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1. (10%) 3K lim
r—2

r—2
Solution:
Vs 5o gr (VT 8-y (VT2 —8) + VTt —8yE+ (v3)°)
o2 o) (Vo8 Vs + (D))
B 2P rr—8—2z
(m—2)((\3/x3+9:—8)2+\3/x3+x—8€/§+(€/5)2>
_ 224+ 22 +4
(\3/x3+x—8)2+\3/x3+x—8\3/5+(\3/5)2
Therefore,
lim \3/x3+x—8—€’/§:11m 22+ 22 +4
z—2 Tr—2 wﬁQ(mf-ﬁ-m%—&-(%)Q
- 44444
2 2 2
(V2)"+ (V2)" + (V2)
_ 94/3

2. (10%) AHMEEEZA |tans — tany| < 2|z —y| ¥ 2,y € [0, 7/4] BIHAL o

Solution:

If x = y, then [tanz — tany| = 2|z — y| = 0. In general case, we may assume that z >y, and z, y € [0, 7/4].
First, we take the differential

— tanz = sec?z (2 points).
o (2 points)

By the mean value theorem, we have

there exists & with y < ¢ < = such that

tanz — tany = sec? £(z — ¥) (5 points)

for all z,y € [0, 7/4].

In the interval [0, 7/4], we have
sec? & < sec? % =2 (2 points)

$0
|tanz — tany| = | sec® &||lz — y| < 2|z —y| (1 point)

for all z,y € [0,7/4]. It completes the proof.

3. (10%) #BE—EHER oy? + 2%y — 2 =0 RKEHi(z,y) = 1, DR R -

Solution:

Use implicit differentiation.

d, 4 9 d
el _9 = &
4oyt ot -2 = L)
22 F2(20)Y F 22y + %Y = 0o (8pts)

() =(1,1)= 142y +2+y' =0=y =1.
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So the tangent line at (z,y) = (1,1) is

4. % f(x) = 2" — 7% + 52*
(a) (10%) 3K f(x) £ = = 1 JRZKRVEIEIT -
(b) (5%) PAZ3K f(0.92) Z{UE -
Solution:
(a)
f(z) = 725 — 4225 + 202°
f(1)=—-15,f(1) = —1
flz)~—-15(x —1) -1
(b)
£(0.92 = —15(0.92—-1) - 1=0.2

5. (15%) (B/NEL%)aTHE T IR Bz Hix

1 Inx

(1) sin(37) (2) e (3) —

Solution:

(1) (sin(3%)) = [2%] cos(3”) - (3")" = [2%] cos(3%) - 3" - In 3.
The rest 1% depends on the detail of your answer.
1

(2) (etan’ a;) _ [2%]etan’ T | (tan_l x)/ _ [2%]etan’ T | = $2 )

The rest 1% depends on the detail of your answer.
Another solution: Apply the formula on p45, (f(z)?®) = [2%]g(z) - f(x)? D~ f/(z) + [2%]In f(x) -
f(x)9®) . ¢/ (). (Here f(x) = e, g(x) = tan™' z)

1 " l.ig—Inz-1 1 1
(3) Use the quotient rule for derivatives: (I;x) = ‘TT = [2%]; - [2%]%

The rest 1% depends on the detail of your answer.

6. (15%) st —ERBPEZONT (EEAIEA) » BERAERREEE f& 1000325 A0 BT » SR M TR HE
B/NIRHE R 7 (12%) T EABERRE © (3%)

Solution:

let  be the radius of the bottom of the cylinder
and let h be the height of the cylinder

we have fixed volume 7r2h = 1000 (2 pts)
and the surface area A(r) = mr? + 27rh (2 pts)

1000
mr2

=mr? 4 27

2000
=7r? + — (2 pts)
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2000 2773 — 2000

= A'(r) =2mr — = = (3 pts)
Al(r) = 0iff 2 2000 = 0 iff r = - (3 pts)
=0 iff 2713 — =0iff r = pts
\/>
1
if r > \/O> since 2773 — 2000 > 0 and 7% > 0
2mre — 2 1
we have A'(r) = 72000 > 0 for all r > i
r I
10
= A(r) is increasing for all r > T
ifo<r< \1ﬁ since 2773 — 2000 < 0 and 72 > 0
2mr? — 2000 10
WehaveA’(r):72<Ofora110<r<—
T NS
. 10
= A(r) is T

10
we thus conclude that the cylinder has minimum surface area as r = —= (3 pts)
/m

(if you just say that r is a local minima, you get only 1 pt)

(A

AR EOT R Ba o - B TR fh67)r » THHEED b6y - TREREL 430 > - B—EESEAE s
FRE N RIE A o AERT B EERRAVH TS B IR 2RI AN 7 - Pl —BRIAEER E SR AR 2

