Green’s function

https://en.wikipedia.org/wiki/George Green (mathematician)

George Green (1793 — 1841) of England, was ™
practically a self-taught mathematician who
made significant contributions to the theory of
electricity and magnetism, fluid mechanics, and
boundary value problems. He is also the Green
of the often used Green’s theorem of integral
integral <> surface integral).
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George Green

m July 14, 1793 - May 31, 1841
m British mathematician and physicist

m First person to try to explain a mathematical theory of
electricity and magnetism

= Almost entirely self-taught! (between ages of 8 —9)
m Published "An Essay on the Application of Mathematical

Analysis to the Theories of Electricity and Magnetism”in
1828.

m Entered Cambridge University as an undergraduate in
1833 at age 40.

This page is cited from the following website:

https://www.google.com.tw/search?biw=1536&bih=770& tbm=isch&sa=1&q=george+green+the+mathematican&oq=george+
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4.1-1 Variation of parameters

”Io

O<x<§<l

r) O<§<x<€

BVP : 2nd order inhomogeneous ODE

u'=f(x) ,0<x</
14(0)=0  (inear)
u(0)=0
u=u, + up u, : L}llo'pl:ogeneous solution
h
u, : particular solution
=A+xB up"=f(x)

U, = Cl(x)+xC2(x)
0,'= G (2)+xC (x4 G, ()
let C'(x )+xC ( )

=0
oou,'=C(x)
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E

“DE=> (C'(x)=71
cz(x)= | (f)dcf
=—[ ¢ r()ds
u=A+xB+| (v=¢)f(¢)d

After applying the BC’s and rearrangement:

u=[ 00 se)a
+j”5 ) f(e)ac
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4.1-2 Accessory problem -- 1

Consider where
(FU(E) _ p (x) 0, 0<x<&—(g/2)
d ‘ P(x)=11/e, &—(&/2)<x<&+(g/2)
<U5(0;§):O 0, E+(e/2)<x<
U, (4;£)=0
Pg(x) —>|8|<_—_ f(x) u(x)= Zg}ilote(x; é:z)f(é:z)Aé:z
I - L 2 [ U, (&)1 (E)de
S
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x)=1lim 3 U, (&) f(E)AS 2[[U, (x:&) f(E)dE

e—0
A& —0

4.1-3 Accessory problem -2

¢ " ]
BVP with 2nd order ODE ‘ Jo (Ug” —uU, )dx =0

u"'=f(x) ,0<x</ =(U€u'—uU8')r—j(f(Ug'u'—u'Ug')dx
{u(0)=0 ’
u()=0 = [, (U.f —uP.)dx
5
Consider u(&) =l uPdx= U, (x:§) f(x)dx
rdng(;;g) _p (X) E—0 x> ¢&
U (0:6)=0 u(x)=lim [[U, (§:x) £ () dé
U6:6)=0 u(x)2 (U, (%) £ (£)E
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U,(x;&)=Bx+ B, +(

2
x—), xe Il
2E

4.1-4 Accessory problem -- 3

Consider
L) - p (x)
WU ( £)=0
U, (t;£)=0
P.(x), x

2-47

i as € — |
I v I

nel x

5.5.

The secp
integral

14

x(-0)/

| Sx—0)/¢

—>o u($)= jo

U, (x;¢) —<

{12 oo 2] () e

u(&) =Ihm( chy §+/+I§+/ ) U,(x;&) f(x)dx

( 5) (x) dx
/Z x<¢&
E(x— K/E E<x

Note for this case: U,(&x)=U, (x;€)

u(x)=[,U

0(63%) S (§)dg
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4.2-1 Dirac delta function -- 1

f1 (x2 - 1)5(x —2)dx=3

fl (x2 — 1)5(x +2)dx=0

P.(x), ; lim P, (x) = §(x= &)
—| = N
Ve
X
5 X
0
5(X—§):< 9x¢§ J‘ba(x—f)dx:L ge(a,b)
OO, X = a
generalized function: 0,0',90",--
0 ;
.“j¢(x)5(x_§)dx:<\¢65), ii [(C:,b]) theory of distribution
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4.2-2 Dirac delta function -- 2

