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Accounting method (52P&7372%) or banker's method
Potential method (fiZgg757%) or physicist's method




Why amortized analysis?

o Example: supports Push, Pop, Multipop operations
o push(S,x)=0(1)
2 pop(S)=0(1)
o multipop (S, k)= 0(min{|S|, k})

o Whatis the worst-case time of a sequence of n operations on an initially
empty stack?
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Worst-case analysis on individual operations
may be [oose

o Whatisthe worst-case time of a sequenceofn  cost
operations on an initially empty stack? e - worst-case

o Worst-case time of the nth operation =
multipop (S, n)= 0(n)
o =>Worst-case time of a sequence ofn
operations = 0(n?)
o However, this worst-case bound is Why?

o Theexpensive multipop operation won’t
occur frequently!
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Worst-case analysis on individual operations
may be [oose

o Given a sequence of n operations, their ~ $°%
occurrences and costs may depend on
others.

o Often happens when operating on the
same data structure

o Thus, they should be analyzed together,
not individually.
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Goal of amortized analysis

o QObtain an for a

All of the valid operation sequences on stack when n = 3:
push, push, pop

push, push, multipop (1)

push, push, multipop (2)

push, pop, push

push, multipop(l), push



Goal of amortized analysis

o QObtain an asymptotic worst-case bound for a sequence of n operations

cost
vsis b " Actual cost
Worst-case analysis by
considering individual .~ Upperbound
operations
\OPL oP; oPy .. op, oOperations
cost

Amortized analysis aims to find
a better upper bound (the blue
area) of the grey area

op; ©OpP, ©°P; . op, Operations 7



Amortized analysis: 3 common techniques

Aggregate method (& E)

« Determine an upper bound on the cost over any sequence of n operations, T(n)
« The average cost per operation is then T(n) /n . .

« All operations have the same amortized cost

Accounting method (E2IE 5 &)

« Each operation is assigned an amortized cost (may differ from the actual cost) - -
« Each object of the data structure is associated with a credit
« Need to ensure that every object has sufficient credit at any time

Potential method (Z8E/5 %)

« Similar to accounting method; each operation is assigned an amortized cost
« The data structure as a whole maintains a credit (i.e., potential)
« Need to ensure that the potential level is nonnegative at any time

Note: these are , not for implementation! g



-xample

1: stack

A stack is empty initially and supports three types of operations
Implemented using an array or linked list

Push

Multipop

MULTIPOP (S, k) :
while not STACK-EMPTY (S) and k > O

POP (S)
k =k - 1
Operation type
Push (S, x) 0(1)
Pop (S) 0(1)

Multipop (S, k) : pop top k objects at once O (min{|S|, k})




Example #
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Counts up from 0 by an operation,
Implemented using a k-bit array

) k-bit counter

f flipping one bit costs 0(1), INCREMENT costs 0 (k)
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INCREMENT (A) :

i =20

while 1 < A.length and A[1]

A[il]
i =

= 0
1+ 1

if 1 < A.length

Afl1]

=1

1

INCREMENT
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More examples

o Dynamic table (insertion only, insertion and deletion)
o Dynamic binary search [Problem 17.2]
o Queue with two stacks

o Disjoint-set implementation (linked list with weighted union, forest with
union-by-rank and path compression) [Ch. 21.4]

o Splaytree
o Cuckoo hashing 1]

[1]: https://web.stanford.edu/class/archive/cs/cs166/cs166.1146/lectures/13/Small13.pdf
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Aggregate method il

|dea: EEZEAER n ZIRIFRVRRIEEB R LR
Approach:
1. Determine an on the cost of any sequence of n operations

2. Calculate the amortized cost per operation as T(n)/n
o All operations have the same amortized cost

Tfn) => Amortized cost of op; =T(n)/n
\

cost

op; ©OpP, ©°pP; .. op, Operations
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Aggregate method for stack

Observations:

1. Total cost=# of popped objects + # of pushed objects
2. Forasequence of n operations, maximum # of pushed objectsisn

o HARHIRAIRELERNS

=> Total cost for an entire sequence is 0(n) Multipop
=> Amortized cost per operationis0(n)/n = 0(1)




Consider a variant of the stack data structure supportingmutlipush (S,
X), where X is a set of objects. Does this stack variant also have 0(1)

amortized cost per operation?
No.

