10215 FHo7-11 LK & iR

1. (15%) Let h(z) = Vo — 22 +sin™' (Vz), 0 <2 < 1.
(a) Find the length of the curve y = h(x).
(b) Find the area of the surface generated by rotating the curve y = h(x) about the z-axis.

Solution:

h(z) = Vo — 22+ sin” (/1)
, 1 -2z e o 20-=z)  Jl-uz
= h'(x) = 2\/x_$2+2\/1_x— o) . L, 0<z < loiis, (3pts)

AS = A/ 1A [ ()] (3pts)

] o I e e (2pts)

Length = / V14 [0 (z)]?de = / %dz = 2V/T 5= 2o, (2pts)
Area of the surface = / 2TR()\/ 1 4 [W(2)][PAX i (3pts)

o] / (Vo= + sin—l(\/z»ixdx]
/ V1—zde + sin ;(E\/E)]dx
oin ()
o VT

=2r[ - + 2/01 sin ™' (vz)dy/z ]

N

—on| (1) 1

o +

= on] 2+ 2(v/Esin~ (V) Jy - /\F

2
=21 = +2sin"'(1) —/
3 0
2
:27T[§+7T+2\/1—x\(1)]

=27 24—7r—2]:27r(7r——) ................................................................. (2pts)

3
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2. (10%) Solve zy/ — 3y = 52°
(a) with the initial condition y(1) = 2.
(b) with the initial condition y(—1) = 2.

Solution:

ry — 3y = 52°

/ 3 2
=y — —y = ba” (%)
T
And since 5
/——dx = —-3ln|z|+ K

T

Let

I =e?% = 373(3%)
(*) Multiply by I on both sides, then we have

(z7%y) =527 = 7% =5In|z| + C(3%)

2(a)
(1) =2=2=0+C=C=2

sy =52 In|z| + 22°(2%)

2(b)
cy(=1)=2=-2=04+C=C=-2

sy =52 In|z| — 22°(2%)

Pagce 2 of 8



3. (15%) Let y = h(x) be decreasing on [0,
0. Let s(z) denote the arc length of y =
(a) Write down the formula for s(z).

) and is continuously differentiable on (0, g) with h(0) =
(x) from (0,0) to (x, h(x)).

=N

(b) Suppose that s(x) is also given by s(z) = / e "Wdt. Find the function h(zx) explicitly.
0

(c) Find the function s(x) explicitly.

Solution:
(a) )

S@yzé JIFW@O2 dt (3%)
(b)

Aﬂﬁ:@@?ﬁ—lﬁhwﬁ

= 1+ (W(@)?=e@ (3%)

d
Y =—Ve—-1= ﬁ (2%)

—/“:/¢£ﬁﬁ@(%)

Let e7Y =secl = —e ¥ = secH tan 0d0

t
—r = —/ an 0 df
tan 6

- 9+C

=2=0+C=sec (e¥)+C
take into (z,y) = (0,0), then

O=sec'1+C=C (1%)

Therefore

eV =secw

—y = Insec (—x)

h(z) =y =1Incosz (2%)

S

x

s(z) = / sect dt
0
= In|secx +tanz| (3%)
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4. (15%) Let Q be the region bounded by y = cosz, y =0, 2 =0 and x = g

(a) Find the volume of the solid obtained by revolving €2 about z-axis.
(b) Find the volume of the solid obtained by revolving Q2 about y-axis.
(c¢) Find the centroid of Q.

Solution:
w/2 /2
(a) V = / mylde = 7r/ cos® zdzr (2%)
0 0

w/2 ) 1
. / cos2e 41, 1%)
0

2
' ]
_ ﬁ(;“l ~+ 3 (1%)
= = (%)

1 w/2
(b) V = / rr’dy = —7r/ 2?(—sinz)dz (1%)
0 7r/20 /2
= —7(2® cosz|f* — 2/ xcosxdr) (1%) (or V = 27T/ zydr)
0 0

w/2
=27 (x sin1'|g/2 —/ sin xzdx) (1%)
0

= 27r(g + cosz|T?) (1%)
=727 (1%)

w/2
(c) A= / cos zdr = sinz|}/* = 1(1%)
L[ de(1%) = = — 1(1%
x:Z/O x cos zdx(1 0)25—1(1 0)

1 (™21
y= Z/o 50082 zdx(1%) = %(1%)
or use Pappus Theorem.