[ o(x)S(x—&)dx=p(¢)

[ o(x)26(x-&)dx=24(¢)
S(x—¢&) 26(x—¢)

O(x—¢&)=
| | | | 26(x~¢)

[ o)W (x)dx=[" ¢(x)¥,(x)dx  Vg(x)
= \Pl(x)=\112(x)

Distributional equality ——

(Equality of 2 generalized functions
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4.2-3 Dirac delta
function -- 3

() [¢ >]
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Consider
(4G (xié) _
%—5(36—5)
1G(0;E)=0
G(1:$)=0
6(x:£)= Ax+4 0<x<¢
x4 C L E<x< !
by B.C.
oy | Aex O<x<¢
G(x’f)_{(}o(x—f) E<x</
2-51

G = :>A0§=Co(§_€)

x=E— x=&+

Jump condition:
(by integrating the equation of G)
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4.3-2 Green’s function -- 2

BVP with 2nd order ODE
u'=f(x) ,0<x</
u(0)=0

\u(€)= 0

A

Consider

[ 2G(xiE
d x* 5(X é:)

jj[Gj:Z‘—uizxf]dx =0

= [ [6( —u(x)8(x —¢&)ld x
u(£)= j G(x;£) f(x)dx

vl u(x)=[ G(Ex) f(€)dg

If G(x;é:)_ ( 9 )
u(x)=[ G(x:&) f(£)dé




G(x;6)=G(Ex)M? u(x)~G(x;6)?7? Gl .. =G| _, |z —G'ng_ =—1
4.3-3 Green’s function -- 3 G,=A+Be™
BVP with 2nd order ODE | . ) _ [ 4+8, ¢ 0<x<g
—u"-u'=f(x), 0<x<l A, +B,e" ,E<x<l

qu(0)=0 by B.C.
u'(1)=0 G(x.5)=<rAl(1—e‘x) x<&
Associated Green’s function ’ A4, ,6 <X

Pl:Ob- Continuity cond.: = 4, (1 —e™° )= 4,
- G'"-G'= 5(36—5) Jump cond.: =0—(+ A1)e_§ =-1
1G(0;£)=0 (ef—e ") x< £
G'(1:£)=0 G(x:$)=1 |
ke —1 aé:<x
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Simply supported beam
(G =ps(x=&) ,0<x<
G(0)=0 , G"(0)=0
G(¢)=0 , G"(¢)=0

\

G(x;f)=<

A

a 2 3

A+ Ax+ Ax"+Ax" , x<¢
2 3

By+Bx+B,x"+Bx" E<x

G!

Continuity cond.: G| _. =G

Jump cond.: G, ., —G"
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5.1-1 Adjoint operator -- 1

differential operator

Lu=flx) , a<x<b --D.E. i d* (e
{ /%) . a L0)=3a ()
Bu=0 (nconditions) --- I.C., B.C. P dx
= Ton= g @ (1) o . '
g. u=au’ +a,_u +--+au'+au

Bu = u(O) (Here a=0, b=1)
Bou=u'(0)+u(l)

(linear operator)
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5.1-1 Adjoint operator -- 2

differential operator

Lu=f(x) , a<x<b --D.E. < d" (e
{ f( ) A L(-) zak(x) (k)
Bu=0 (nconditions) ---1.C., B.C. P dx

va(x)Lu(x)dx [
['+(o) L)

L : adjoint operator of L

Lv( )dx

If L=L & L: formally
‘ < d* o
L(e)=> (-1 4 (),i)( ) self-adjoint operator

k=0 dx

BV:():adjointB.C. of Bu=90 IfL:L* &BZB*C}BVP
> J(u, v)
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5.1-2 Adjoint operator -- 3

e.g. Lu=a,u't‘a u+a,u
[vLudx =[v(a,u"+au'+ayu)dx (integration by parts, twice)
=l a, (vu'=uv")+(a, —a, " )uv |+ ju (a,v)"(a,v)+a,v |dx
= Lv=(a,v)"—(av)+ay =ay'"+2a,'-a,)v'+a,"-a,'+a,)v
If a,'/=ta & L=L  ie. L formally self-adjoint

