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Today’s Agenda

o Edge relaxation
Shortest-paths properties

[Ch. 24]

Bellman-Ford algorithm
Dijkstra algorithm
o Single-source shortest paths in DAG

[Ch. 25]

o Floyd-Warshall algorithm
o Johnson’s algorithm



Shortest Paths:
Terminology and Properties



Recap: Optimal substructure

Shortest path problem (R ERIEHERE) has optimal substructure

d(a,b) = min(d(a,c) + w(c,b),6(a,d) + w(d, b))



Subpaths of shortest paths are shortest paths (Lemma 24.1)

Given a weighted, directed graph ¢ = (V, E) with weight function w: E - R,
let p =< vy, v4, ..., v, > be a shortest path from vertex v, to vertex v, and,
foranyiandjsuchthat0 <i <j <k, letp;; =<wv;,vi4q,...,v; >Dbethe
subpath of p from vertex i to vertex j. Then, p;; is a shortest path from i to j.

Proof by contradiction

Pbc

E— Pype" < Py

Path P,y + P, + P.4 iS a shortest path between a and d
=Then P, must be a shortest path between b and ¢




Forany edge (u,v) € E, §(s,v) < 6(s,u) + w(u, v)

o By definition, 6(s,v) is the minimum weight of all paths fromsto t

o Consider a shortest path from s ~ u and the edge (u, v). Together, it
forms one of the paths from s to v, whose weight is § (s, u) + w(u, v)

o =>§(s,v) <8(s,u) + w(u,v)

N



Let the graph be initialized by INITIALIZE-SINGLE-SOURCE (G,s) . We

always have v.d = 6(s,v) for all vertices v € V over any sequence of
relaxation steps, and once v.d achieves the value §(s, v), it never changes.

We can prove this by induction over the number of relaxation steps
Base case:

At the beginning, v.d = .0 = §(s,v) forall v € V — {s}. Also, s.d = 0 = (s, 5).
Inductive case:

Consider relaxing edge (u, v), which may change the value of v.d but not
others. Ifitchanges, v.d = u.d + w(u,v) = 6(s,u) + w(u, v) = 6(s,v)

Because v.d can never increase and always = §(s, v), it will never change
once reaching 6 (s, v).




f there is no path from s to v, then we always have v.d = §(s,v) = o

o By the upper-bound property, we always have v.d = §(s, v).

o =>p.d=906(s,v) =0



f s ~u - visashortest path in G forsomew,v € V,and ifu.d = 6(s,u) at
any time prior to relaxing edge (u, v), then v.d = 6(s,v) at all times
afterward.

o By definition, immediately after relaxing (u, v), v.d will not exceed u.d +
w(u, v). Thus, immediately after relaxing (u, v),

o =yp.d<ud+w(v)=7860u)+w,v) =6(,v) [why?]

o Also, by the upper-bound property, v.d = §(s, v)

o =>p.d = 6(s,v) immediately after relaxing (u, v)

o =>p.d = 6(s,v) at all times afterward, according to the upper-bound
property



e Letp =< vy, vq, ..., v > be ashortest path from s = v, to vy
« v,.d = 6(s,vy) after any relaxation sequence that contains a
subsequence (vg, V1), (V1,V2), «oo, (Vik—1, Vk)

Let W; = 3 (v;_q, ;). W; is the shortest path vveight 5(s, v;) because of optimal substructure

S =1,

Init Q Q/\/\

S =1,

Relax (v, v1)

After relaxation sequence — Yo
(vo, 1), (v1,V2), wov) (Vi—1, Vi) @
Note: It BEH N EAE FEREREREER relaxation sequence #RELIZ, e.g.,
(a, b)r (d, C), (vO; vl); ) us



o 6(s,e)=9

V o Ashortest pathfromstoe=
10 <s,b,d,f,e>
W/

Q: After relaxing (s, b), (b, d), (d, ), (f, e) in order, what’s the value of e.d?
9, according to the path-relaxation property

Q: Will the value of e.d remain the same after relaxing the edges in a
different order, such as(s, b), : (f,e)?

Not necessary

Q: How about relaxing (b, e), (s, a), , (e, ©), ?
9, according to the path-relaxation property



Suppose G contains no negative-weight cycles reachable from s. Once
v.d = 8(s,v) forall v € V, the predecessor subgraph is a shortest-paths tree
rooted at s.

