limits because because both
numerator and denominator approach 0 and % is not defined.
We can not determine this limit right away.

We can’t use other algebraic method or known limits to
determine this limit. We need to use new method to determine

this method.
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In general, if we have a limit of the form lim,_, 5 g(( )) where both
f(x) — 0 and g(x) — 0 as x — a, then this limit may or may not
exist and is called an indeterminate form of type 8

In general, if we have a limit of the form lim,_, 5 g(( )) where both

f(x) — oo or — oo and g(x) — oo or — oo as x — a, then this
limit may or may not exist and is called an indeterminate form of

type =
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L’ Hopital” s Rule Suppose f and g are continuous near a and
are differentiable near a except possibly at a. Also g’(x) # 0
near a except possibly at a. Suppose that

)!i_r}na f(x) =0 and J@ag(x) =0
or that
)I(@a f(x) = £oo0 and )!inag(x) = +o0.

Then limy_, 4 ;((X)) limy_ 4 gf]((x)) if the limit limy_ 5 g(( )) exists (or

is 0o Or —o0).

Proof: We prove a simpler case. For the special case in which
f(a) = g(a) =0, " and g’ are continuous and g’(a) # 0. tis
easy to see why I’ Hospital” s Rule is true. In fact, using the
alternative form of the definition of a derivative, we have
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Remark: 1. If it is not indefinite form, we can not apply
L'Hopital’s rule. limy_5 %2 = 2.

If we blindly apply LHopital’s rule, limy_s E’;%i’gj = Iimx_>5} =1
which is the wrong answer. The problem is that the original limit
problem is not indefinite form.

2. If limy_ 4 g(( )) doesn’t exist, limy_,4 g((x)) could still exist.

2x+sin(x)
2x+cos(x)

For example, consider the limit problem limy_,

Note that limy_,~ 2% + sin(x) = cc and
limy_00 2X + cos(X) = oo. So it it indefinite form. However,

(2xtsin()) _ 24cos(X) Note that this limit

lIMy_oo (Oxtcos)) = limy_ oo sin(x) "

doesn’t exist.

However,

im0 ZES0D = lim, g ZOTE) i, o, ) =
2x (1+ 2x ) (1+ 2x )

Note that 0 < |#9X)| < |1 | So limy_,o, 30X — 0. Similarly,

My cos(x) —0.
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|imx_)a % = o0 0or |imx_>a W = =0

= —oo then



To use 'Hopital’s rule,

(a) we first need to make sure that it is of the indefinite form %

or =2

(b) First we check if we can find the limit by simple method (like

rationalization or factoring out the largest terms). If it can’t be

found by simple method, then we check if limy_, 4 g(( )) exist or

not. If limy_,4 g,(( )) exists then limy_, 4 g((x)) limy_a ;((X))

limy_a g,((x)) doesn’t exist, then we can’t say anything about
x)

limy—a g(x)-

If limy_, 4 g,((x)) is still indefinite form, then we can simplify the
expression g,((’;()) = F(X)ZEX; where limy_, 5 F(x) exists.

If limy_, 4 ZE g is still indefinite form then we can try I'Hopital’'s

rule again to see if limy_, 4 ZE g exists or not. If limy_,, ,'(’Exg

exists then - ik
|imx_>a.w))(() == ”mx_)a% == Iimxﬁaﬁ”mx_)a F(X)
Sometime, we need to use I'Hopital’s rule several times.



First, we show that some of the limits that we found before can
be determined by I'Hopital’s rule easily Example: Find the
following limits.

(@) limy_,o % where b # 0

(b) limy_c £=S where m, n are nonzero integers and ¢ # 0.
Solution: (a) Since limy_,gsin(ax) = 0 and limy_,o bx = 0, we
know that limy_g S'”(ax) is the indefinite form .

s 1

<

We compute limy_q [S'Fé ;()]' = limy o 2<(@) Z 2

By I'Hopital’s rule, we have limy_,q Si”éfx) = limy_o [Si?éj;(,)], =

ol



(b) Since I|mX_>€x —c¢"=0and hmx_wx c™ =0, we know
that limy_,¢c 2 = is the indefinite form 2 o

—_cn n—1 n—1
We compute limy_,¢ ﬁ = limy—c o=t = poaT -

By I’Hopital’s rule, we have

CI’I . (Xnicn)/ . ncn_1
limx—c 7Xm cm = = limy_¢ (xm—cmy — mem—1-




Example: Find the following limits.