RIFEHARA » AREERE A G » AR TRENG] - BRSPS R R EESRE A
BIBTE - o N R B - AR A B e B MATH S REER L2 sl H DB
i ERRARILER AR 7 o

SOE I BRI S r, W& b Rl
BETE V(r) = 1000 = 7r?h (2 pts)
KIEFE A(r) =2mrh + 7 (EEEE R TEZ] ) (2 pts)

1000 2000
ﬁ%hf (r )1%A(r):7r7“2+7(2pts)

Ty

TR K A(r) BIR{E » BISKHE A'(r) = 0 HIRS -

Tl

Al(r) =2mr — 22(2)0 (3 pts)

A(r)y=0 = —2000+27r3=0
10
r = m (3 ptS)

R AEAIER: —FEHIES : (3 pts)
A(r)>0 & —2000+2m°>0 & 7>

1/3
A(r)<0 & —200042m3 >0 & r< 11(33
M A(r) £ r KN — B > £ r NA — FRRR  FTLAE r = B B ME o

1/3 1/3 1/3

REL: EHAE r = TE RS B PRI - RAReREE S TREE/IME) - BIEHEME T&R/IME) @&
Tk dlss 15

a2 BAE TRHEE) FHESAENXE - EERAMERERN  EHaHnEs1es -

1/3

7. (25%) Xy = f(z) = & [ LU &/ NE (CEAFEREE - ZHEEANEAE):

-1
EI/JJEi*EFEﬁ (—00,0]U[2,00) > y = f(z) BREERIEM [0,1) U (1,2]

(a) y = f(z)

(b) y = f(z) ZWBKEEE) (0,-2) > y= f(x) ZBIMEERE) (2,2)
(c) y= f(z) BIMIE EEER (1,00) » y = f(z) BMA FER (—oc0,1)
(d) y= f(z) ZXHE(BFE) f has no inflection point on R
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(e) y=flz) FIEMENES S e =1 y=2—1
(f) EH y = f(o) METE -

Solution:
For f to be well-defined, we need x # 1. Then we can simplify f as

1
flx) = ($—1)+m
, B 7 1
" _ 2
= f(z) = m

Hence we observe that:
(a.1) f'(x) >0 for z € (—00,0] U[2,00) = [ is increasing on (—oo, 0] U [2, 00)
(a.2) f'(x) <0 for z €[0,1)U(1,2] = f is decreasing on [0,1) U (1, 2]
Furthermore, f’(z) =0 for x = 0 or 2, and from the two observations above, we have
(b.1) f has a local maximum at (0, —2)
(b.2) f has a local minimum at (2,2)
And to observe the convexity and concavity.
(c.1) f"(xz) >0 for z > 1= f is convex on (1, 00)
(c.1) f"(z) <0 for z <1 = f is concave on (—oo, 1)
Now we observe the inflection point and asymptote.
(d) f"(z) # 0 for all z € R = f has no inflection point on R
(e) f(z) tends to inﬁnitelwhen x tends to 1 = x = 1 is an asymptote of f and
f@) = (@ =1) = =5
Finally, we can figure the graph by the above observations.

(f)

— 0 asz — 0o =y =2x — 1 is an asymptote of f

10

2k

-8k

-10 I I I I I I I I I
-10 -8 -6 -4 -2 0 2 4 6 8 10

Grading evaluation:
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If your answer is “(—00,0),(2,00)”, “(—00,0],(2,00)”, “(—00,0),[2,00)”, or “(—00,0],[2,00)”, you will get 2
points.
If your answer only holds one of the two intervals, you will get 1 point.

If your answer is “(0,1),(1,2)”, “[0,1),(1,2)”, “(0,1),(1,2]”, or ¥[0,1),(1,2]”, , you will gent 2 points.
Moreover, if your answer contains {1}, we also give you 2 points.
If your answer only holds one of the two intervals, you will get 1 point.

If your answer is “(0, —2)” or “—2”, you will get 2 points.

“

If your answer is “(2,2)” or “2”, you will get 2 points.

“

(2
If your answer is “(1,00)” or “[1,00)”, you will get 2 points.
If your answer is “(oco, 1

,1)” or “(00,1]”, you will get 2 points.
If your answer is “x = 1”7 or “nowhere”, you will get 2 points.

If your answer is “x =1,y = x — 1”7, you will get 4 points.
If your answer holds one of the two asymptotes, you will get 2 points.

If your graph of f is wrong, you have no point.

If your graph of f is nearly the true graph, you will get 1 point. And if you figure the two asymptotes, you will
get 1 more point; if you mark the local maximum point and local minimum point (you also need to write the
coordinates), you will get 1 more point.
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