Shortest-paths tree

A shortest-paths tree ¢" = (V’, E") of sis a subgraph of G s.t.:

« V’isthe set of vertices reachable fromsin G

« (' forms arooted tree with roots

« ForallvinV’, theunique simple path from s tovin G’ is a shortest path
fromstovinG




Bellman-Ford algorithm



The DP view

o Bellman-Ford is a dynamic programming algorithm
o What are the subproblems?
o Does it have optimal substructure?
o How to recursively define the value of an optimal solution?

o |dea: using the shortest paths of at most k — 1 edges to construct the
shortest paths of at most k edges



The DP view

o Let %) be the shortest path value from s to v

o Subproblems: given s, 2% for all v, k
o Optimal substructure: by Lemma 24.1

o Base case: fgg) = 0; fg?,) = ocowhens # v

o Recurrence relation can be formulated as

(k) _ i [ p(k=1)
fsv o IJIEI\III {fsu T Wuv}

o Optimal values: fgfl_l) forallvev 2

0, i=j
wii = Aw(,j), i #jand (i,j) €EE
0 i +jand (i,j) ¢ E




Bellman-Ford algorithm: implementation

0 /\i#)J(HT |V| — 1 - /E|\ ’ _ . /E|\|::| ’ J||E /[\E
o {Refrss k LIEFERE -

|ILIJ|\

£33

(i.e., 21

o =>|V|—1[EGHEERE @ 13 v NREREETHE < FE28ELS
V| — 18 s ~ v BRI ERH
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Bellman-Ford algorithm

BELLMAN-FORD (G, w, 8) INITIALIZE-SINGLE-SOURCE (G, s)
1 INITIALIZE-SINGLE-SOURCE (G, s) for v in G.V
2 (for i = 1 to |G.V|-1 h v.d = e
3 for (u,v) in G.E v.o = NIL
4 RELAX (u, v, w) ) s.d =0
5/( for (u,v) in G.E )
0 if v.d > u.d + w(u,v) RELPfX(u’ vy W)
7 return FALSE ) if \;./d[)EZRL];.AdSE-I_—KV;;u, V)
8\ return TRUE
v.d = u.d + w(u, v)
\ V.II = U

o Relax each edge e; repeat V — 1 times
o Detect a negative cycle if exists
o Find shortest simple path if



Relaxation sequence in each iteration: (¢, x), (t, y), (t, 2), (x, t), (v, x), (v, 2), (z, x), (z,5), (5, ), (5, ¥)

lteration 0 lteration 1 lteration 2




Running time analysis

BELLMAN-FORD (G, w, s)
1 INITIALIZE-SINGLE-SOURCE (G, s) ;}- ()(V)
2 for 1 =1 to |G.V|-1
3 for (u,v) in G.E — @((V—l)E)
4 RELAX (u, v, w)

5 for (u,v) in G.E —
0 if v.d > u.d + w(u,v) — ()(E)
I return FALSE -

8 return TRUE

o Running time = Q(VE), assuming we can enumerate all edges in O(E)
o SPFAQcanrunin ®(E) on average, but the worst case is still @(VE)

[1] https://en.wikipedia.org/wiki/Shortest Path Faster Algorithm



https://en.wikipedia.org/wiki/Shortest_Path_Faster_Algorithm

We want to prove the following two statements:

1. Correctly

o Afterthe |V] — 1 iterations of relaxation of all edges, it must hold that v.d = 6(s, v)
for all vertices v € V that are reachable from s

o Foreach vertexv € V, there is a path from s to v if and only if the algorithm
terminates with v.d < oo,

2. Correctly
o Return FALSE If G does contain a negative-weight cycle reachable from s



1. Correctly

o Afterthe |V] — 1 iterations of relaxation of all edges, it must hold that v.d = 6(s, v)
for all vertices v € V that are reachable from s

Although the shortest path p from s to v is unknown, we know it has at
most V' — 1 edges if the path exists

o The relaxation sequence must contain all edges in p in order:

\61,82,...,em}; 8\1,82,...,em, ,€1,€2, ..., € (m — |E|)
Y

Y

\ J

o According to the ,v.d = 6(s,v) for all vertices
v € V that are reachable from s



2. Correctly
o Return FALSE If G does contain a negative-weight cycle reachable from s

o Suppose Bellman-Ford returns TRUE while G does contain a negative-
weight cycle € reachable from s

o sv.d<ud+wlv),Vuv)€eC
for (u,v) in G.E
L = Zvecv.d < Zvecu.d +Z(u’v)ecw(u, V) if v.d > u.d + w(u,v)

return FALSE
2 0= 2unecwWl,v)

o =>contradiction




Q: ExHEME (RERFFES)
a. 1 RNnEETxRZALIRE|ZD TWD ?

b. EEEEMNZERE (FIREERE) 7

1182
N
0.25 Howeight BB AR 7
>000 EE A R R SRR ?
30
‘ 119.2
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Q EXREEE (RXFFES)
a. 1 REBRZ A LRE|ZD TWD ?

