10221 FHo7-11 B K E %

1. (10%) Evaluate // e™ dxdy, where A is the region enclosed by xy =1, zy =4, y =1 and y = 3.

Solution:

<Solution-1>

eTY 4y eZY 71 zy|4/y 4 Sl
dzxdy = dzxdy = 1 ;e t |1/ydy = (e* —e) 1 ;dy (5%)

(64—6)lny|1 —ln3 (e* —e) (5%)

<Solution-2>
let w=uxzy, v=

Oxrdy Oz dy
Ty — u _
// dady = // |8u dv v du ldudv
//efdudUZ% ——e—e/ —dv (3%)

(e* —e)Inyl? =In3(e* —e) (5%)
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3 2
2. (10%) Sketch the region of integration and evaluate the integral / / ev it dyda.
0 Va+1

Solution:

©,2) (3,2)

y=\/m> {x=y2_1)
{0,1)

(4%)

3 2 . 2 py?-1 .
// evtl dydr = // evtt dxdy (3%)
o JyvzFr 1 Jo
2

x y271
= [ wrver| Cay
1 =0

= /1 (y+1)(ev ' — 1) dy

2 2 2
= / yed 1 dy+/ ev1 dy—/ (y+1)dy
1 1 1

2 2 2 1 2
= yey’l‘ — / ey’lder/ eV ldy — §(y+ 1)2 1dy
J1 1

(3%)
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3. (15%) Let D be the bounded region in the first quadrant enclosed by y = 0, * = 1, and y = \/z with positively

oriented boundary C (i.e. counter clockwise.). Evaluate

550{933 va® + D —a’@ + D3] ot 260+ D 4200+ )3 a

Solution:

Let D be the bounded region in the first quadrant enclosed by y = 0,z = 0 and y = v/ with positively oriented
boundary C. Evaluate

75 [9x2y (333 + 1)1/2 — (x3 + 1)3/2} dx + {2 (x3 + 1)3/2 +2 (y3 + 1)3/2} dy.
c

Proof: Let P (z,y) = 92%y (9:3 + 1)1/2 —xy (x + 1) and Q (z,y) =2 (:1: + 1) 3/2 +2 (y‘5 + 1)3/2. We have
9q

1/2

o 92 (z° +1) "7 .(3 %)
%}; = 922 (2®+1)"" — 22y (2 +1)”°.3 %)

By Green’s theorem, we have

56 [9x2y (a?3 + 1) 2 _ xy? (x3 + 1)3/2} dz + [2 (m3 + 1)3/2 + 2 (y3 + 1)3/2} dy
c

= %de + Qdy

=
_ // 2wy (% +1)°* dydz (5 %)

2 (2®+ 1) da

I
o\;

2 _
= (x3 + 1)5/2 12=8
2

= (2 -1).4%)

Page 3 of 8



4. (10%) Evaluate the triple integral /// xyz dV with
E

E={0<o<VI—20<y<2o Vv << VB-a?— 42},

Solution:
Evaluate the triple integral /// xyzdV
E

E={0<2<V4—32,0<y <22 +y%2<z</8—122—y?}

There are three method to do it.

\/4 y2 8—x2—y2
/ / / xyzdzdzdy (4pt)
2+y

4 y?
/ / 4oy — 23y — xyPdady(2pt)

=/0 2y(4 —y°) — yMTy) y4 ydy(2pt)

= Zent)

(2)use cylindrical coordinates

2 A
/ / / 72 sin 0 cos Ozrdzdrdf(6pt)

m\:l

73 sin @ cos (4 — r2)drdf

N\:!

/ 16 sin 6 cos 6 — % sin 6 cos 6d60
_8
3

(3)use spherical coordinates

4 2 2v2
/ / / p° sin? ¢ sin O cos 6 cos pp* sin pdpdfdd(6pt)
o Jo Jo

. 8. 1 r2 T
= 888 f/ sin 20d6 / sin® ¢d sin ¢
6 2 Jo 0

_8
]
In methods (2) and (3),if you get first 6 points you may get partial credit depend on how much you complete.
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5. (10%) Find the area of the surface {z? +y? + 22 =4, 1 < z? +¢* < 3, 2 > 0}.

