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Plan of the this Video

In this video, we will cover
materials in 4.2 The Mean Value Theorem. We discuss how to

determi e absolute maximum/ mini of a continuous
functions on a ¢ nd bo interval.
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From extreme value theorem, we know that if f is continuous on
[a, b] and differentiable on (&, b) and f achieves an absolute
maximum or minimum at ¢ € (a, b) then f'(c) = 0.

v b
The following Rolle Theorem is a resﬁlt that implies such a case
could happen.

Rolle Theorem Let f be continuous on [a, b] and differentiable
on (&, b) such that f(a) = f(b). Then there exists ¢ with

a < c < bsuchthat f'(c) =0.

Rolle Theorem is obvious in terms of picture.
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Now we prove this Theorem.
Proof. Since f is continuous on [a, b], f achieves its absolute
maximum f(«) and its absolute minimum f(3) for some

a, B € [a, b]. We have f(8) < f(a). o >

We can divdie the discussion into several C;Q—:) ;r

by

Case 1. a e (a,b)orpge(ab). If a € (ab)then f(«)isalsoa
local maximum. Since f is differentiable on (a, b) then f'(«) = 0.
Similarly, if 5 € (a, b) then f'(3) = 0.

Case2. a=aora=bandg8=aorg=0>b

Using f(a) = f(b) = C, then f(a) = f(8) = C. Thus
C=1(B) <f(x)<fla)=Candf(x)= Cforall x € [a, b].
Then f'(x) = 0 for all x € (a, b)

From the discussion above, we can find at least one point
c € (a,b) such that f'(c) = 0.



Our main use of Rolle’ s Theorem is in proving the following
important theorem.

The Mean Value Theorem Let f be a function that satisfies the
following hypotheses:

1. fis continuous on the closed interval [a, b].

2. f is differentiable on the open interval (a, b). Then there is a
number c in (&, b) such that

Remark: Mean-Value Theorem says that there is at least one
point ¢ € (a, b) such that
the slope of the tangent line to the graph at (c, f(c)) is the same

as the slope of the secant line M.
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Secant line: Slope = % (b, f(b))
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The point ¢ with f”(c) = &‘:M



Proof. Note that the linear equation of the secant line thru
. f(b)—f

(a,f(a)) and (b, (b)) is L(x) = f(a) + "F=22(x — a).

Obviously, f(x) intersects the secant lineat x =aand x =

e f(a) = La)and f(B) = L(b). | ({5 o4 odgm,Mk

Let g(x) = f(x) — L(x). Then g(a) = f(a) — L(a) = 0 and
g(b) = f(b) — L(b) = 0. We know that g is continuous on (a, b)
and g is diferentiable on (a, b).

By Rolle Theorem, there exists ¢ € (a, b) such that g’'(c) =0

Recall that g(x) = f(x) ~ L(x) = 1(x) ~ [1(a) + "4 (x - a)|
and g'(x) = f(x) — {8=a) Thus g'(c) = 0 implies that

=
b—
g(c) = f(c) - "B1@ _ g Thus f/(c) = B-1a),
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Example. Suppose f(0) = —3 and f'(x) < 5 for all x. How large
can f(2) possibly be? H{’

Solution: We have that %{)(0) = f’(c) for some ¢ € (0, 2).
Now f'(c) < 5. So f(2) — f(0) < 2f'(c) < 10. So

f(2) <f(0)+10=-3+10=7.

So f(2) is at most 7.
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Example.(a) Using the Mean Value Theorem, prove that
| cos(x) — cos(y)| < |x — y| for any real numbers x, y.

(b) Hence, compute the limit limy_, o cos(1v/2021 + x) — cos(v/X).
Solution. (a) By MVT, <sX)=cs) — _ gin(¢) for any x < y. So

X—y

oS <os(0)| | _ sin(c)| < 1 and | cos(x) — cos(y)]| < |x — m

If x = y then | cos(x) — cos(y)| < |x — y| is obvious true. If x > y

then it can be proved similarly. Sw S“b) ‘

(b) We know that ‘S{@‘ (o8K) & ()= /}
L

4(&)‘ ~$ilx) ) CC‘ s8]
0 < |cos(v2021 + x) — cos(v/x)| < [v2021 + x — % 8<7‘

| (v2021 + x — v/x)(v/2021 + x + \F)‘ _g\g\_@
B (v2021 + x + v/X) Y
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Since limy_o | \/m+f)| 0. By squeeze Th Eﬁbrein we<\ .
have limy_, | cos(v/2021 + x) — cos(v/x)| = 0 an 8‘@ S'\

limy 00 cos(v/2021 + x) — cos(v/x) = 0.



The Mean Value Theorem can be used to establish some of the
basic facts of differential calculus.
One of these basic facts is the following theorem.

Theorem If f'(x) = 0 for all x in an interval (a, b), then f is
constant on (a, b). Proof. Let x; < xo with a < xy < xo < b. By
mean value theorem, we have w f'(c) for some

¢ € (x1,x2). Now f'(x) =0 for all x € (a,b). Then

% = 0. So f(x2) = f(xy). This means that any two

values in (a, b) ate the same. Then f must be a constant in
(a, b).
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Example. Suppose f'(x) = kf(x) for all x then there exists a
constant ¢ such that f(x) = ce®*.

Proof. Let g(x) = f(x)e~. Then

g'(x) = f'(x)e™™ + f(x)(e %) = kf(x)e~" — kf(x)e ® = 0.
So there exists a constant ¢ such that g(x) = f(x)e ™ = ¢, i.e.
f(x) = ceX~.