. maBENZE FIREERR) 7

After reweighting using w’(e) = —logw(e), we can find the shortest path (&

ERRHEE) and detect the existence of negative cycles (K1) B HEZ= B =)
3.07
' 0.6
37 Reweighting:
w'(e) = —logw(e)
148
® —.
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Dijkstra’s algorithm



Dijkstra's algorithm: intuition

o Recall that BFS finds shortest paths on an unweighted graph by
expanding the search frontier like ripples.

o Can we do the same on weighted graph?

~
)z

26



Dijkstra's algorithm: intuition

o Dijkstra's algorithm speeds up the process by “skipping” layers that do
not intersect with any vertex!

Source: http://courses.csail.mit.edu/6.006/spring11/lectures/lec16.pdf 27



Dijkstra's algorithm

o Maintains a whose final shortest-path weights
have already been determined
1. Initially, R = {s},s.d = 0
2. Ateach step, select unexplored vertex u in V. — R with
3. AddutoR,and . Go back to Step 2.




Implementation of Dijkstra’s algorithm

DIJKSTRA (G, w, s) INITIALIZE-SINGLE-SOURCE (G, s)

1 INITIALIZE-SINGLE-SOURCE (G, s) for v in G.V

2 R = empty v.d = e

3 QO = G.v //BUILD-PRIORITY-QUEUE v.n = NIL

4 while Q # empty s.d =0

5 u = EXTRACT-MIN (Q) RELAX ( )

6 R =R U {u} SO Sgp

. . if v.d > u.d + w(u, v)

7 for v in G.adj[u] / JDECREASE-KEY

8 RELAX (u, v, w)
v.d = u.d + w(u, v)
V.II = U

» Q is a min-priority queue of vertices, keyed by d values

o Observations (will prove these later)

o Foruin Q (thatis,V —R), u.d is the shortest-path estimate (i.e.,
minimum length over all observed s ~ u paths so far).

o ForuinR,u.d = 6(s,v)



Black: in R

White: in Q

Grey: selected

Blue line: shortest path tree




Running time analysis

o Qisamin-priority queue of vertices, keyed by d values
o #Of INSERT =0(V)

o # of EXTRACT-MIN = (V)
o # of DECREASE-KEY = O(E)

o Therunning time depends on queue implementation

o |Implementing the min-priority queue using an array indexed by v:
O(V2+E)=0(?

o INSERT: 0(1)
o EXTRACT-MIN: O(V)
o DECREASE-KEY: 0(1)

o Can beimproved to O(E + V 1gV) using Fibonacci heaps



Dijkstra’s algorithm, run on a weighted, directed graph ¢ = (V, E) with non-
negative weight function w and source s, terminates with u.d = 6(s, u) for
all verticesu € V.

o R:thesetof explored vertices whose final shortest-path weights have
already been determined

o |nitially,R = {s},s.d = 0

o NotethatforuinV —R,u.d = length of pathfromstou

o We want to prove that the loop invariant holds throughout the
execution of the algorithm.



Base case: |R| = 1, correct

Inductive step: Let v be the next vertex to be added to R, u = v.m,
P = shortest path from s to u + (u, v)

=>v.d =w(P) =46(s,u) +w(u,v)
Consider any other s ~ v path P’
We want to prove that w(P’) = w(P)




o A W N

Prove that w(P’) = w(P)
Let y be the first vertex on path P’ outside R
,W(P) = 6(s,x) +w(x,y)
By induction hypothesis, x.d = §(s, x)
By construction, y.d = v.d
By construction, y.d < x.d + w(x, y)

= wW(P’) =0(s,x) + W(x,}é) =x.d+w(x,y)=y.d=v.d =w(P)
>




Hence, the greedy choice v (and the corresponding path P) is at least as
good as any other path from s tov

=> The invariant still holds after adding one more vertex v to R
At termination, every vertexisin R
Thus,u.d = 6(s,v) foralluinVv




Dijkstra’s algorithm may work incorrectly
with negative-weight edges

o C.I. Bellman-Ford: a dynamic programming algorithm either detects
negative cycles or returns the shortest-path tree

