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1. (15%) f#tor J7Re x— = —2y +sinuw, y(g) =0.
Solution:
Since 2y’ + 2y = sinz, then ' + %y = siz:lc
The integral factor is ef 2dz — g2Inw _ gna® _ ;2
Thus, 2%y’ + 2zy = xsinz (6 points)
So, 2%y = [ xsinazdr = —xcosz + sinx + ¢ (6 points)

Because y(g) =0,0=0+ 1+ c. Therefore, c = —1 (3 points)

—rcosx +sinxr — 1

)

chy:/xsinxdac:—xcosx+sina:—1 (y = 5
x

2. %%tﬂ@)\ﬂﬁﬁ%%i%ﬂ?tiﬁﬂ%a, B (o> B) HAMEADES m(>0), B o, 8, m BHHEE - HREAND
WAL ¢ E’J“ﬂcizﬁ/@ — =(a—B)P-m
(a) (12%) jwﬁﬁmﬂiznwr P(0) = Py [ P(t)
(b) (6%) RIEERFIE N CIg g hn ~ (= REEA? (Hint: A (2) FTSRERT P(t))

(c) (2%) HAE1SATEER, ZHEA A 800 &, o — 8 = 1.6%, m = 210,000 ° F7E 1850 FERFAIA L ZHEIN ~ (5 ak;
7

Solution:

(a)

dP n
=@ BP—m= (=P~ ") 1)
You may get 2 pts for writing down Eq ( 1).
[ 2= [y 2)
T a=p
mlp-—"|= 3
n —a_ﬁ’—(a—/)’)t—&—c (3)
— aT — c*ela=B)t (4)

You may get 6 pts for writing down all Eqs (2), (3), (4). Additional 3 pts for the plugging in initial
condition. At ¢t =0, P — ™ _ *. And the final 1 pt for

m m o
P = oy + (P — a_ﬁ)é At (5)
(b) Take differentiation on both side of Eq (5) can get 3 pts.
dp(t) o
Py — ——)ele=At 6
7 == - e (6)
Because both (o — ) and e(*=Pt are greater than zero. Thus
population increases while Py > aT 5
population maintains while Py = Lﬁ
o —
population decreases while Py < aT 5

You may get 1 pt for each description.

(¢) You should write down all the things to get 2 pts.

m 210000

= = 13126000 > 8000000. 7
a—p»3 1.6/100 ™)

Thus, population decreases.
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3. (15%) & X1, Xo AESHEIE, X1, Xo BUE 1 FIKEE A %; X1, Xy BUE 0 pUtER % H X1, Xy B - %
Y =X+ Xo,
(1) P(Y =1), P(Y =2)
(2) Y F1 X, &EEL?

Solution:

(1)

PY=1)=PX;+X2=1)=P(X;=0,Xo=1)+ P(X1 =1, X5 =0)
since Xiand Xsare independent
= P(X, = 0)P(Xo = 1) + P(X, = )P(X = 0) (2 pts)
31 1 3
> 4=

- 14
(2 pts)

Q0| QO W~ |

PY=2)=PX;+X2=2)=P(X;=1,X,=1)
since Xjand Xsare independent
=P(X; =1)P(Xy;=1) (2 pts)
11
=1
1
16

(2 pts)

(2) No, because it is not ture that P(Y = a, X1 =b) = P(Y = a)P(X; = b) for all a, b. For example,
P(Y=2 X =0)=P(X;=0,Xa=2)=0 (2 pts)

but
_1.3_3
16 4 64

They are not equal. Hence Y and X are not independent. (3 pts)

P(Y = 2)P(X; = 0) (2 pts)

4 (10%) B4 / T e dn BEOMETE, REM - (B / Sy = VT
o 0

2
Solution:
o0 2 0 2 o0 2
/ e " dx:/ e ® dsc—i—/ 22e® dx (W)
—0 —0o0 0
= 2/ 22e=% dr
0
b
= lim xzeﬂ”{z dx
b—oo 0
£

b 2 1 e 1 [ e
lim z?e™" dr = lim x-(Te_”” )’0%—*/ e " dx
0

b—oo J b—o0 2

-1 . o0
= lim (—besz) Jr/ e da
2 0

b—o0

1 =
—0+=-.=
+2 2
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@152

b . b2
lim z2e™™ dr = lim
b—o0 Jq b—o0 Jq

1 [
= - §_yd
2/0 y=e Y

_ %F(g) (F(a) = /OOO 2o le dm)

1
2e7Y

| =
o)

Fir LA

o iR

(1)(M) BB KA E35

(2)ffE— KRB B e B3 1545 > R wtiﬁfﬁﬁfxﬁﬁﬂﬁﬁﬁr( ) FOWI5
(3) LA L # B S B R A S B B S 25 39>

»*
pa{13
X

5. (15%) IMEPHZERIERE T R—FERE 8, BUEAE 1 7> 2 30 B2, SEBSREEEES fr(t) =

H e B
(1) K c ZME
(2) 3k T WHEIEME E(T)
(3) 3K T > 10 FoAOHER

Solution:

30 30 c
1 1:/1 F(t)dt (3%):/1 Sat = elnt

30 1
=cln30=c=—— (2%)

. n 30
30 30

c 1 29
(2) E(T) ’/1 bt (3%) = In30 |, In30 (2%)

30 30

c In3

3) P(T > 10) = Sdt (3%) = Int| = 2
(3) P(T"' = 10) /mt (3%) = ln30 0 1n30(%)

6. (10%) Bt X R—BErEE, HIRmE SRR

— Az
fX(x):{)\e x>0

0 z <0

HEA>02Y =cX,c>0° K Y FIBREERE, fy(y) e

Solution:
Ae Mz >0

fX(x):{ 0 <0
Let Y = cX,c¢ > 0. Find fy (y).
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sol.

Fy(y) =p{Y <y}
=pl{cr <y}
=p{z <y/c}

Yy

= /C e Mdx
0

=1—e*Y (5 points)

Then
A
e <Yy>0

y <0 (5 points)

Ca | >

fY(y):{

7. (15%) TRAERERAR T, B 100 RATFEBIRE A 20018 o & RAVEEE Y #8752 Poisson 71 o & &%
—RAFERZ X =50 —2Y » KEgEH—REFEFE -

Solution:
2
m = % =2 (The average : + 3pts)
2k
Py (k) = Ee*Q (The p.m.f of the Poisson r.v'Y : + 3pts)

e k e 9k—1
E(Y) = Z k%e‘Q = 2¢2 Z =] =2e %2 =2 (The mean of the Poisson : + 5pts)
k=0 =0

E(X) =50—2E(Y) = 46 (The answer : + 2pts + 2pts)
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