Push /\ /%, Operation type

Multipush Multipop Push (S, x) 0(1)
Pop (S) 0(1)
Multipop (S, k) : pop top k objects at once O (min{|S|, k})
Multipush (S, %):Xisasetof objects o(XD
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Aggregate method for k-bit counter

Counter | A[3] Al2] All] A[O] Total cost of first
value n operations
0 0

0 0 0 0
1 0 0 0 1 1
2 0 0 1 0 3
3 0 0 1 1 4
4 0 1 0 0 I
5 0 1 0 1 8
6 0 1 1 0 10
7 0 1 1 1 11
8 1 0 0 0 15

Total cost =# of bit flips = # of RED in the table



Aggregate method for k-bit counter

Counter | A[3] Al2] All] A[O] Total cost of first
value n operations
0 0

0 0 0 0
1 0 0 0 1 1
2 0 0 1 0 3
3 0 0 1 1 4
4 0 1 0 0 I
5 0 1 0 1 8
6 0 1 1 0 10
7 0 1 1 1 11
8 1 0 0 0 15

Flip every increment
Flip every 2 increments
Flip every 4 increments
Flip every 8 increments



Aggregate method tor k-bit counter

Observation: Total # of bit flips ipl n in%rement operations
=n+Zl+Izl+
< 2n

2k—1J

o =>Total cost of the sequenceis 0(n)
o =>Amortized cost per operationis 0(n)/n = 0(1)



Consider a variant of the k-bit counter data structure where flipping the ith

bit costs 2t instead of 0(1).
Does this variant also have 0(1) amortized cost per operation?

If not, what is its amortized cost?
No.
Total # of bit flips in n increment operations
= *20+H*21+H*22+---+ |« 21
- 2 4 5=
< kn

Amortized cost per operation is 0 (k)
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Accounting method: idea

o JEASERIFRVITEE R
o URBEPHEBETEEYHE —ERS - YnEefERE
o RAEYFEITIRIER -
o HERERITGBRERE  MF=IEKRS
o FERERITEERS @ KEKRFEZEMRS
o FEETER n ERIFRBIEANZISAEMIRFSES - ISSENTEER

o #R aggregate method B9 EEZFl]
o AEHRIERI LB N EIRIE)EE
o SEiEAISAEREREER - BERE T(n)



Accounting method: approach

1. Guess each operation type’s amortized cost

2. Validity check: Check if the per-op amortized costs are valid
o Assume every object initially has
o Let¢; and ¢ be the actual and amortized costs of the ith op, respectively
o Check ifit has sufficient credit (= 0) for any sequence of n ops
o If actual cost <amortized cost (¢; < &), the difference becomes
o |factual cost>amortized cost (¢; > ¢;), then stored credit
o |fthe check fails, go back to Step 1

3. Calculate thetotal cost T(n) = Zi-,G;




Following the accounting method, show that T(n) = ZJ-,¢; is an upper
bound for the actual cost Zi* ,¢;.

Hint: Show that for any sequence of n operations, if every object has
sufficient credit (= 0) throughout the execution, then X, (¢; — ¢;) = 0.



Accounting method for stack

1. Guess per-op amortized costs:

Operation Actual cost Amortized cost Credit change
push (S, x) 1 2
pop (S) 1 0

multipop (S, k) min{|S|, k} 0




Accounting method for stack

1. Guess per-op amortized costs:

Operation Actual cost Amortized cost Credit change
push (S, x) 1 2
pop (S) 1 0
multipop (S, k) min{|S|, k} 0

2. Validity check: Show that every object has credit = 0
o push: the pushed object is deposited S1 credit
o pop and multipop: use the credit stored with the popped object
o Thereis to pay for each operation



Accounting method for stack

1. Guess per-op amortized costs:

Operation Actual cost Amortized cost Credit change
push (S, x) 1 2
pop (S) 1 0
multipop (S, k) min{|S|, k} 0

2. Show that every object has credit = 0
o push: the pushed object is deposited S1 credit
o pop and multipop: use the credit stored with the popped object
o Thereis to pay for each operation