Solution:
(method 1)
27
1dS = // W14+ 224 zsz / / —————drdf
ﬂ <12+y2<3 \/ - 72
2)V4 r2| = 47 ( V3 - 1).
(method 2)

71'/3 27
/ / 22 sin ¢pdfde = —8m cos (b\:% =47(V3 - 1).
0

(method 3)

=7/3 o=m/3
A(S) = / 27 - 2sin ¢ds = / om - 2sin ¢2d¢ = 4r(V3 — 1).
=r/6 ¢=7/6
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6. (15%) Let S be the part of the sphere 2® + y? 4+ (z — 2)? = 8 that lies above the zy-plane and that has outward

normal (i.e. with k-component > 0). Let F(z,y,2) = (—y° coszz, 2°e¥*, —e"¥*). Find // curl F - dS.
s

Solution:

Method 1. Let C be the boundary of S, which is 2% + 3? = 4, z = 0, with counterclockwise orientation. One
possible parametrization is

r(t) =< 2cost,2sint,0 >,0 <t < 2m, and r'(t) =< —28int,2¢c084,0 >. ..ottt 4 points
By Stokes’ Theorem //S curlF - dS = §£CF 5 PP 4 points
Since §1§CF -dr = /27r F(r(t)) -r'(t)dt = 16 /%(Sin4 thcost ) dt, oo 4 points
0 0
27
one finally has yécF -dr =16 <it + Siil64t> | =122 =247, .. 3 points
0

Method 2. Let C be the positive boundary of S and D = {2 4+ y* < 4,z = 0} oriented with unit normal
k =(0,0,1). Note that C is also the positive boundary of D. .............. ... oo, 4 points

Apply Stokes’” Theorem twice // curlF - dS = §£ F.-dr= // curlF -dS. ...l 4 points
5 c D
Since D is on zy-plane and curlF -k = 322 + 3y? on D = {2® +¢* < 4,2 = 0},

// curlF - dS = // curlF - kdS =3 // T2yt dA 4 points
D D D )

o2 2 4
3
Using polar coordinates, the answer is / / 3r? . rdrdd = 2 - % =247 oo 3 points
o Jo

0
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7. (15%) (a) Find a scalar function f(z,y,z) such that Vf =sinyi+ zcosyj—sinzk.

(b) Find the line integral / sinydzr + xcosydy + (y — sin 2)dz, where C' : r(t) = <t, g cost, g sint
c

)ogtgm

Solution:

(a)

Vf= sinyf—i— T cosyj — sin 2k

Let f = /siny dxr = xsiny + h(y, z) (3%)

of oh
— = ZTCOSY—+ — = xCOSY
Jy 0
= on _ 0
oy
= h(y,z) =g(z) for some g
% = ¢'(2) = —sinz

= g(z)=cosz+C
Thus f = zsiny + cosz + C, C is a constant (3%)

(b)

F(t) = <t ~cost,~sint>
T = ,2005,25111
70) = <o,g7o>

Fr) = <m—s0>

27
/ sin ydx + x cosydy + (y — sin z)dz
c

= / sin ydx + x cos ydy — sin zdz + / ydz
c c

,0)+/ (T cost)(Zcost)dt (3%)
0 2 2
7o, t+Lisin2t |”
= —rbl-14(5) (2

0
™

= (5P (%)

A3 £R 1
L PREEC =5y

2. / ydz = (3%)
c 8
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8. (15%) Let F = <3xy2, v, e"”2+yg>. Let S be the part of the surface z = 1 — 22 —y? that lies above zy-plane oriented

upwards (that is, with normal having k-component > 0). Calculate the flux / F - dS of F across S. Note that S is
s
not closed.

Solution:

Method 1. Direct computatlon Let D = {(x,y)|z® +y* < 1}, and a possible parametrization of S is

r(z,y) = (z,y, 1 — 2% =) 1o Xy = (20,2y, 1), ... 3 points
Thus // -dS = // Ty X Ty dA = // 62%y% + 2yt + TV A 5 points
D
Using polar coordinates // 62%y% dA = Ty e 2 points
D

// QYL AA = T/, 2 points
D

// e dA = (€ = 1), e 3 points
D
1
and the total flux is // F-dS=m(e— 5)
s

Method 2. Applying Divergence Theorem Let D = {(z,y)|z*+y* < 1}, 81 = {(z,y, 2)|(z,y) € D, z = 0},
and E = {(z,y,2)|(z,y) € D, 0< 2 <1—2? —y*}. S is oriented downwards.

By Divergence Theorem, // F-dS = /// divF dV — // F-dS. ... 4 points
s E s
If the orientation of S, is incorrect, —1 point only,li.e. still can get 4 points

Note that /// divF dV = /// 6y2 AV = I1. oo 3 points
E E )

1—r
Using polar coordinates I; = / / 6(rsin0)%r dz dr df = g ........................... 2 points
On the other hand // F.-dS= F-{0,0,—-1)dS = // e A = Io, o 3 points
S S1 D
27 1 5
I, = / / —e" rdrdd = —m(e — 1), o 3 points
o Jo
Therefore,

//SF-dS:ﬂe—%).
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