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Computational Problem
Formulate BEF (sorting) & © B/EEE n A& F H/NBERIK ?
Problem Input: an unsorted array (E.g., 8,5,7,2,3,9)
Output: a sorted array (E.g., 2, 3,5, 7,8, 9)
Develop Algorithm
Algorithm E.g., #HAHER A (Insertion Sort)
Correctness
FIOE / BRI ?
\ Correctness #1918 input ZPAER HH EREMAE RIS 2
Efficiency
e llyze. HITERER S A ?
Complexity BEAS O RIEZEH ?
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Formulate
Problem
Develop
Algorithm
Prove /
Correctness
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Analyze
Complexity
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— Design

— Analysis

Brute-force search
Divide and conquer
Dynamic programming

 Greedy algorithms

Graph algorithms
Reduction

Induction

Proof by contradiction
Proof by contraposition
Exchange argument

Asymptotic analysis
Amortized analysis
3



= =% Brute-force search

o Systematically enumerate & check all possible solutions
o |nefficient when the search space is large, even infinite

Q: When might we use brute-force search?
« When problem size is small (e.g., the base case in divide-and-conquer)

« When there are problem-specific heuristics to reduce the search space



73874 Divide and Conquer
E ARG © Divide -> Conquer -> Combine

Base case: Recursive case:
2 SRR/ N\EF
BEAR 1. Divide ERPNTEmEDAsaiSEREainE=
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3875 Divide and Conquer

True/False: The followin% D&C algorithm correctly finds an MST:
Divide - Given a graph G, partition G into two parts by using a cut.
Conquer - Find an MST for each part
Combine - Combine the two parts using a minimum edge of the cut

False. The MST might require more than one edge in the cut!

Consider a graph of 3 vertices and w(4,B) = w(4,C) = 1,w(B,C) = 2,and a
cut {4}, {B, C}.
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HE DT Asymptotic analysis

o f(n) =timeorspace of an algorithm for an input of sizen
o Asymptotic analysis: focus on the of f(n) asn » x

cg(n) c28(n)

f()

c18(n)

! I
n ! n n

" fm) = 0(g(n)) " ) = Qgn)) " fn) = 0(g(m)
True/False: If f(n) = 0(g(n)), then g(n) = Q(f(n))




Divide and Conquer (DC) Dynamic Programming (DP)

11— (BRIEE D RSB 1 B AR/ )RR ©
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« Work best when subproblems « When subproblems are
are

* Blindly recompute « Two equivalent ways to avoid
overlapping subproblems recomputation
« Top-down with memoization
« Bottom-up method




DP and optimization problems

o Toapply DP, an optimization problem must exhibit two key properties:
- solutions to same subproblems are used
repeatedly
— an optimal solution can be constructed from
optimal solutions to subproblems

Q: Why these two properties are required?
Without overlapping subproblems, DP saves no time.

Without optimal substructure, we need to consider non-optimal solutions
to a subproblem, and thus hardly reduce the search space.



Pseudo-polynomial time

o Running time of DP-based knapsack algorithm is @(nW)
o n=#ofobjects
o W =knapsack’s capacity, W is a non-negative integers

o Runningtimeis , not polynomial, in input size
o Pseudo-polynomial time: “if its running time is

 butis
the number of bits required to represent it.”

o Thesize of the representation of WislgW
o (W) = 0(n2%), wherek =1gWw



Dynamic programming: 4 steps

Characterize the structure of an optimal solution
Recursively define the value of an optimal solution
Compute the value of an optimal solution

Construct an optimal solution from computed information

O & 6 ®

True/False: DP solves each subproblem at most once.

el O

True/False: The running time of a DP algorithm is O(# of subproblems).
11



Solve the traveling salesman problem using dynamic programming.