3. Per-op amortized costs are all 0(1), so total costis T(n) = 0(n)



Accounting method for k-bit counter

1. Guess per-op Operation Actual cost Amortized cost  Credit change
amortized costS: INCREMENT # of bits flipped ?
ith bit 0 -> 1 1 S2

ith bit 1 -> 0 1 SO




Accounting method for k-bit counter

1. Guess per-op Operation Actual cost Amortized cost  Credit change
amortized costS: INCREMENT # of bits flipped $2
ith bit 0 -> 1 1 S2
ith bit 1 -> 0 1 SO

2. Validity check:
o Counter fE4a1E 4 00---0
o IX INCREMENT ZPEHE—1E 0 32A% 1 » AJEEEZ 1 3% Ak O
o AIEMERA 1B bitEFE—7TT
o 18 15E%pL 0B - {EIEFEEEE bit BY—JoElA]



Accounting method for k-bit counter

1. Guess per-op Operation

Actual cost Amortized cost  Credit change
amortized costS: INCREMENT # of bits flipped $2
ith bit 0 -> 1 1 $2
ith bit 1 -> O 1 SO

2. Validity check:
o Counter #43{E#4 00---0
o %7K INCREMENT EP&ZE—1E 0 52Ak 1 - AIgetB1R= 1 5%Rk 0
o BITERERA 1B bit F—7IT
o 181506 » {feiRF &6 bit BY—JcElA]
3. Per-op amortized costis 0(1) =>total costT(n) = 0(n)



Potential Method (328
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Potential method: idea m_

o TURKBE GBIV EEIERUAE - ¥)5a(E% O
o HEFHGIBHVARRRSHR RS -
o EERATFREELTIHER - W EREE R mFAIEE
o EEFRATFREESLTIEHES - AREFIAEMRS
o EHERE n (EiRfFEIA ESNIEE - RIEAIRERVEM LR HE R IR RV E H

o iR accounting method WEEEE | EXHEEAEE potential/credit -
MmN EYIHERE credit
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Potential method: approach “L

1.

Guess a potential function @ that takes the current data structure state
as input and outputs a potential level

Validity check: check if the potential level is never lower than the initial
value after any sequence of n operations

o Let D; be the state of data structure after ith operation
o WLOG,

o |fthe check fails, go back to Step 1

Calculate the per-op amortized costs based on the potential function
(see next slide)

Calculate the total cost based on per-op amortized costs T(n) = XX, G

32



Potential function “L

o Potential function ® maps a data structure state to a real number
o D, istheinitial state of data structure
o D, isthe state of data structure after ith operation
o ¢;istheactual cost of ith operation
o ¢;istheamortized cost of ith operation, defined as ¢; = ¢; + ®(D;) — ®(D;_;)

33



Show that T(n) = Zi*,¢; is an upper bound for the actual cost i ¢;.

o Hint: Show that for any sequence of n ops, it ®(D;) = ®(D,) throughout
the execution, then 27—, (¢; — ¢;) = 0.

0 Basednon the qleﬂnition, we have

D 6= (+®D) = (D) = ) i+ D(Dy) — B(Dy)
=1 =1 J

(=1
o Passing the validity check ensures ®(D,,) = ®(D,)

0 ThUS, Z{L:l(é\l — Ci) =0



Potential method for stack

1. Guess ®(D;) to be the after the i-th op

2. Validity check:
o ®(Dy) = 0, because stack is initially empty
o ®(D;) = 0, because # of objects in stack is always = 0



®(D;): the # of objects in the stack after the i-th op
¢;: the actual cost of the i-th op
¢;: the amortized cost of the i-th op, defined as ¢; = ¢; + ®(D;) — ®(D;_,)

3. Compute per-op amortized cost:
o Forpush(s,x):¢=¢+®D;) —PD;_1) =14+(S|+1)—[S|=2
» Forpop(8):¢ =c¢ +PD) —PDi—1) =1+ (S| =1)—[S[ =0
o Formultipop(S,k):¢=0

4. All operations have 0(1) amortized cost, so total cost of n operations is
O(n)

Q: justity why ¢; = 0 formultipop (S, k)



Potential method for k-bit counter

1. Guess ®(D;) to be the after the i-th op

2. Validity check:
o ®(Dy) = 0, because counteris initially all 0’s
o ®(D;) = 0, because # of 1’s cannot be negative



®(D_i): the # of I’s in the counter after the i-th op

¢;: the actual cost of the i-th op
¢;: the amortized cost of the i-th op, defined as ¢; = ¢; + ®(D;) — ®(D;_,)