1.e. Lu= (a2 u')'+a0 U
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More on adjoint operator (1)
(related to the finding of the integrating factor)

Consider Lu)=a,(x)u"+a,(x)u'+a,(x)u=0,
The equation is exact if it can be expressed as
d

Lw)y=a,(x)u"+a,(x)u'+a,(x)u=0= d—[A(x)u '+ B(x)u]
X

Then finding the solution of  L(u)=0 (second order)
is equivalent to finding the solution of

A(x)u'+ B(x)u = C =constant  (first order)
We have a,=4,a,=4+B, a,=B", and need

a,"—a,'+a,=0  (for the equation L(x) = 0 to be exact)
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More on adjoint operator (2)

If L(u) =0 is not exact, we may find an integrating

factor v(x) to make the equation exact differential, i.e.,

v(x) [a2 (X)u"+a,(x)u'+ aou] = di [A(x)u '+ B(x)u]
X

=>va,=A, va,=A+B, va,=B'
= (va,)'= A"+ B'=(va, )"+ (va,)
= L(v)=(a,v)"-(a,v)'+(a,v) =0
The integrating factor v(x) of L(u) = 0 satisfy L*(v) = 0.

2- 59
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j()leu dx =

5.1-3 Adjoint operator -- 3

Lu=u"= f(x) ,0<x<]1

1B, u= u(O): 0 self-adjoint problem !!
\BzuE”(l)=O

: " — ' ]| : " -
Iovu dx= [vu'—uv'] 0+_[Ouv dx = L =L

= (01 (1)~ 00 (1)~ [(0)u (0) T (O)] + [ v
BI*VEV(O)=O *
<B2 va(l)=0 —> B =B
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5.1-4 Adjoint operator -- 4

jlv-(—u"—u')dx= [ (vu'—uv') uv]‘1 +Il v"+v')dx

Ju (0)+2(1)v (1) - (1, )~ [=v(0)p(0)+u(0)'(0) - k] (0)

<
ek
N
Ny
Ve
[
v
/-\
ek
v
p—k
v

V'(O)=O m— B*-':tB
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5.2-2 Remarks --1

Consider ODE Ex. Consider x? dZ(x) =
X
Lu= f(x) a<x<b It can be verified that

u(x)=C +C, H(x)+ C, 6(x)

" classical solution  (strong solution) u(x) is sufficiently differentiable

" weak solution u(x) is locally integrable, not sufficiently differentiable
" distributional u(x) 1s a generalized function
solution
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a,u"+au'+au= f(x) ,a<x<b

5.2-2 Remarks -- 2

Consider BVP L=L*
(azu')'+a0u — f(x) ,a<x< b homogeneous B.C.
Bu=0

Different Boundary conditions:
(o ula)+o,u'(a)=0
<
" unmixed Vv v u(b)+ B, u'(b)=0
" periodic ¥ ula)=ulb) with a,(a)=a,(b)
(a)=ap)

" initial conditions X {u( a) —0

“ a) =0 e of Applied Mechanics
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General homogeneous B.C.’s for 2"¢ order
linear equation

L = ay (x)u"(x) + @, (X)u'(x) + ay (x)u(x) = 1 (x)
Bu = oqu(a) + eqyu'(a) + fyu(b) + fu'(b) =0
Byu = au(a) + ou'(a) + fru(b) + Prru'(b) =0

unmixed = S, =, =0, =&, =0
LC's=a,=0=0,=0,=0,=0,,=0
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u(x)=G(x6)?? ["v(x)Lu(x) Lv(x)dx
5.2-1 Adjoint Green’s functlon -~ 1

