7.1-1 Eigenfunction expansion -- 1

Consider rLuE%[P(x)%:l-l-q(X)u=f(x), a<x<b

sBu=u
1 ’ regular Sturm-Liouville
eigenvalue problem

Bu=v,
Associated eigenvalue problem

Lo(x)+Ap(x)p(x)=0, a<x<b

Bi¢=0 C' : continuously differentiable
B,90=0 C’ : continuous

Let (i) p(x)>0 & p(x)eﬁ, g(x), p(x)e_CO and
(i) B, & B, be " unmixed B. C.or
= periodic B. C., with pla)= p(b)
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Charles Sturm (1803-1855) and
Joseph Liouville (1809-1882) worked
in 1836, 1837 for the above boundary
value problem.
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dg( x) - p(x)>0 & p(x)eC
_P(x) & _+q(X)¢(X)-|(_sfllfO-zf;;()>ift()X)_O, q(x), p(x)e "

(1) there exists a countable set of eigenvalues, which form
an increasing sequence: A, <A, <---<A <:-- >0

real, simple, countable eigenvalues

Lo(x)+ Aolx)olx)=0 (Lo (x)+Ap(x)e(x)=0
<B@#=0 take complex {B,¢ =0 (Z, 0 ) is also
B,p=0 conjugate = | B g =0 an eigen-pair
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+q(x)p(x)+ Ap(x)p(x)=0

(2) If 9, (X) &9Q, (X) correspond to 4 &/1,- ,and 4, # /1]- then

jjﬂ_ﬁ)@ (x)@.(x)dx =0

(L¢,(x)+ A,p(x)g,(x)=0 Ly, (x)+ 4,p(x)g,(x)=0
!Bg =0 1Bg, =0
k 2¢ 0 B0, =0

b
s Laoner = [ oo =t
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+q(x)p(x)+ Ap(x)p(x)=0

(3) Eigenfunctions {¢n (x)} forms a complete set in [a, b] , then
piecewise smooth function u(x) can be expressed as

()= c,0,(+ ~— N
where c = J‘j o(x) u(x) @ (x)dx :\/ T\./
with jb p o de=1 ‘Y I\/
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7.1-5 Remarks --1

N\

B¢p=0
B,p=0

Lu=2[p(0) ] g(x)g(x)+ p(x)p(x)=0 La<x<b

Regular Sturm-Liouville
eigenvalue problem

(i) p(x)>0 & p(x)e C'
q(x), p(x)e C° and

(1) B, & B, be

" unmixed B. C. or

= periodic B. C., with pla)= p(b)
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Singular Sturm-Liouville
eigenvalue problem

(1) p(x) =0 at some points

in [a,b]; or
(ii) g(x) is discontinuous in [a,b]
(111) [a,b] 1s a semi-infinite or an

infinite interval
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7.1-6 Remarks -- 2

Consider Ly =a,(x)u"+a,(x)u'+a,(x)u= f(x) ,a<x<b

If a,'(x)#a,(x), and a,(x)#0 in[ab] ie. L isnotformally
self-adjoint

To make the equation self-adjoint, find a (x) such that :

(o)l (), (v, ()= & [p() 2 () 22

— _al(x)
v [ | o
r(x)a, (x)=p'(x) [0 g
() _ ) pl)= explf Sy
= 5=t 1 e
p(x) 7(7 r(x):a(x)eprﬁz(;);dx]
= p'(x)=5% plx) :

2

rLu is self-adjoint !
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7.1-7 Remarks --3

regular Sturm-Liouville
eigenvalue problem

(%[p%]+q¢+ﬂp¢=0,a<x<b
Bgp=0

B,p=0
self-adjoint problem
" real eigenvalues

" ceigenfunctions are orthogonal
" eigenfunctions 1s a complete set

If the eigen-problem is not
formally self-adjoint, then
the eigen-functions of the
problem will not form an
orthogonal set. But it could
form a bi-orthogonal set
with the eigen-function of
the adjoint problem.
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7.1-8 Remarks -- 4

Consider (adjoint eigenvalue problem)
(LQ+/IQQ=O,a<x<b (L*gg+l*ggy:0,a<x<b
1B,¢0=0 <B1*1/=O
B,p=0 \Bz*w =0

—I (vapo-o2p l/f}dﬁM

=(A-1 L¢pwdx - j x)dx =0

(Ax) and Y(x) are orthogonal)
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7.2-1 BVP (with homogeneous B.C.)

Lu=f(x) ,a<x<b Lu, =0 ,a<x<b
(1) qula)=0 (I1) <u,(a)=0

\u(b) =0 Uy (b)=0

(L*uH*z ,a<x<b (LG =6(x—¢)
() Ju,"(a)=0 (V) 1G(a:¢)=0

u, " (b)=0 G(b;£)=0
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7.2-1 BVP (with homogeneous B.C.)

