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Plan of the this Video

In this video, we will cover

materials in 3.3 Derivatives of Trigonometric Functions. We
learn how to differentiate

sin(x), cos(x), tan(x), csc(x), sec(x), cot(x).



There are 6 trigonometric functions.

sin(x), cos(X), tan(x) = 2;2(();)),
csc(X) = gapsyr 56(X) = oy COUX) = v = ((X;

To find the derivatives of trig functions, we just need to find the
derivative of sin(x), cos(x) and the quotient rule.

There are some important formulae: oot 511(&)
(a) sin(a+ b) = sin(a) cos(b) + cos(a) sin(b) _ ‘:\ 2
(b) cos(a + b) = cos(a) cos(b) — sin(a) sin( ) =)
(c) sin?(x )+cos( X)=1F% 05> 32y s 4

(d) 1 +tan?(x) = sec?(x) R ("‘1@

(e) 1 4 cot?(x) = csc?(x) +W)~ NN

Recall that we have Yw&““) R 2“‘04\ f%“) \ (uk(@&ScQQ
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If we sketch the graph of the function f(x) = sin x and use the
interpretation of f/(x) as the slope of the tangent to the sine
curve in order to sketch the graph of y = f/(x). g./ may be the
same as the cosine curve. ) ORI
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Let’ s try to confirm our guess that if f(x) = sin(x), then
f'(x) = cos(x).

CZ(Sin(X)
i sin(x + h) — sin(x)
~ a0 h
_ i Sin(x) cos(h) + cos(x) sin(h) — sin(x)
~ Al h
— Iim sin(x)(cos(h) — 1) n cos(x) sin(h)
h—0 h h

=sin(x) - 0 + cos(x) - 1
= cos(X).



Next we show if f(x) = cos(x), then f'(x) = —sin(x).

CZ( cos(x)

—im cos(x + h) — cos(x)
h—0 h

— lim cos(x) cos(h) — sin(x) sin(h) — cos(x)
h—0 h

i cos(x)(cos(h) — 1)  sin(x)sin(h)
h—0 h h

=cos(x) -0 —sin(x) - 1
= —sin(X).



; d
Now, we use quotient rule Z
derivative of tan(x) =

cos?(x)

f(x) _ F(x)9(x)=f(x)9'(

X) to find the

g(x

~

9% (x)
sin(x)
cos(X) "

d
a tan(X)

d ,sin(x)
a(cos(x))
(sin(x)) cos(x) — sin(x)(cos(x))’

cos?(x)
cos(x) cos(x) — sin(x)(—sin(x))
cos?(x)
cos?(x) + sin?(x)
cos?(x)

L sec?(x).



g sc(x) = ;((sin1(X))

ax
(1) sin(x) ~ 1(sin(x))' _ — cos(x)
5|n2(X) sinz(X)
1 cos(x)

= — csc(x) cot(x)

- sin(x) sin(x)

d a .1
=0 = gl
(1) cos(x) ~ T(eos(x))’ _ sin(x)
cos?(x) cos*()
1 sin(X):sec(x)tan(X)

- coS(X) COS(X)



d
ax cot(x)

_d  cos(x)
_&( sin(X)j
(cos(x)) sin(x) — cos(x)(sin(x))’
sin?(x)
__ sin(x) sin(x) — cos(x) cos(x)
sin?(x)
_ —sin?(x) — cos?(x)
a sin?(x)
1

=— ——— = —csc?(x).
B sinz(X) N ()




Derivatives of trig functions

. d
ax sin(x) = cos(x), ax csc(x) = —ese(x) cot(x)
ax cos(x) = —sin(x), cz( sec(x) = sec(x) tan(x)

d o2 d 2
atan(x) = sec”(X), X cot(x) = — csc(X).



Example. Differentiate the following functions.
P
(@) 720 () sin(x) cos(x)  (c) o)

1—tan(x) 1+cot(x) "
Solution:
di1+ tan(x)
dx 1 —tan(x)

(1 4 tan(x))'(1 — tan(x)) — (1 + tan(x))(1 — tan(x))’
(1 —tan(x))?
sec2(x)(1 — tan(x)) — (1 + tan(x))(— sec(x))
(1 —tan(x))?2
sec?(x) — sec?(x) tan(x) + sec?(x) + sec?(x) tan(x))
(1 —tan(x))?2

2sec?(x)
(1 —tan(x))?



cz( sin(x) cos(x)

(sin(x)) cos(x) + sin(x)(cos(x))’
cos(x) cos(x) + sin(x)(—sin(x))
cos?(x) — sin?(x).

d cse(x) _ (esc(x))'(1 + cot(x)) — esc(x)(1 + cot(x))’
dx 1 + cot(x) (1 + cot(x))?
— csc(x) cot(x)(1 4 cot(x)) — csc(x)(— csc?(x))

(1 +COt(X))2 + o
— csc(x) cot(x) — csc(X) cot?(x) + csc3(x) \* thzoov(sc\()o
(1 4 cot(x))>? e sow-)
— esc(x) cot(x) — esc(X)(esc?(x) — 1) + esc3(x) = =S (K
(1 + cot(x))? X (R

csc(x)(1 — cot(x))
(1 +cot(x))?Z




Example: Let f(x) = €* cos(x). Show that

F1(x) — 2f(X) + 2f(x) = 0.4~ ( dffersh X e;«M

Solution: We first compute

f'(x) (¥ cos(x)) = (€)' cos(x) + €*(cos(x))’

€~ cos(x) — € sin(x).

Next, we compute

f'(x) = (€"cos(x)— € sin(x)) = (€ cos(x))" — (€ sin(x));

= ¢e* cos(.X) — €¥sin(x) — € sin(x) — & cos(x)

= ~2eisinx). &Q S\ (Q)) @X) S\v\\?(y* v %t '\\ES
Thus = Q S\nvw } QMY

f"(x) — 2f'(x) + 2f(x)
—2€"sin(x) — 2(€* cos(x) — €*sin(x)) + 2€* cos(x)
0.



