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1. (9%) Find — (secz)”, T er< I

dx 2 2
Solution:
(SGCI)CE — 6azlnsecz (2%)
i(secx)x — _e:vlnsecw — exlnsecm_(x ll’lSGCl‘) (3%)
dx dx dx
secx tan x
— = 711 — ) = ‘(1 t 4
dx(secx) (secx) (nsechrx — ) (secx)®(Inzx + z tan z) (4%)
1 2 2
2. (9%) Evaluate/ (2+2) dr.
o 1+ a2
Solution:
1 9 2 1 4 3
2+z)=2+42+4 = / 2+2) dx:/ 1+ 25
o 1+ a2 0 1+ 22
1 2 1 1 1
(2+x) / / x / 1
dr = ldx + 4 dr + 3 d 3
/0 1122 0 v o 1+ 22 v o 1+ a2 v (3%)
1 1
/ ldx:x‘ =1 (2%)
0 0
- 1
— 2 —
4/0 —dr=2In(1 42 )‘0—211&2 (2%)
3/11d4t)13t13”3(2%
= I n —= I n f— « —_ = =
01+$2x arctan x| arcta 1= 1" 0
1 2
(2+2) 3
dr=14+2In2+ -
/0 T4gz 0T REmEYT
: . t—In(1+7%)
3. (9%) (a) Find tl_1>r(§1+t—2
t—In(1+t
(b) Use (a) to find lim n(l+1)
t—0+ t
Solution:
(a)b points
0
this is indeterminate form of type g (1 point)
t—In(1+t 1— 1 1
Tt ) S T el = SR 1
t—0+ 12 t—0t 2t t—0+ 2(1 + t) 2
(process 2 points,answer 2 points)

Pace 1 of 6




(b)4 points

because f(r) = /x is continous at x = 1/2 and

t—In(1+1¢) 1
lim —————F = =
t—0t 12 2
SO
t—In(1+t¢ — —
. Vi-In(l+1) - \/t In (1 +t) :\/hmt m(l+t) /1
t—0+ t t—0+ 2 t—0+ t2 2

(process 2 points,answer 2 points)

4. (9%) Evaluate lim (2% 4 3% + 5’”)%

T—00

Solution:

fifE— i i
2" + 3" + 5% = 5" (1+ (;) - (%) ) (293)
+

1 X 3 X P
(2" +3"+5%)= =5 (1 + <5> (g) ) (353)
In{ lim ( 1+ + § = lim n(+(5) +<5)):0
1
2 xT X =
= lim <1+<—> +<§)) =e'=1
By B
2\ 3\ "\ =
1 1+ (= = =1"=1
i (1+(3) +(3))
lim (2° + 3% + 5%)s =5 x 1 = 5] (143)
Tr—r00
iz~ In(2% 4+ 3% + 5%
(In 2)27+(In 3)3% +(In 5)5%
1 2:E z z ' Hospita T T T
lim Il( +3 +5) l" Hospital lim 2T 43T 45 (Sﬁ]\)
T—r00 €T T—00 ]_
In2) (2)" 3) (2)" + (In5)
_ i 26) “3 55) 5) (599
eTreo ()" + @)+
=In5 (153)
fE=
When z > 1

2% + 3" 4+ 5% < 5" + 5 + 5% = 3 x 5" (277)
5% < 2% + 3% + 5% (247)
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Because )
lim (5%)z =5 (197)

T—r00
lim (3 x 5%) = (lim 3¥) x5=1x5=75 (3%))
T—r00 T—r00

By Squeeze Theorelm
lim (2% + 3" +5%)= = 5] (1 %)
T—r00

5. (9%) Find the linear approximation of the function

r—1

g(x) =sin! ( ) —tan~" (v/z) at the point z = 3

Solution:

Linear approximation at z = 3 is

9(x) = g(3) +4'(3) - (z = 3) (1%)
d . r—1., 1 d x—1
ﬂ(sm (x—l—l))_ 1_(%)2.£($+1)
r+
1 . .
= @D (1% for the chain rule term, 3% in total)
4 (Vi = 4
= m (1% for the chain rule term, 3% in total)
é/()_; d'g)_i (1%)
=y YT :
g(3) = sm_l(%) — tan~!(v/3)
o
T 1
= g(z) = _6+ﬁ(x_3)

6. (10%) Let y = f(x) satisfy 2* + 2zy +y* = 13. Find 3/ and y” at the point z = 1, y = 2.

