1041 Z01-05B EAch E R E FIF D R4
1. (13%) StETIHBEHH

(a) (5%) In(V1-22-z) (b) (8%) (tanz)™"

Solution:
(a) Let f(x)= lng\/ 1-22-2)
f(x) = m(v 1-22-1z)" (2 pts)

_ 1 ( -
V1-22-2 V1-22
(b) Let f(z) = (tanz)¥” = In f(z) = sinz In(tan )

(Inf(x))" = J;((;U) = (sinzIn(tanz))’ (4 pts)

=coszxIntanz +sinx

-1) (3 pts)

SQC2 xT

tanx
2,

~f'(x) = (tanz)¥" " (cos z Intan z + sinacsteC bL) (4 pts)
anz

2. (10%) stETIZIERE

: 1 x V2
(a) (5%) Jlb_l_r}(l)ac(cosx+cos 5) (b) (5%) hn% \/Tl 2
Solution:

1 1
(a) Yz, -2 <cosz +cos — <2 = —-2|z| < z(cosx + cos —) < 2|z
x x

1
By pinching theorem, hH(l) z(cosx+cos—) =0
T xT

(b) Let f(x) = —=
22 +1
x V2
Then lim Y2+ 2 _ Jiy f@) = FA) 7'(1) (3 pts)
z—1 ) z-1 z—>1 z-1
fl(z) = 5 (\/a:2+1—1:2(x2+1)_71)
x\/—tl
, 2
~f(1) = =~ (2 pts)
D(®+2?+1)(2? -z +1
3. (8%) % f(a) = CDE T D) g )
ewz /a2 + 1
Solution:
Solution 1: (By definition of derivative)
/ - f(x) - f(-1)
1) = lim 2\ /)
f(=1) = lim (1)
3,2 2 _
- lim (x+1)(x +xI:1)(x x+1)
z—-1 (x+1De=2vVa2 +1
3,2 2 _
- lim (z +x1:1)(:v xz+1)
z—-1 e=r2\/x? +1
32
2
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sides)

Solution 2: (Take logarithm of both

+22+ 1) (22 -2 +1)

Solution 3: (By quotient rule)

(z+1)(23
)= ]
ex+2\/x? +1
1 1
lnf(x):ln(:c+1)+ln(x3+z2+1)+ln(:z:2—:c+1)—%—§ln(x2+1)
1 ' 1 322 + 3x 2z -1 1 T
f(m).f(m)_x+1+x3+x2+1 22-z+1 (z+2)2 22+1
L 1 322 + 3z 2z -1 1 T
..f(x)—f(x)-(x+1 x3+x2+1+x2—x+1_(az+2)2_x2+1)
_(x3+x2+1)(x2—w+1)+f(x)( 322 + 3z . 20-1 1 x )
- e /22 + 1 +22+1 22-z+1 (z+2)?2 22+1
/ 3v2 1, 3V2
f(—l):T+O(O_1_1+§):T

, \/:E2+1),(x+1)(x3+x2+1)(12—x+1)
2

VI I((2 4 1)@t +a? 1 ) —a 1)) -~ (eF
6%\/1’2 +1)

3V2

’ -1) =
7=
Marking Criteria:

1. quotient rule [2points]

1 x

- 4+
(x+2)2 22+

3 (e% 2+ 1), = e%M(

‘ x2
f(z) = (
) (62° + 52% + 622 +22) — (z + 1) (2> + 22 + 1) (2® -z + 1)(@ + =)
ee /22 + 1

1 ) [3points]

2. ((z+1)(2® +2*+1)(z® -~z +1)) = 62° + 52" + 622 + 2z [1point]

4. (12%) % ? +xy =siny.
(a) (6%) KB (O,g) LRI EN,

2
(b) (6%) & % ZARREES (0.) ZH.

Solution:
(a) #t \23 +zy =siny WMEHHBMD, FE:
y+azy =cosy-y  (33)
BLENEEE, HMHE y
" Ccos Y-
s
2t 2.
#iE (0, 3) ]
y=—o=r (19)
cos §
T 2
WMURBERS: v - 337 (293),
(b) BiE# ()N FHIEHEMD, S5
1222 — (292 + dayy’) - (dzyy’ + 222"y + 22%yy") + (12°%"y' + 49°y") =0 (3D)
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HE ) ) ,
n_ Y'(cosy—z)—y(-siny-y' - 1)
L < 2
(cosy —x)

2

Y e, .
T WANR:

g = Yleosy =) —y(=siny-y' - 1)

(cosy —x)?
_ Cosyy—m (Cosy - ‘E) - y(_ Siny ’ cosyy—:n - 1)
- (cosy —x)?
a2
g
(cosy —x)?

