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Plan of the this Video

In this video, we will cover
materials in 3.6 Derivatives of Logarithmic and Inverse
Trigonometric Functions. We learn how to differentiate Inverse

Trigonometric Functions



We first discuss the derivatives of inverse sine functions.

Recall that f(x) = sin(x) is one to one on [—7, 7] and its range
is [-1,1]. Its inverse is denoted by f~'(x) = sin~" x or arcsin(x)
whose domain is [-1, 1] and whose range is [-7, 7] We know

that arcsin(sin(x)) = x for x € [-7, 5] and sin(arcsin(x)) = x for

x € [-1,1].




To find the derivative of arcsin(x), we use the equation

sin(arcsin(x)) = x. We first differentiate both sides w.r.t. x

9 sin(arcsin(x)) = < x. Using the chain rule on the left, we get.

cos(arcsin(X))% arcsin(x) = 1. Thus % arcsin(x) = 7cos(arc15in(x))
Recall that sin(arcsin(x)) + cos?(arcsin(x)) = 1. We have
[cos(arcsin(x))]? = 1 — x? and cos(arcsin(x)) = V1 — x2 (since
arcsin(x) € [~7, 5] and cos(arcsin(x)) > 0).

Hence d% arcsin(x) = 117)(2.




Let f(x) = tan(x) is one to one on (-7, 5) and its range is
(—o0, 00). Its inverse is denoted by f~1(x) = tan~' x or
arctan( ) whose domain is (—oo, c0) and whose range is
(—%,%). We know that arcsm(tan( )) =xforx e (-%,%)and
tan(arctan(x)) = x for x € (—o0, )

(N}




To find the derivative of arctan(x), we use the equation
tan(arctan(x)) = x. We first differentiate both sides w.r.t. x

Z tan(arctan(x)) = Zx. Using the chain rule on the left, we
get. secz(arctan(x))% arctan(x) = 1. Thus
1

d —
dx arctan(x) = sec?(arctan(x))

Recall that 1 + tan?(arctan(x)) = sec?(arctan(x)). We have
[sec(arctan(x))]? =1 + x2.

1

d —
Hence g arctan(x) = 1z
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To find the derivative of arcsec(x), we use the equation
sec(arcsec(x)) = x. We first differentiate both sides w.r.t. x

9 sec(arcsec(x)) = Zx. Using the chain rule on the left, we
get. sec(arcsec(x))tan(arcsec(x))%arcsec(x) =1. Thus
Zarcsec(x) =

1
sec(arcsec(x)) tan(arcsec(x)) -

Recall that 1 + tan?(arcsec(x)) = sec?(arcsec(x)). We have
[tan(arcsec(x))]? = x? — 1 and tan(arcsec(x)) = vx2 — 1.

Thus Zar X)=—~—_.
us g.arcsec(x) e

csey=x and y€ (0,7/2] U (m37/2)
and y € [0,7/2) U [m3n/2)

coty=x and y€ (0,m)




We can derive the derivative of other inverse functions in a
similar way. We summarize the result here.

d%'( arcsin(x) = ﬁ, d% arcsin(f(x)) \/%

G arccos() =~ g arccos() =~

d% arctan(x) = p:ﬁ, d% arctan(f(x)) = 1£f(2x()x)
Zarcesc(x) = _x\/;ziq’ Zarcesc(f(x)) = —f(x)ﬂiﬁ
Jarcsec(x) = X\/%, g arcsec(f(x)) = f(x)ﬂﬁﬁ
Searccot(x) = —15,  Farccot(f(x)) = — L

14+2(x)



Example. Differentiate the following functions.

— 3 x2 arccos(X2)
(a) rcin(V1®) (b) Inarctan(x®) (c) arctan(e*”) (d) e
Solution: (a)
i 1 L [arcsin(m)]’
aX arcsin(v/1 — x2) [arcsin(v/1 — x2)]2
m %(1_)(2)—%(_2,()
I VA e e ) M
[arcsin(\/ﬁ)]‘2 [arcsin(m)]z
X
_!X|m[arcsin(m)]2‘
(b)
da Inarctan(x®) = ————[arctan(x®)]’
dx arctan(x3)
1 3x2 3x2

Tarctan(x®) 1+ x6  arctan(x3)(1 + x6)
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