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7.1-1  Eigenfunction expansion -- 1
Consider

( ) ( ) ( )
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 ≡ + = < <   =
 =Associated eigenvalue problem

 unmixed B. C. or
 periodic B. C., with ( ) ( )bpap =

regular Sturm-Liouville
eigenvalue problem

21   &  BB(ii)                    be

Let      (i)                                       ,                            and( ) ( ) 1  &  0 Cxpxp ∈> ( ) ( ) 0, Cxxq ∈ρ

: continuously differentiable1C
: continuous0C
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Charles Sturm (1803-1855) and 
Joseph Liouville (1809-1882) worked 
in 1836, 1837 for the above boundary 
value problem.
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for some particular values of       (eigenvalue),  there are 
nontrivial solutions of            (eigenfunction)( )xφ

λ(1)   there exists a  countable  set of eigenvalues, which form 
an increasing sequence: ∞→<<<<  nλλλ 21

7.1-2  Eigenfunction expansion -- 2( ) ( ) ( ) ( ) ( ) ( )dd 0,
d d
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L L xφ φ λρφ φ φ λρφ + − + = 

{ } [ ] b
a

b

a
Jx φφφρλφφλρφ ,d +−= 

is also 
an eigen-pair
( )φλ ,

( ) x
b

a
d−= φρφλλ λλ =

(self-adjoint)

(Self-adjoint!)
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7.1-3  Eigenfunction expansion -- 3

(2) If                         correspond to               , and              then ji λλ & ji λλ ≠( ) ( )xx ji φφ &

( ) ( ) ( ) 0d =
b

a ji xxxx φφρ
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

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[ ]{ }d 0
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j i i i i j j ja
L L xφ φ λ ρφ φ φ λ ρφ + − + = 

{ } [ ] b
aji

b

a jjiiij Jx φφφρλφφρλφ ,d +−= 
( ) x

b

a jiji d−= φρφλλ ( ) ( ) ( ) 0d = 
b

a ji xxxx φφρ

(Self-adjoint!)
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7.1-4  Eigenfunction expansion -- 4( ) ( ) ( ) ( ) ( ) ( ) 0
d

d
d
d =++



 xxxxq

x
xxp

x
φλρφφ

(3) Eigenfunctions              forms a complete set in          , then [ ]ba,( ){ }xnφ
piecewise smooth function          can be expressed as( )xu

( ) ( )
∞

=

=
1n

nn xcxu φ

1dwith  2 =
b

a n xφρ

( ) ( ) ( )=
b

a nn xxxuxc dφρwhere
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7.1-5  Remarks -- 1

Singular Sturm-Liouville 
eigenvalue problem

( ) ( )[ ] ( ) ( ) ( ) ( )








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bxaxxxxqxpLu x
x

x

Regular Sturm-Liouville 
eigenvalue problem

(ii)                    be
 unmixed B. C. or
 periodic B. C., with ( ) ( )bpap =

21   &  BB

(i)                          
and

( ) ( ) 1  &  0 Cxpxp ∈>
( ) ( ) 0, Cxxq ∈ρ

(i)                  at some points
in [a,b];  or

( ) 0=xp

(ii)          is discontinuous in [a,b]( )xq
(iii) [a,b] is a semi-infinite or an

infinite interval
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7.1-6  Remarks -- 2

i.e.  L is not formally
self-adjoint  

Consider ( ) ( ) ( ) ( ) bxaxfuxauxauxaLu <<=++≡ ,''' 012

If                            and                  in [a,b]( ) ( ) ( ) 0 ,' 212 ≠≠ xaxaxa

( ) ( ) ( ) ( )[ ] ( )[ ] ( ) ??''' d
d

d
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
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
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1' =
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xa dexp
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xa dexp1
2

1

2

( )
( ) xxa
xa

p
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2

1d =

To make the equation self-adjoint, find a r(x) such that :

rLu is self-adjoint !
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7.1-7  Remarks -- 3

 real eigenvalues
 eigenfunctions are orthogonal 
 eigenfunctions is a complete set
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


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bxaqp xx

regular Sturm-Liouville
eigenvalue problem

self-adjoint problem

If the eigen-problem is not 
formally self-adjoint, then 
the eigen-functions of the 
problem will not form an 
orthogonal set. But it could 
form a bi-orthogonal set 
with the eigen-function of 
the adjoint problem. 
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7.1-8  Remarks -- 4
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[ ]{ }* * d 0
b

a
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a
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( ) x
b

a
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b

a
xxxx ψφρ

(adjoint eigenvalue problem)

(φ(x) and ψ(x) are orthogonal)
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7.2-1  BVP (with homogeneous B.C.)
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( )
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7.2-1  BVP (with homogeneous B.C.)
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7.2-2  Example 1--1
( )
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 ∞
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



 π
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( ) 22 πλ nn =eigenvalues & 
eigenvectors

( ) 
xn

n x
πφ sin=

( ) ( )xfc
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xnn
n =−

∞

=1

2 sin 
ππ

from D.E.