_ 2ycosy —2zy +y?siny

(23)

(cosy—z)3

=—m+—n° (193)

5. (12%) % f(z) =2 +x+cosz, z e R.
(a) (6%) 8RB f(z) B—H—WH,
(b) (6%) % g(z) B f(z) RREE, KR ¢'(1),

Solution:
(a) f'(x)=3z%+1-sinz (1 pt)
Since Vz e R, -1 <sinzx <1 = 3z? + 1 -sinz >0 (3 pts)
and there is no solution such that f'(z) = 0.
So, f'(z) >0,Vx € R = f is strictly increasing.
Hence, f is a one-to-one function. (2 pts)

Note that you can get 2 points if you wrote down the correct definition of one-to-one function.
you can get all 6 points even though you didn’t prove that f is ”strictly” increasing.

A S .
B O= Gy ey~ )
Note that f(0) =1, so g(1) =0. (2 pts)

Note that you can’t get any point if you wrote the wrong formula without deriving it.

And

6. (10%) BRBI y=1-2 B8 y=cosz MERRRR—E,

Solution:

Since the range of y =cosz is [-1,1], and -1<1-2<1=0<z <2.

so we only need to prove that:

y=1-z and y = cosz intersect at only one point when z € [0,2]. (2 pts)

First, we let h(z) =1 -2 —cosz and it is clear that 0 is a root of h,

ie. h(0)=1-0-cos0=0. (3 pts)

h'(z) =-1+sinz (2 pts)

Consider z € [0,2], h'(z) <0 and h'(z) = 0 only when x = g (2 pts)

We have h(0) = 0, h(z) is decreasing on [0,2], and h'(0) = -1<0. (1 pt)

Hence, h(z) has only one root 0, i.e. y=1-x and y = cosx intersect at only one point (0,1).

Note that you can get 2 points if you only sketched the graph.
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7. (25%) B y= o) - SEZD*2

r+1

(a) y=f(z) & (ER)iEE

y=f(z) & (EBR)ER (6%)
(b) y=f(z) & (BA)MmE L

y=f(z) & (BRE)MET (6%)
(c) y=f(z) REBAE(EFENE): (EEZ)

y = f(x) 2ABIME(EBEMNEE): (E24Z) (6%)
() y = f(z) 2EIBEERS (4%)

(e) B y=f(x) 2B (3%)

Solution:

(a)

:x(x—1)+2

z+1
, #?+20-3  (z+3)(z-1)
Yo @ T (1)

f is increasing if 4/ > 0, decreasing if 3’ <0
0 in (—o0,-3) U (1,00), f is increasing, while in (-3,-1) u (-1,1), f is decreasing.

(b)

yn _ L
(z+1)3

f is concave upward if y” > 0, concave downward if " < 0.
so in (-1, 00), f is concave upward, while in (—oco,~-1), f is concave downward.

()

To be local maximum or minimum, " = 0. So the possible points are in x = 1 or x = -3.
For x =1, y"(1) >0, so it is a local minimum. Since y(1) = 1, its coordinate is (1,1).
For z = -3, y"'(-3) <0, so0 it is a local maximum. Since y(-3) = -7, its coordinate is (-3, -7).

(d)
Since lim1 y(x) = £oo, x = -1 is a vertical asymptote.
T—>—

Also, let the oblique asymptote be y = mx + k. Since lim @ =1land k= lim (f(x)-x) = -2, the oblique
T T—>+00

Tr—>+o00

asymptote is y = x - 2.

(e) The graph is drawn by wolfram alpha.
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x=-1

T EE:
(a) —RMDEL+2 HEERE +4

(b) TRWDEE +2 WEERE +4

(c) AN ERAED,» BERENBEREZEBIDD
(d) BIEHTHES2

() B, = B RIMERE RIS, MOk —E30—2 Bk AL

8. (10%) B—HRAtE 5:00 PM BREEIRER, DABHE 20 RE@EILMT;, BB, S—MBILUEE 15 AEAAMTELLR 6: 00 PM
IKER—EREE, KMmARER&RIRFZ,

Solution:

BREE(1559)

SEITERBRA, AFATHIRERB, RIKEEIER0,0), EXNBAMAETH—/NRFEIKERE, HITSBEH:00PMAY
EEZ2(15,0).

RE, TURAEBHS5:00PMEI6:00PMEYEZES B (0,20t),(15-156,0), 0 <t < 1 (453)

BEREDEEA(t) = /(20t)2 + (15 - 15t)2 (1)

EEARMBEHRENRLEA/RI)E0<t<] EEARRIMEBRERE,

Rd(t)RIMESRER (1559)

T3iE—

SEEE d(t)> 0, B D(t)=(d(t))* 8 d(t) RIVMERERER,
D'(t) =1250t - 450 =0

t:% is a critical point.(323)

9 9
D'(t)<0as0<t<—. D'(t)>0as — <t<1.
25 25

9
= t=— is the absolute minimum point.(2 53)

(BRERBIL _RZENESREBIE, BAMUOLMTWIR, DRMRBOBUVRR/IME, HEED, )

BEZ
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d(t) V/(20t)2 + (15 — 15¢)2

V6252 — 450t + 225

\/625(t I yeiim
25

9
= t:% is the absolute minimum point.(5 23)

MR IELRIFZ: 5:21:36 PM
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