BRUTE-FORCE DYNAMIC

SOL-UTTON: PROGRAMMING SELUNG ON ERAY:
0(n') ALGORITHMS: 0(1)
‘ O (nzZ”)
STILL WORKING
ON YOUR ROUTE?
QL

~
SHUT THE |

HEW VR




Dynamic programming
Both require

« Make an informed choice
getting optimal solutions to
subproblems

 Overlapping subproblems

Greedy algorithms

« Make a greedy choice solving
the resulting subproblem
« No overlapping subproblem

« Each round selects only one
subproblem

« Sizes of subproblems decrease
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2/vEE A Greedy algorithms

o Trytosolve optimization problems by choices
o Always make a choice that looks best at the moment
o Makea in hope of getting a

o Many greedy algorithms to same problem
o Easytoinventone
o Do not always yield optimal solutions
o Hard to find one that actually works and prove its optimality
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2/vEE A Greedy algorithms

To yield an optimal solution, the problem should exhibit

o Making locally optimal (greedy) choices leads to a globally optimal
solution

o An optimal solution to the problem contains within it optimal
solutions to subproblems

True/False: Kruskal’s algorithm and Prim’s algorithm are greedy algorithms.
True/False: Greedily selecting a vertex covering the most (uncovered) edges can yield a 2-
approximate vertex cover algorithm.



Brute-force illustration

:
Qlutio max/min

Same brute-force illustration (grouping solutions by exclusive choices)

Possible choice Sol. D - choice 1

Sol. C - choice 1

1 B
Sol. A - choice 2
Optimal _ Q + .
olutio T Sol. E - choice 2
max/min _
Sol. F - choice 2
© -

Sol. G - choice 3
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DP illustration
Optimal substructure property ensures that we only need to
consider an optimal solution to each subproblem

N Optimal solution HEEAENER - REEE
choice 1 to subproblem MEHFERsubproblemBy—1@
optimalfERLAI LA T °

P055|ble Optimal solution s - N |
Opima primalsoluto £ {solutionZFRFAERT |
solution max/mm }

Possible N Optimal solution

choicen to subproblem

Greedy illustration
Greedy-choice property ensures that we only need to consider
one greedy choice (among all possible choices)

Optimal _ Greedy N Optimal solution JFgreedy choiceBViRIe
solution ' choice to subproblem BHAEERT |
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Graph algorithms

O D O D©

o)

[Ch. 23]
The origin of graph theory o Kruskal's algorithm
Graph terminology [B.4, B.5] o Prim's algorithm
Real-world applications [Ch. 24]
Graph representations [Ch. 22.1] Dijkstra algorithm
Bellman-Ford algorithm
Breadth-first search (BFS) [Ch. 22.2] o SSSPin DAG
Depth-first search (DFS) [Ch. 22.3] [ch—25}
o—Hoya-Warshatt-atgorithm
Topological sort [Ch. 22.4] A—JORRSORSatEortnm

Strongly-connected components [Ch. 22.5]

* Qut of scope: You’re not expected to know these terms,
but you may be asked to derive/reason about them
based on your knowledge and the provided information.



o Aconnected undirected graph has at least |V| — 1 edges.



Graph traversal (or graph search)

o From a given source vertex s, systematically find all reachable vertices

o Useful to discover the of a graph

o Standard graph-search algorithms
o Breadth-first Search (BFS, EEEIES)
o Depth-first Search (DFS, REEBLES)

True/False: A connected undirected graph has at least |V| — 1 edges.
Q: Give an algorithm that determines whether or not a given undirected graph ¢ = (V, E)
contains a cycle. Your algorithm should run in 0(V) time, independent of |E].



Topological Sort

o Input: adirected acyclic graph (DAG) G = (V,E)
o Often indicates precedence among events ( )

o Qutput: a linear ordering of all its vertices such that for all edges (u, v)
in E, u precedes v in the ordering

o Alternative view: a vertex ordering along a horizontal line so that

- E
ARFF

\\\\\\\\\
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Decomposing a directed graph

o Adirected graphis a

ABE CD

each SCC FG H
INto one vertex

Component graph Gsee = (Vsee, Escc)

22



Finding SCC: the Kosaraju-Sharir algorithm

Strongly-Connected-Components (G)

1 call DFS(G) to compute finishing times u.f for each vertex u
2 compute GT
3 call DFS(GT), but in the main loop of DFS, consider the vertices in order of
decreasing u.f (as computed in line 1)
4 output the vertices of each tree in the DFS forest formed in line 3 as a
separate strongly connected component

o |nput: adirected graph ¢ = (V,E)
o Qutput: strongly connected components

o Time complexity
o 2 DFS executions
using adjacency lists

True/False: The number of SCCs in a graph always decreases after a new edge is added.