Negative-wight edges Negative-weight cycle

-10 10 5(s.b) = —oo

In Dijkstra, b.d = —1

5(s,b) = —7
In Dijkstra, b.d = —1

36



Q: What is the similarity between BFS, DFES, Prim and Dijkstra?

o They are each a special case of
BFS(G, s) DFS(G)

1 for each vertex u € G.V — {s} 1 for each vertex u € G.V
2 U.color = WHITE ) u.color = WHITE

3 u.d = oo 3 u.m = NIL

4 Wt = NIIL At = b

2 i ‘ZOIL” 0= GRAY 5 foreachvertexu € G.V
7 Qn:;Nm 6 if u.color == WHITE
8§ =0 7 DFS-VISIT(G, u)
9 ENQUEUE(Q,s)

10 while Q # @ DFS-VIsIT(G, u)

4| u = DEQUEUE(Q) 1 time = time + 1

12 for each v € G.Adj[u] 2 u.d = time

13 if v.color == WHITE 3 u.color = GRAY

14 v.color = GRAY 4 for each v € G.Adj[u]
15 v.d =ud+1 5 if v.color == WHITE
16 L= 6 VT = U

17 ENQUEUE(Q, v) 7 DFS-VIsIT(G, v)
18 u.color = BLACK 8 apwolor = BlACE

9 time = time + 1
10 u.f = time

MST-PRIM (G, w, r)

for v in G.adj[u]
if v € Q0 and w(u,v)
0 v.Io = u
1

1 for u in G.V

2 u.key =

3 u.nm = NIL

4 r.key = 0

5 Q = G.V

6 while Q # empty
7 u = EXTRACT-MIN (Q)
8

9

1

1

v.key = w(u,v)

< v.key

DIJKSTRA (G, w, s)

INITIALIZE-SINGLE-SOURCE (G, s)
R = empty
QO = G.v

while Q # empty
u = EXTRACT-MIN (Q)
R =R U {u}
for v in G.adj[u]
RELAX (u, v, w)

O J o U b wdND

37




Priority-first search

o Maintain a set of explored vertices §

o Grow S by exploring with exactly one endpoint
leaving S

Q: What’s the priority in each variant (BFS, DFS, Prim and Dijkstra)?
BFS: edges from vertex discovered/explored least recently

DFS: edges from vertex discovered/explored most recently
Prim: edges of minimum weight
Dijkstra: edges to vertex closest to s



Single-source shortest paths
in directed acyclic graphs



Single-source shortest paths in DAG

. relaxing the edges in correctly
computes the shortest paths in DAG

. putting vertices in a topologically sorted order, edges only go
from left to right; so when relaxing an edge (u, v), all edges to u must

have been relaxed.




DAG-SHORTEST-PATHS (G, w, s)

1 topologically sort the vertices of G

2 INITIALIZE-SINGLE-SOURCE (G, s)

3 for each vertex u, taken in topologically sorted order
4 for each vertex v in G.adj[u]

5 RELAX (u, v, w)

INITIALIZE-SINGLE-SOURCE (G, s)
for v in G.V

v.d = o
v.ir = NIL
s.d = 0

RELAX (u, v, W)
if v.d > u.d + w(u, v)
/ /DECREASE-KEY
v.d = u.d + w(u, v)
V.II = U







Running time analysis

DAG-SHORTEST-PATHS (G, w, s)

1 topologically sort the vertices of G //O(V+E)

2 INITIALIZE-SINGLE-SOURCE (G, s) //@(\/)

3 for each vertex u, taken in topologically sorted order
4 for each vertex v in G.adj[u]

5 RELAX (u, v, w)

Lo

/+E)

=>total running time is ®(V + E), same as topological sort

43



f G = (V,E) is a DAG, then at the termination of DAG-SHORTEST-PATHS,
v.d = 6(s,v),forallv eV

on the

o Inductive hypothesis: if all the vertices before v in a topological sort order
have been updated, thenv.d = §(s, v)

o Base case:
o Forallvbefores, v.d = o =6(s,v)

o Fors,s.d=0=46(s,s)




f G = (V,E) is a DAG, then at the termination of DAG-SHORTEST-PATHS,
v.d = 6(s,v),forallv eV

on the (Cont.)

o Inductive hypothesis: if all the vertices before v in a topological sort order
have been updated, thenv.d = §(s, v)

o Inductive step:
o Consider avertex v (to the right of s)

o By construction,v.d = (ﬂl)lég(u'd + w(u,v))

By inductive hypothesis, u.d = 6(s, u)
Since some (u, v) must be on the shortest path, by optimal
substructure, v.d = §(s, v)




Single-source shortest-path algorithms

i
Dijkstra Nonnegative weights O(V?) (array-based)
Topological sort based DAG O +E)
Bellman-Ford generic O(EV)

46



il \\\ @Asmoz@ ‘
Application: Internet routing ..
Vertices = routers, ASes Source: cisco.com

Edges = network links between routers
Edge weight = delay, cost, hop count, etc.