() limy 0 22 (b) ims S (©) meo =t

(d) limx 00 25 (€) liMyx—so0 12 () liMy—soo %
(9) liMx—o0 25 (M) limy—so0 7
Solution: (a) Since limy_oIn(1 4+ x) = 0 and limy_,o x = 0, we

know that lim,_,o (") is the indefinite form S

1 — 1, By I'Hopital’s
[In(1+X)]’ 1
X’ )

[In(1+x))" _
X/
In(1+x)
X

We compute limy_,

rule, we have lim,_.q = limy_,o



(b) Since Iimx_>0 e—-1—x=0and Iimx_>o sin(x) = 0,
limy_,o & n( )2 is the indefinite form 2 0

We compute

i 1) -1 _

limy—0 ((e;‘ln 2(x ));2 limy—0 2sin(x) cos(x) IIT&@ 2 cos(x
@

. e —1) . X Q%
|ImX%0W:|ImX%0%(X):1. \S:-\\) —LDTQ) ‘-\i’
. X1 —x) . X . 1 1

SO ||mx_>0 % = ||mx_,0 %(X) Ilmx_>0 m =3-

By 'Hopital’s rule, we have

e 17
I|mx_,0 sin(x)

- IImX—>0 ((sm_(l()z);?

N —



(c) Since Iimx_,o cos(x)—1=0and Iimx_)o sin(x)?2 = 0,

cos(x)—

limy_o s.n(x)2 is the indefinite form 2 0

We compute

™ (cos() )" _ iy _=sin¥) i =1 1
X=0 "(sin(x)2)’ Xx=0 2sin(x)cos(x) — 'Xx—0 2cos(x)

By I'Hopital’s rule, we have \ﬁ,e)&

t cos(x)—1 _ li (cos(x)—1)’ __1

IMx—0 sin(x)2 IMx—0 (sin(x)2)’ 5-

(d) Since limy o X = 0o and limy_.oc € = o0, limy_,, & is the
indefinite form 2.

We compute limy_o ((ex—x))/, = limy_00 o = 0.

By I'Hopital’s rule, we have limy_,o & = limy_oo (ex—;), =0.



(€) Since limy_0o € = 00 and limy_oq In X = 00, limy_00 25 I8
the indefinite form .

X/ %

><\—~“D

H ) . . !
By I'Hopital’s rule, we have limy_, ., % = limy_00 % = 00.

Note that co or —oco is considered as a limit.
the indefinite form 2.

We compute limy_oo (I(:%(;)/ — limy o0 —— = limy_ o0 % —0.

By I'Hopital’s rule, we have limy_, o ”W = limy_ o o 0.



. . . . 2 .
Since limy_yoo X2 = 00 and limy_,oc €° = 00, limy_ % is the
e
indefinite form %.
2x

We compute limy_, gxz)' = limx—00 2% = 22 indefinite form.

X)
limy o0 Eif;: limy 00 % = 0. 2
smimxﬂ,%:o. ET \/Hby\’&[& W\( \ st %ﬁjo
15

(h) Since limy_o0 X' = 00 and limy_,0c € = 00, limy_00 X

. .. ex iS
the indefinite form .

x15) . 0.5 . ..
We compute hmHoo O limyoyoo 1372 = = indefinite
(e e )
form.
y (CE T 05x05 _ 05
limy 00 1C limy o0 X = limy_ X05gx — 0
X1 5

By I'Hopital’s rule, we have limy_, o ‘e = 0.
Remark: limy_ % = 0 and limy_, X = 0 for any
g > ())(,p > 015 I (\xf L Y’
0e¥>>xP >>Inxas x — cc. T
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