Minimum spanning tree (MST)

o Findingan MST is an problem
o Two algorithms compute an MST:
o Kruskal's algorithm: consider edges in At

each step, select the next edge as long as it does not create cycle.

o Prim's algorithm: start with any vertex s and
. At each step, add the edge of the least weight to connect an

isolated vertex.

True/False: MST is unique if all edge weights are distinct.

True/False: Kruskal’s algorithm and Prim’s algorithm always output the same MST.
True/False: Kruskal’s (or Prim’s) algorithm may output an incorrect result if there exist
negative edges.

True/False: Finding a maximum spanning tree is NP-hard.

True/False: Suppose in a graph G, each edge weight value appears at most twice. Then,
there are at most two minimum spanning trees in G.



Single-source shortest-path algorithms

o GivenagraphG = (V,E) and a vertex s in V, find the minimum cost paths from
s to every vertexinV

o Dijkstra algorithm
o Greedy
o Requiring that all edge weights are

o Bellman-Ford algorithm
o Dynamic programming
o General case, edge weights
o Both on aweighted, directed graph

True/False: Dijkstra algorithm may not terminate if there exist negative cycles.
True/False: Dijkstra algorithm may output incorrect results when the graph has negative-
weight edges.

True/False: Given a graph with positive edge weights, the Bellman-Ford algorithm and
Dijkstra algorithm may produce different shortest-path trees.



Priority-first search

o Maintain a set of explored vertices §

o Grow S by exploring with exactly one endpoint
leaving S

Q: What’s the priority in each variant (BFS, DFS, Prim and Dijkstra)?
BFS: edges from vertex discovered/explored least recently

DFS: edges from vertex discovered/explored most recently
Prim: edges of minimum weight
Dijkstra: edges to vertex closest to s



Goal of amortized analysis

o Obtain an asymptotic worst-case bound for a sequence of n operations

N
cost
l X Actual cost
Worst-case analysis by
considering individual Upper bound
operations
AOP, OP, OPs op, oOperations
cost

Amortized analysis aims to find

a better upper bound of the

op; ©p, ©°p; .. op, Operations

True/False: If every operation of a data structure has an amortized cost 0(1), then the cost
of any sequence of ith to (i + n — 1)-th operations is bounded by 0 (n).



Amortized analysis: 3 common techniques

Aggregate method (& E)

« Determine an upper bound on the cost over any sequence of n operations, T(n)
« The average cost per operation is then T(n) /n . .

« All operations have the same amortized cost

Accounting method (E2IE 5 &)

« Each operation is assigned an amortized cost (may differ from the actual cost) - -
« Each object of the data structure is associated with a credit
« Need to ensure that every object has sufficient credit at any time

Potential method (Z8E/5 %)

« Similar to accounting method; each operation is assigned an amortized cost
« The data structure as a whole maintains a credit (i.e., potential)
« Need to ensure that the potential level is nonnegative at any time

Note: these are , not for implementation! 78
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Warm up: graph coloring
Complexity classes
Decision problems
Reduction

Appendix: P-time solving vs.

verification

Formula satisfiability
3-CNF satisfiability
Cligue

Vertex cover
Independent set
Traveling salesman
Hamiltonian cycle

O ©» O D©

NPC &
Approximation

Approximation algorithms
Traveling salesman

Integer programing
Randomized approximation
algorithms



Computational complexity theory

Algorithm design

« Design algorithms to solve
computational problems

« Mostly concerned with
On resources

m

E.g., Bellman-Ford is designed to
find shortest pathsin O(VE) time

Computational complexity theory

« Classity problems based on their
difficulty and identify relationships
between those classes

« Mostly concerned with
ON resources

[ Problem B, no easier than A J

Known lower bound
for problem A

E.g., Solving Knapsack is no easier than
solving SAT, which is known intractable,
so Knapsack is intractable too




Complexity classes

Class P: class of problems that can be solved
in 0(n™)

Class NP: class of problems that can be
verified in 0(n*)

Class NP-hard: a class of problems that are "
”in NP

Class NP-complete (NPC): class of problems in
both NP and NP-hard

Hardness relationship can be determined via
polynomial-time reduction

NP-Complete

P=NP=
NP-Complete

Complexity

http://en.wikipedia.org/wiki/File:P_np_np-complete_np-hard.svg

True/False: If P=NP, every NP-hard problem can be solved in polynomial time.