Lu=f(x) ,a<x<b (LG=(x— )
1B,u=0 {B,G=0 BIG—O
B,u=0 B,G=0 B, G =0

[l6 tu-urclac=1u) = o
= u(7) = Lb G (un) f(x)dx = u(x)= Lb 6 (r:x) £
J, 6" (sm)L6(5:8)- G D)L (umlax = (6,67, =0
= G(:¢)=G" (&) = u(x)= jab G(x:&) F(E)dé& orhomogeneous BE
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u(x)~G(x;E)?? = ulx)=[ Glun) f)dn+-- 222
5.3-1 Inhomogeneous B.C. -- 1

Lu=f(x) ,a<x<b (LG=6(x=¢) "L**G**=5gx—7_7)
Z”;; ’;‘/Z@nhomogeneous) 122;% (omogencons i?zfé* = tamosenns
[lo u-urclax=1(wc’) 0 = G(";g);lg;(o% Z))
['16" (i) L) ulx) LG (s = J[u G ()|
u()=[ G (xin) £ (x)dx = 1u(x).G" (e[|

N xin =8 ulx)= LbG(x;f)f(é)dé—J[u(f),G(x;é)] b

Using Equation (*) 6=a
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For second order problem: J (u,v) — [a2 (vu'—uv’) + (a1 —a, ')uv]

5.3-1 Inhomogeneous B.C. -- 2

Lu=f(x) ,a<x<b

B u=u,

\Bz u=1yv,

AN

LG =8(x=¢) KL:G* = 6(x—n)
B G=0 15 6 =0
B,G=0 5, G =0
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-2 Inhomogeneous -El= 9o _ dGleo
53:2 tnhomogencous 1{u(6)6(s - ,6) 61 - ule) LX)
+a,(§)-a, (€)u)6(x;¢)
(u''= f (X ) ,0<x </ Associated Green’s function problem
Ju(0)=u, {G"zﬁ(x—f) O<x,E</
ku(Z)zu2 G(0;6)=0 ;G(£;E)=0
%%% 0<x< dG(x;E) [ x/0,0<x<é&<i
:>G(x;~f)=<\5(,;_g) §<x<i:> c(1§ ):\(x—é)/f,0<cf<x<€

6, =| G290 [ v (1=x)
=—|u,—+u
Z4u(0) - dG(x0) A }
gl ) 0ol
{—x)

o M
)= 0ls) 14 + o 50| e




5.3-3 Inhomogeneous B.C. -- 4

Ex. | u"=f(1), 0<t<e
qu(0)=1u,
u'(0) = v,

Associated Green’s function problem
G"=8(1—&), 0<t,E<oo
G(0;£)=0; G'(0;£)=0

(A + A, 0<t<&

B, +Byt, §<t<oo

G(t;&) =+

2- 69

by L.C.
0, 0<t<
G(t;&)=x o
B, +Byt, §<t<oo
by continuity condition
0, 0<t<
G(t;&) =+ 3
B, (t=¢), {<t<oo
by jump condition
0, 0<t<
G(t;¢) =+ 3
=&, §<t<oo

Institute of Applied Mechanics



5.3-3 Inhomogeneous

B.C.--6

@), 6 (x:6)]- a2<5>{c;(x;¢>j—g

)= [Gl:€) £(E)d -

G(t;&) =+

J:o G (t;&) f(t)—u(t)_' S(t—¢&)

0, 0<t<¢&

dG(t;¢)
dg
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=&, E<t<oo

_{O, O0<t<&

—1, E<t<oo

+ 1 (€)= 12,1612 (6)G (:6)

du

G(t;¢)

dt?

du (é)dG(t;f)

FTRAY

dt=| 6" (1:6) 3" - ()49 E6)

u(@)=[ G(x:&) fE)dE - 1u@).G (x: &)L,
u(é:)dG(x;f)

dg

-_ | OO

dt?

— 10

oo

J1E=0

u()=Jo(1=6) f(§)dE +vor +u,
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