Lu=f(x) ,a<x<b (Lo (x)+ A p(x)d (x)=0 ,a<x<b
" <z§g§f§ 1ooe  Letet=a.,

j { 8, [Lu— f ] ulLo + 4 p@, |idx=0 prb(x)u(xm(x)dx
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7.2-2 Example 1--1

eigenvalues & A =(nrx) / /> ¢ (x)=sin2Z*

u"=f(x), 0<x</
u(0)=0
u(£)=0
eigenvectors
Method 1:

u(x)= icn sin ==
n=l

from D.E.
- ¢, (=) sin "= = f(x)
n=I
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- 2€ N J‘O f(ﬂ)SIIl m;ﬂ dn - NTX
71.2 Z n2 SII l
n=I
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u'=f(x), 0<x</ (9" (x)+ A0 (x)=0, 0<x</
1u(0)=0 14,(0)=0
- \u(€)=0 ¢n(€)=0
Method 2: = _2 o A
ethod _ ch sin 22 c, _ZJO u(?])sm 2dn

j{mu"—f u(g, "+ 4,pg, |}dx =0
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Z/l”:f(x) , O<x</? ZC Slnnﬂx

—j sm il )
(2 .
Method 3: c == J ( )sm S finite transform !!
4 £ _ c.f. Laplace or Fourier
— ZC sin 27X transform

=1
Apply transform I (*)sinZ*dx to the D.E.
4 N - NTX
jo u'" (x)sin % dxzjo f(x)sin?Z

Integrationby . (w2 ¢ _ [ o
parts + B.C. ¢, () 5= IO f(x)sin®]
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7.3-1 BVP (with inhomogeneous B.C.)

u'=f(x), 0<x</ (9, (x)+2,0,(x)=0, 0<x</
1u(0)=1u, 18,(0)=0
ut)=v, 4,()=0
eigenvalues & A = (n ﬂ.)z / /2 " ( x) = sin 2%
Method 1 eigenvectors
ethod 1: : K |
— —d (2Z) . L= nix
M(X)ZZdn S1n ”7;’“ n (E ) 2 J;) f(.X')SIIl ;
n=I - i
from D.E. B _ n)sin "™ d
S ) ulr) ==, L/ ———— |sin 22
->d, (22) sin 2" = f(x) 5 ;
" ] 2999 -
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(u'=f(x), O<x</ (9" (x)+ A0 (x)=0, 0<x</
Lu(0)=u, 1 (0)=0
- \u(€)=v0 \¢n(€)zo
Method 2: 2 0

u(x) — idn sin 222 dn — Z 0 u(?])sm 7 dn
n=1

!

Institute of Applied Mechanics



”(Oiz”“’ 7.3-3 Example 2--3

Method 3: Apply transform + J‘j (*)sin”Z*dx to the D.E.

[[u(x)sin " dv= [ f(x)sins"

0

Integration by parts
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(U"=f(x), 0<x</
U(0)=0 Converge faster (see lecture notes)
U(f)=0 ) ! )
¢
20 jof(n)sm@ di | s
sou(x)=uy (1-2)+vy2+— 5 sin =
/2 n
From method 2: . 1_ _
20 = | [ i /1)dn | - .
u(x)= = — . fof(ﬂ)sm(znm] )dr LN 2 Zl[uo—(—l) VOJsinn_ﬂ'x
7Z' n=lI n [ T n=11 [
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7.4-1 Example 3--1 (not-self-adjoint)

u"'Hu'3u=3 , 0<x<l
u(0)=0
\u(l)z 0

i\

Method 1:

AN

U=u,+u,=Ae " +Be
By using of B.C., one¢ has.......

Method 2: Green’s function approach

U= 3_[:G(x;§)d§
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u"'+Hu'+3u=3, 0<x<l
u(0)=0 Example 3-2 (not-self-adjoint)
u(1)=0
Method 3 zi&ssocnated eigenvalue problem
P'+49'+ A9 =0, O<x<1
19(0)=0
#(1)=0
eigenvalues & , o
eigenvectors Ay = (nﬂ ) +4 9, (x ) =€ SInAzx
e . Orthogonality of
ulx)=e” ZA” ST X eigenfuntions ??
from D.E. "
3 ° =997
e_zxZAn (_nzﬂz —1)81nn7rx:3 A4, =77
n=1
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("' +Hu'3u=3 , 0<x<l1
{u(0)=0 Example 3-3 (not-self-adjoint)
Lu(l) =0

Associated eigenvalue problem  Adjoint eigenvalue problem

f¢"+4¢'+/1¢—0 0<x<1 y'—Ay'+Aly =0, 0<x<1
< ¢(O) w(0)=0
o()=0 Jo.Ia ()20 [y
?, (x) =e ' sinnmx A =mr)+4 w,(x)=c" sinnzx

e_zxi/ln (—zftziz'2 — 1) sin nzrx =3

From orth_ogonality of eigenfuntions

An-(—nzﬂz—1)-%=3J‘:ez’csinn7zxdx 4 =...
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W'+4u'+3u=3 , 0<x<1 Associated eigenvalue problem
(¢ +40 440 =0 , 0<x <1
10(0)=0

Ju(0)=0
i \u(l): 0 y
Method 4:

Associated eigenvalue problem

u(x)= e‘zxiAn SIN AT X
from D.E. "

e i A (—n27z2 — l)sin nwx =3
n=1
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9(1)=0

(e**= integrating factor)

P+t g+ le =0, 0<x<1
16(0)=0
\¢(l) =0 A=mr)+4 ¢ (x)=e>sinnzx

Orthogonality of
eigenfuntions OK!!
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7.4-5 Example 3--5 (not-self-adjoint)

Method 5:

Assume y (x) S i A sinnzwx = e_zxw(x)
n=I

w'-w=3e"" , 0<x<1 (Self-adjoint now!)
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