31



Reduction

Areduction fis an algorithm for of a problem A into an
instance of another problem B, and, for all a, AlgA(a) =1 AlgB(f(a)) =1

o Thus, we can use AlgB to construct AlgA for solving problem A
A polynomial-time reduction (A <, B)is a
every instance of a problem A into an instance of another problem B

o Can help determine the hardness relationship between problems (within a
polynomial-time factor)

o)

o)

for transforming

o A<, Bimplies ; equivalently,
Instance a Reduction Instance B | AlgB, algorithm to <’ > 1
of A Algorithm f of B decide B 5 0
AlgA, algorithm to decide A

True/False: If A <p B and thereis an 0(n®) algorithm for B, then there is an 0(n3)
algorithm for A.

True/False: If A <p B and there is a polynomial-time algorithm for B, then there is a
polynomial-time algorithm for A.



Proving NP-Completeness

{0,13*
L € NP-Complete < L € NP and L € NP-hard

Step-by-step approach for proving L in NPC:
1. ProveL &NP
2. Prove L € NP-hard

(1D Selecta

transforming every instance of
Ctoaninstance of L

® ProvethatxincC f(x)in L forallxin {0,1}*
@ Provethat fisa

Short answer: Suppose we know problem X is NP-complete, and we want to show that
problem Y is NP-hard. Should we reduce X to Y or reduce Y to X7



Approximation algorithms

o p(n)-approximation algorithm
: guaranteed to run in polynomial time
: guaranteed to solve every instance of the problem
: guaranteed to find solution within a factor of p(n) of the cost of an
optimal solution

o Approximation ratio p(n) c e
» ninputsize e (F ?) < pln)
o C*:costofan optimal solution k K — o
o C:costof the solution produced by Maximization problem: -z < p(n)

the approximation algorithm o c

Minimization problem: =< pmn)
True/False: If A <,, B, and there is a 2-approximation algorithm for B, then there is a 2-
approximation algorithm for A.
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Where can we go from here?



Applying what you’ve learned

o Algorithmsin the !
o 922 U0270 BAF5EEE (Principles of Financial Computing)
o 921 U9560 73 E&E % (Molecular Algorithms)

o 922 U4020 B BB AR AEYEFFER (Graph Algorithms and Their Applications in
Bioinformatics)

o 922 U0400 EEERFEENEE A (Data Mining Algorithms for Bioinformatics)
o 922 U0290 £¥5AimEE A (Algorithms for Analyzing Biological Sequences



Studying advanced algorithmic theories
and techniques

Here are some courses offered:

jo)

O D O O DO

922 U1810 &8 AR5 7E5m (Design Strategies for Computer Algorithms)
921 U9400 EEKEF/BEE X (Genetic Algorithms)

922 U3080 FE# E®E A (Randomized Algorithms)

922 U3060 B /EE E4F5 (Special Topics on Graph Algorithms)

922 M1250 &R ABENZHAT (Mathematical Analysis of Algorithms)

And many many more

jo)

jo
jo
jo

Parallel algorithms
Streaming algorithms
Algorithmic game theory



Detecting attack flows in real-time with
very limited memory

oA,
.

A/ f
e

Detecting malicious switches by sending a
minimum number of probe packets 38
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Course objective: This course will provide you with intellectual tools for
designing and analyzing algorithms, so that you know how to solve your
own computational problems in the future.

You are now equipped with powerful tools for
solving big, important problems.

. ™ o 2 :
: Nt D

nccomruﬁ

Anymstiensrulon.ue!
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