21 Az = V (revolve about y-axis)
21 Ay = V (revolve about z-axis)
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5. (10%) Find the area of the region that lies inside the curve r = 2 + cos 26 but outside the curve
r=24sinf.

>
>

r=2+sin@

\\’j
W r=2+c0s20

Solution:

find intersection
2 +sinf =24 cos 26
— 2sin’f +sinf—1=0

5
sinf = —lor—, 0 = T T

9 26 6
(2 pts)

1 (5
Area = 5 / (24 cosf)? — (2 + sin ) (3 pts)
(%—2)7r

3

(= /6 (24 cos0)? — (2 + sin 6)%d0)

1 46 1— 20
4 cos 20 + —i—c% —4sinf — %dQ (3 pts)

1 T
= %fin 20 + 3 sin 460 + 4 cos 6"06:_5

— 22V3 (2 pt
16 3 (2 pts)
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6. (10%) Find the arc length of the curve z = tsin2t, y=+tcos2t, 0 <t < 1.

Solution:

Since (+3 points)

r = sin2t+ 2t cos?2t,
Yy = cos2t— 2tsin2t.
We have
2?4+ y? = (sin2t+ 2tcos2t)® + (cos2t — 2t sin 2t)
= sin® 2t 4 cos” 2t 4 4t” (sin® 2¢ + cos® 2t)
= 144t

The arc length is (+2 points)
1 1
L= / Va2 +y2dt = / V1 + 4t2dt.
0 0

1 1
Let t = 3 tan @, then we have dt = 3 sec? §df and

1 tan~12
L = 5/ |sec 0] sec? Odt
0
1 tan—12
= 5/ |sec 8] dt (42 points)
0

1 —
- Z(tan@sec@—{—hﬂ|se(39-1-tam9|) tan~"2

1
= 1 (2\/5+1n ‘\/g—l— 2‘) .(+3 points)

Note
/8603 0df = tanfsect — /tan2 0 sec Odo
= tanfsect — / (8602 0 — 1) sec 0d0
= tanfsect — /sec3 0+ /sec 0df.(+2 points)
Hence

/sec3 0do = (tan fsecl + / sec 6d9>

(tan @ sec + In [secf + tand|) + C.

N — N =

Ps. If you didn’t write down the calculation of / sec® but a wrong formula, you won’t get any

points.
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Q(x)

Pl dx. Note that

7. (15%) Let P(z) = 2® + 2> + z + 1 and Q(x) = 2® — 2> + z + 1. Evaluate /
P(-1) =0.

Solution:

Note that P(z) = (z° + 1)(x + 1). (2pts)
Q A Bx+C

— =1 o pt

P +a:—|—1+x2+1 (5 pts)

=A=B=-1,C=1. (3 pts)

Hence
Q _/ / —1 /1—&:
/Pda:— ldz + $+1d:1:—|— x2+1d:v

1
=z —Injzr+ 1] +tan 'z — 5 In(1 + 2%) + c(constant)(5 pts)
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1
8. (10%) Determine the values of a > 0 such that / 2 e is convergent.
1z

Solution:

1° For a # 1

1 11—« 11—« 1 11—«
/ﬂdx—/lnml(x ) = $ Inx— /x_adx: L ny— —
-« l—« l—a l—« (1—«)?

] “] -« 1 1
/ Ed:n = lim n—adx = lim (1 Int — —— ¢+ —)
1

T t—o00 1 X t—o0

(casel) f 0 < < 1

l—a)lnt—-1 1
lim (1=a) 2n — =00 . / n—dx is divergent.
t—o0 (1 - O{) ta_ 1

(case2) If a > 1

“Inx
——dx is convergent.
;e
2° For a =1

/ln—xdx = /lnxd(lnx) = %(1111:)2 +C

1
/ ﬂdx_ lim 2(11115) =00 :>/ —— 1is divergent.
1

T t—o0

“Ilnx , |
Thus, / ——dux is convergent for o > 1.
.

> = 0 by L’Hospital Rule.

(1%)

(1%)

(2%)

(1%)
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