Solution:
2 4 2ry +y° =13

Implicit differentiation gives

s

32% 4 2y 4+ 229 + 3%y =0 (%) 4
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, —3x? =2y
Y 2x + 3y?
—-3—-4 1
At =(1,2), 4 = == 2 %)
(2.y) =12,y =575 5 41
Differentiate (*) once more we have
62 + 2y + 2y + 2xy” + 6y(y')? +3y%*y" =0 2 7
At (z,y) = (1,2),
]' " 1 2 "
6+4(—5)+2/+6-2-(—5) +3-4" =0
" " 1 N
443+ 14y" =0 v'=—3 27

2

/ e'VisinVitdt + xcosx — x
7. (10%) Evaluate lim =2

3

z—0t xT

Solution:
. f0$2 etvtsinVtdt +xcosz —x [0
xir(l)l“' 3 0

’ (e”’zsing) - 2z + (cosz — xsinz — 1)
= lim

z—07F ) 312

’ (22%e* sinx) — zsinx + (cosz — 1)
= lim

z—0t 32

I 2 2. xsinx+cosx—1
= lim | =¢” sinz —

20+ 3x? 3x?

. 2 . . lsinz . lcosz—1
= lim —e” sinzx — lim — im ——
z—0t =0t 3 T z—0t 3 2
o L1 (1
3 3 \ 2

1
= -3

Grading Policy:

0
Identify (6) type: 3 points

22

— ¢!Vt sin Vtdt: 2 points
dz J,

(zcosx — x)": 2 points

Three limits: each get 1 point

8. (15%) The minute hand (43%F) on a clock is 8cm long and the hour hand (F#$t) is 4cm long. How
fast is the distance between the tips of the hands changing at two o’clock? Give your answer in the
unit cm/hour.
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Solution:

Let 6 be the angle of minute hand and hour hand.
Let X be the distance of minute hand and hour hand.

By cosine theorem:[3 pts]
X?=8"+4"—-2x8x4xcosh

At 2 o’clock. 0 = g and X = 4v/3. [2 pts]

The angle vector of minute hand is 27 and the angle vector of hour hand is % [4 pts]

11
Moreover, the angle vector of 6 is T or= —%. [2 pts]
By diffrerntating: [2 pts]
dX do
2X— =64sin—
i 6 smedt
dX 227
T G _ 25T 1o bt].
o end up, o 3 2 pts]
2 2Inx
9. (20%) Lety:f(x):a:—g— 3 , x> 0.

Answer the following questions and give your reasons (including computations). Put "None” in
the blank if the item asked does not exist.

(a) (5%) Find the interval(s) on which f is increasing.

Answer:

(b) (4%) Find the local maximal point(s) and minimal point(s) of f, if any.

Answer: local maximal point(s) (z,y) =

local minimal point(s) (x,y) =

(c¢) (5%) Find the interval(s) on which f is concave up.

Answer:

(d) (2%) Find the inflection point(s) if any.

Answer:

(e) (4%) Sketch the graph of f. Indicate all information in (a)-(d).

Solution:
a. f'l(x)>0
=1 :L’ 2 >0
32 3%:
T
:>55_§—§>0,($>0)
=>1l<xr<?2
4 — 2In2
(b) by (a)local maximal point (z,y) = (2, Tln)
5
local minimal point (x,y) = (1, 6)
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(c) f'(x) >0
— 2
:>?+@>0,($>0)
=0<z<V2

1—1In2
3

(d) by (c) the inflection point (z,y) = (V2, V2 — )

(e) f is concave up on(0,v/2), f is concave down on (v/2, 00),and lin% f(z) = 0.
z—
If you are totally right of (a),(b),(c),(d),I think you will get the full scores of (e).

Sketching the graph of f by yourself.
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