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L (10%) fita7riz y = y(t) ®2 y' = y(1 - y) , y(0) = 5 -
Sol:

By assumption,

%:y(l—y) = y(ldgy):dt = /dt:/ dy (1%)

=t+c=In|y| —In|l —y| for some constant ¢  (2%)

1 1 1
By assumption y(O)zﬁ,:>0+c:ln|§|—ln|1—§|:0 = c=0 (2%)

1 1
and y(0) = 5 >0, 1-y(0) = 5> 0,= |yl =y,|1—y| =1—yfortclose to 0s.t. 0 <y(t) <1.

= t _ lny—In(l-y) _ Y 1
e =e T (1%)
= 0=(1-ye'—y=y(—e" —1)+¢

et

= y(t) = 2
W)= 1o (%)
ot ot
But then 0 < < 1 forall ¢, i.e. y(t) = is a solution defined for all ¢ € R.
14 et 14 et
. d
2. (15%) a7 42 xﬁ =y + 2?sinz | y(g) = g o

Sol:

Solve the equation
vy =y +aisine = ¢y — —y =axsinx
x
Conside the integral factor
1
el Tl == (5%)

Then

d, 1 .
%(yz) =sinz  (3%)

1
— y— = —cosT+c
x

— y=ua(—cosx+c) (4%)



SO

Hence

y=xz(l —cosz)
3. (15%) & g(z,y) =P(X =2,Y =y) , X BME 1 R 2, Y BIE 1 K2R3, T4

2 3 1
9(171):— ) g(laz):_ X 9(1,3):ﬁ7

11 11
1 3 1
2.1) = — 2.2) = — 2 -
g(2,1) 11,g(,) 1179(,3) TR
K (a) E(X), (b) Var(X)
Sol:
(a)
E(X)=1-P(X =1)+2-P(X = 2)
2 3 1 1 3 1
1. (L2 Yy (2
Plgt gt 2 gty
(3%) 3%)
16
-2
T (1%)
(b)

Var(X) = E(X?) — E*(X)
2 3 1 1 3 1, 256
—12. (2L 4 S y49? (4 o oy
(11+11+11)+ <11+11+11) 121
~~ 7 N ~~ 7 v
(3%) (3%) (2%)

_ 30
121

o a2 S > 2 > 2 3
4. (15%) % X1, Xo BREFAERRER , X; . Xo VA 1 9K ER = X Xp BUE 0 69 F 5 5
BX, XuoBs . 4Y=X1+X,,2=X1-X,, &K
() PY=1),P(Z=1)AP(Y =1,7Z=1) 24,

2



(b) HHHA Y & Z 5B,

Sol:

P(Y=1)=P{X, =1, X, =0} U{X, =0, X, = 1})
== P(Xl == ]_,XQ - 0) +P<X1 - O,XQ - 1)
=P(X; =1)P(Xy =0)+P(X; =0)P(Xy = 1) (because X, X5 are indep.)

=B+ ()G =5

(3%)
= P(X; = 1)P(X;3 = 0) (because X, X5 are indep.)
2 6
- =5
(3%)
P(Y=1,Z=1)=P(X; =1,X, = 0)
= P(X; =1)P(X; = 0) (because X7, X, are indep.)
2 6
- -2
(4%)
(b) Y and Z are not independent, because
6 12
P =12=1)=5#(5)5) =P =1)P(Z=1)
(5%)
5. (15%) 3% fx(z) = i—f , 0<az<k,& X OBREEEIH ; X BYLE [0,k .

(a) K BE(X) (A k &7F) o (b) K Var(X) A k &7 ), (c) % Var(X) =2, K k 244,
Sol:

(a)

k k
2 1 2
E(X):/O vz de =15 i 2x2dm:§k. (5%)



2 g 94T 2 " 3 ?
K2 4 1
X)=— — k2= —k? 4
Var(X) 5 gk 18 (4%)

(c)

1
Vmu3=1y3=2=>k=a (2%)

If the answer of (b) is wrong but the answer of (c¢) is correct corresponding to it, then you may

get 1pt in (c).

6. (15%) 3% X , YV BB MRS HE LRI REREA

27 1x%e™ x>0, e¥ Jy>0,
fx(z) = D frly) =
0 ,x <0 0 ,y<0
%5 7=X+Y ,K fz2(2) -
Sol:
f2(z)= [ [x@)fy(z—2)dz  (4%)
= [ Ix@)fy(z—2)de
0
= /Z 151726_966 D) de (5%)
0 2

7. (15%) —74& 300 B&9E A 15 (B4R B LRI 7 —18 Poisson #42 , K

(a) 100 B FIH 5 EsMRZMEE .

(b) 10 BEFEFA 1 EERIME



Sol:

k
Poisson(k, A\, T) = (/\]Z;) e (2%) (1)
A:%,m:mom:a (2%) @)
Poisson(5, %, 100) = (3%) (3)
55
“ Tt %) ()

You may only get points if you have get points in previous equation. (i.e. If you have a

mistake in line 2, you may not get points in line 3).

(b)

0,-0.5
1 — Poisson(0, 0.05,10) = 1 — 050—6' (5)
=1—¢% (6)

Total 7 points. If you have already write down Eq (5) but you have a wrong answer. Then
you may get 6 points. Other mistake will depend on your work to give your corresponded

grade.