Link-state (commonly using )
o Nodes flood link state to whole network
o E.g.,Open Shortest Path First (OSPF)

o Distance-vector (commonly using )
o Nodes send vectors of destination and distance to neighbors
o E.g., Routing Information Protocol (RIP)

o Path-vector (not necessarily shortest paths)
o Nodes advertise the full paths to each destination
o E.g.,Border Gateway Routing Protocol (BGP)

O D O DO

47



Summary of graph algorithms

Graph search/traversal BFS
Topological sort YES
Minimum spanning trees <ruskal’s

Shortest paths

Prim’s
Negative cycle detectionx Dijkstra’s

Bellman-Ford




Appendix:
All-pairs Shortest Paths



Variants of shortest-path problems

jo)

Single-source shortest-path problem: Given a graph G = (V,E) and a
source vertex s in V, find the minimum cost paths from s to every vertex
Inv

Single-destination shortest-path problem: Given a graph ¢ = (V,E) and
a destination vertex t in V, find the minimum cost paths to t from every
vertexinV

Single-pair shortest-path problem: Find a shortest path from s to t for
given s and t

All-pair shortest path problem: Find a shortest path from s to t for every
pairofsandt

50



All-pairs shortest paths Algorithms

o Repeated squaring of matrices
o Floyd-Warshall algorithm
o Johnson’s algorithm



Recap: DP view of Bellman-Ford algorithm

jo,

0O

Let %) be the shortest path value from s to v

o Subproblems: given s, 2% for all v, k
o Optimal substructure: by Lemma 24.1

Base case: 9 = 0; 'Y = cowhens £ v

Recurrence relation cankbe formulal‘ged as
. -1
fgv) = min {fgu ) 4 Wuv}

uev

Optimal values: fgfl_l) forallvev

Wij=<

0,
w(i, j),

wl

[=]
i #jand (i,j) €EE
i #jand (i,j) ¢ E




Generalization to all-pairs shortest paths

o Let fg.‘) be the shortest path value fromi toj
o Subproblems: {’8.‘) foralli,j, k
o Optimal substructure: by Lemma 24.1

o Base cases: fg)) = 0; fg-)) = cowheni # j

o Recurrence relation can be formulated as

(k) _ i [ p(R=1)
47 —I;lel\r/l{fix +ij}

o Optimal values: fg.vl_l) foralli,jev




EXTEND-SHORTEST-PATHS (L, W)
n = W.rows

let L'=(#;") be a new nxn matrix
for 1 =1 ton
for ] =1 ton

, for x =1 ton
i = min{#;, + wy,;}

x€V {’{] = mln{ll],t’lx + ij}

return L'

L = (£57), the matrix of £{1)s

W = (w;;), the matrix of wy;s

LD =W

Running time of Extend-Shortest-Paths: @(V?3)



Similarity to matrix multiplication

o Think of EXTEND-SHORTEST-PATHS (L, W) as “multiplying” the two
matrics, L - W
o +isreplaced by min, - is replaced by +
o 0 (theidentity for +) is replaced by o (the identity for min)

o Then we have
Jo) L(l) = W
o L) = (k=1) .y = Wk

o Shortest path wights are: L(*=1 = 71
o Theoverall running time: @(V'*)



Can we do better than (V+*)?

Observation:

Q: Based on this observation, can we reduce it to @(V31gV)?
: keep squaring W for r times until 2" >n — 1



Floyd-Warshall algorithm



Floyd-Warshall algorithm: intution

o  Consider a shortest path p;; from i to j whose imtermediate vertices are all in {1,2, ..., k}

Depdending on whether , there are two possible cases:
o kisnotanintermediate vertex of p;; : all intermediate vertices are in {1,2, ..., k — 1}

o kisanintermediate vertex of p;;: p;; can be decomposed into two sub-paths, p;; =

i ~ k ~ j,and the first (second) sub-path is a shorest path fromi to k (k to j) with all
intermediate verticesin {1,2, ...,k — 1}.