3. Compute the amortized cost of INCREMENT:

o Let LSB,y(x) be the index of the least significant 0 bit of x
o Forexample, LSB,(01011011) = 2,and LSB,(01011111) =5
2 ¢ =c¢+o(D;) — P(Di_q)

= (LSBy(i — 1) + 1) + (—LSBy(i — 1) + 1) = 2

4. All operations have 0(1) amortized cost, so the total cost of n operations is
0(n)



Amortized analysis: 3 common techniques

Aggregate method (& E)

« Determine an upper bound on the cost over any sequence of n operations, T(n)
« The average cost per operation is then T(n) /n . .

« All operations have the same amortized cost

Accounting method (E2IE 5 &)

« Each operation is assigned an amortized cost (may differ from the actual cost) - -
« Each object of the data structure is associated with a credit
« Need to ensure that every object has sufficient credit at any time

Potential method (Z8E/5 %)

« Similar to accounting method; each operation is assigned an amortized cost
« The data structure as a whole maintains a credit (i.e., potential)
« Need to ensure that the potential level is nonnegative at any time

" =M A ERRE SRR DTSR - rIMRE AR R 39



-xample #3: dynamic table (insert only)

o Atable stores objects and supports insertion
o |nitially the table T is empty
o Each operation inserts an objectto T

o Double its size when out of slots (suppose this takes time linear to
the orignial size); create a table of size 1 firstif it’s empty

Actual cost (add + resize)

]

[
1: insertion [1] 1
2:insertion [1,2] 1+1=2
3:insertion [1, ] 1+2=3
4:insertion [1,2,3,4] 1
5:insertion [1,2,3,4,5, ,_ ,_] 1+4=5



-xample #3: dynamic table (insert only)

o Aggregate method

i, ifi —11is 2’s power
1, otherwise

o =>T(n) =3¢ <n+I8" Dai<3py

o =>The amortized cost of insertion is 0(1)

Actual cost (add + resize)

]

o The actual cost¢; =

[
1: insertion [1] 1
2:insertion [1,2] 1+1=2
3:insertion [1,2,3, ] 1+2=3
4:insertion [1,2,3,4] 1
5:insertion [1,2,3,4,5, ,_ ,_] 1+4=5



-xample #3: dynamic table (insert only)

Use the accounting method
Hint: choose an amortized cost of 3

Actual cost (add + resize)

[
1: insertion [1] 1
2:insertion [1,2] 1+1=2
3:insertion [1,2,3, ] 1+2=3
4:insertion [1,2,3,4] 1
5:insertion [1,2,3,4,5, ,_ ,_] 1+4=5



Example #3: dynamic table (insert only)

Use the potential method

Hint: Consider a potential function ®(T) = 2 * T.num — T.size, where
T.num is the number of inserted objects and T. size is the table size

32
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Example #4: dynamic table (insert & deletion)

o Atable stores objects and supports insertion and deletion of objects
Initially the table T is empty

Fach operation inserts or deletes an object

Double its size when out of slots (i.e., load factor = 1)

Halve its size when the

Suppose resizing takes time linear to the orignial size

D O O D©

0



Example #4: dynamic table (insert & deletion)

Actual cost (add/delete + resize)

[] -
1: insertion [1] 1
2:insertion [1,2] 1+1=2
3: insertion [1,2,3, ] 1+2=3
4:insertion [1,2,3,4] 1
5:insertion [1,2,3,4,5, ,_,_] 1+4=5
6: deletion [1,2,3,4, +_+_,_] 1
7: deletion [1,2,3, s o+ _+_+_] 1
8: deletion (L2, v v v v ] 1
9: deletion (1, ., ] 1+1=2
10: insertion (1,2, , ] 1

45



Example #4: dynamic table (insert & deletion)

Use the aggregate method



Example #4: dynamic table (insert & deletion)

Use the accounting method
Hint: insertion’s amortized cost = 3, deletion’s amortized cost =2



Example #4: dynamic table (insert & deletion)

Use the potential method
Hint: Consider a potential functlon ®(T) = 2 * num — size when a > = and
®(T) = size/2 —num when a < = = ~ where num is the number of mserted

objects, size is the table size, a = z:;e is the load factor.
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