( ) 
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=

=
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n

xn
ncxu 

π

Method 1:
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{ } [ ] 

00
,d nnnn uJxuf φφλφ +−−= 

7.2-3  Example 1--2
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
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7.2-4  Example  1--3

( ) ( ) xxfc xnn
n dsin
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
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πMethod 3: finite transform !!
c.f. Laplace or Fourier

transform
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Apply transform                           to the D.E.( ) ∗
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 0
2 dsin xxnπ
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Integration by 
parts + B.C.
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
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7.3-1  BVP (with inhomogeneous B.C.)
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Method 1:

????
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{ } xuf nnn d
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7.3-2  Example 2--2
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, nuJ φ+ ( ) 
0

'' uu nn φφ −−

( ) ( )2 2
2 1 2

0 00 sin d 1 nn x
n nnd f x x u vπ

ππ
 = − + − −  



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7.3-3  Example  2--3

( ) ( )[ ] ( ) xxfvuc xnnnn
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Method 3: Apply transform                           to the D.E.( ) ∗

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2 dsin xxnπ
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 ππ  =

Integration  by parts
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7.3-4  Example  2--4

Method 4:

( )
( )
( )





=
=

<<=

0

00
0,''

vu
uu

xxfu





Let ( ) ( ) ( ) 
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
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
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0 0 2
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sin d21 sin
n

n xx x
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f
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πη η
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∞

=

 
−  ∴ = − + +  

  





  



From method 2:

Converge faster (see lecture notes)
↓

( ) ( ) ( ) ( )2
0

0 02
1 1

sin / d2 2 1sin 1 sinn

n n

f n l n x n xu x u
n n

v
l l

η πη η π π
ππ

∞ ∞

= =

 −   = + − −      


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7.4-1  Example  3--1 (not-self-adjoint)

( )
( )





=
=

<<=++

01
00

10,33'4''

u
u

xuuu

Method 1:

ph uuu += 13 ++= −− xx eBeA
By using of B.C., one has…….

Method 2: Green’s function approach
( )=

1

0
d;3 ξξxGu
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Method 3:

7.4-2 Example  3-2 (not-self-adjoint)( )
( )





=
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<<=++
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00

10,33'4''

u
u

xuuu

( )
( )





=
=

<<=++

01
00

10,0'4''

φ
φ

λφφφ x
Associated eigenvalue problem

( ) 42 += πλ nn

eigenvalues & 
eigenvectors ( ) 2 sinx

n x e n xφ π−=

( ) 
∞

=

−=
1

2 sin
n

n
x xnAexu π

( )2

1

2 2 1 sin 3n
x

n
A n ne xπ π

∞

=

− − − =
from D.E.

???=nA

Orthogonality of 
eigenfuntions ??
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7.4-2  Example 3-3 (not-self-adjoint)( )
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
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φ
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Associated eigenvalue problem

( ) 42 += πλ nn ( ) 2 sinx
n ex n xψ π=

( )2

1

2 2 1 sin 3n
x

n
A n ne xπ π

∞

=

− − − =

( ) =⋅−−⋅
1

0

222 dsin3
2
11 xxnenA x

n ππ
From orthogonality of eigenfuntions 
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( )





=
=

<<=+−

01
00

10,0'4''

ψ
ψ

λψψψ x
Adjoint eigenvalue problem

=∴ nA

( ) xnex x
n πφ sin2−=

( ) ( ) 0d
1

0
≠ xxx mn φφ
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Method 4:

7.4-4  Example  3-4 (not-self-adjoint)
( )
( )


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

=
=
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00

10,0'4''

φ
φ

λφφφ x
Associated eigenvalue problem

( ) 42 += πλ nn ( ) xnex x
n πφ sin2−=

( ) 
∞

=

−=
1

2 sin
n

n
x xnAexu π

( )22 2

1
1 sin 3x

n
n
A n n xe π π

∞

=
− − =

from D.E.

Orthogonality of 
eigenfuntions OK!!
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( )








=
=

<<=++

01
00

10,0'4'' 444

φ
φ

φλφφ xeee xxx

Associated eigenvalue problem

( )
( )





=
=

<<=++

01
00

10,33'4''

u
u

xuuu

4( = integrating factor)xe
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Method 5:

7.4-5  Example  3--5 (not-self-adjoint)

( ) 2

1
sinx

n
n

e A nu x xπ
∞−

=
= 

from D.E.

( )2xe w x−=

( )
( )








=
=

<<=−

01
00

10,3'' 2

w
w

xeww x

( ) 
∞

=

=
1

sin
n

n xnBxw π

(Self-adjoint now!)

Assume