o)

all intermediate vertices in {1, 2, ..., k — 1} all intermediate vertices in {1,2,..., k—1}

//_//R /’_/R
b1 @ D>
@)
()

\///—//

p: all intermediate vertices in {1,2, ..., k}

58



Floyd-Warshall algorithm: intution

o Based on the observation, we can define a recurrence relation among
shortest paths

o Let di(]’.‘)be the weight of a shorest path from vertex i to j whose
imtermediate vertices are all in {1,2, ..., k}

w _ )V k=0 (o =
d:.” = _ (k=1) (k—1) (k—1) w;; = w(i,)), Il#jand (i,j) €EE
; min (dii i+ dy; )’k =1 ’ . i #jand (i,j) € E

P =8 Vi,jEV



Floyd- WarshaH algorithm

FLOYD-WARSHALL (

n = W.rows
D(°)= W

for k = 1 ton
let DM = (dl(]k)) be a new nxn matrix

for i =1 to n
for ] =1 ton

W) _ o (k=D Sk=1) | (k=1)
d = min (a0, d5% 0 + df™)

return D™

Q: What’s the running time?
O(n3)

Q: How to construct the shortest paths?
Exercise 25.2-3, Exercise 25.2-7




Q: Can the following variant correctly compute all-pairs shortest path
values?

FLOYD-WARSHALL-1 (W)
n = W.rows
DO=
for k = 1 ton
let D®) = (dl(]k)) be a new nxn matrix

for i =1 to n
for ] =1 ton

Lj Lj
return D™

d = min (d{ ™, df ™ +df V)

NO



Johnson's algorithm for
sparse graphs



Key idea: Reweighing

o Observation: If all edge weights are nonnegtive, simply run Dijkstra’s
algorithm from each vertex

o 0(V?1gV + VE) using Fibonacci-heap min-priority queue

o Can we somehow reweigh each edge such that all edge weights
,while ?



Key idea: Reweighing

o Reweighing (using weight function w instead of w) should satisfy two
Important properties:
: Vu,v €V,apathpisashortest path
from u to v using weight functionw & Vu,v € V,apathpisa
shortest path from u to v using weight function w

:Vu,v eV, w(u,v)isnonnegative



Preserving shortest paths by reweighting

o Leth:V - Rbeanyfunction mapping vertices to real numbers
o Define a new weight function as

Q: Show that this reweighting preserve shorest paths

Q: Show that G has a negative-weight cycle usingw < G has a negative-
weight cycle using w



Producing nonnegative weights by reweighting

o Goal: Pick afunction h:V - Rsuch thatforallu,v eV
wu,v) =wl,v)+ h(u) —h(w) =0

o Johnson’s algorithm takes advantage of the triangle inequality for
shorest paths (Lemma 24.10)

Given a source vertex s, for any edge (u,v) € E, 6(s,v) < 8(s,u) + w(u, v)



Producing nonnegative weights by reweighting

o Pickafunction h:V - Rsuch thatforallu,v e v
wu,v) =wl,v)+ h(u) —h(w) =0
o Add an additional source vertex s
o Add an edge from s to every vertex v in the original graph, w(s,v) = 0

o Let , which can be computed using Bellman-Ford algorithm

of



Johnson’s Algorithm

JOHNSON(G, w)

: Com%l,teEG_/_’ ‘ghzrzc"v & G'V(L;J {‘f}’ 4 1. Transform the graph and run
w('S, v;= 0 forg(l“lv’vv)e'g; ¥jium Bellman-Ford algorithm from the

2 |if BELLMAN-FORD(G', w, s) == FALSE added source vertex

3 print “the input graph contains a negative-weight cycle”

4 |else for each vertex v € G'.V

5 set h(v) to the value of (s, v)

computed by the Bellman-Ford algorithm

6 for each edge (u,v) € G'.E

7 w(u,v) = wu,v) + h(u) —h() 2. Reweigh edges

8 let D = (d,,) be anew n X n matrix

’ for cach vertex u € G"i A 3. Run Dijkstra from each vertex and
10 run DUKSTRA (G, w, u) to compute é(u,v) forallv € G.V .. :
1 for each vertex v € G.V reconstruct the original distance
12 dywy = g(ua V)= h(v) = h(u)
13 return D

08



Time complexity

o Johnson’s algorithm: 0(V21gV + VE)
o C.f. Floyd-Warshall algorithm: @(V3)

Q: When will Johnson’s algorithm run faster than Floyd-Warshall algorithm?
On sparse graphs, i.e., |E|~|V]



