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1. (12 points) Test the following two series Z %, where p = 1 and p = 3/2, for convergence.
k=1

Solution:

(a) method(1)

forp=1

let u = Inz and du = %dw

/ @dk = lim
1 k

b—o0

O\N
3
>

E
U
<
I
E.
N | =
=
S
=
N
1
8
=
s
Q.
3
~
V)
S~—

By Integral test(1 points)
diverges(1 points if the above process is correcet)

method(2)

for p=1
= ink
k=1 k

after k = 3 the series with nonnegative terms and

PO DD
k=3 k=3

| =

(oo}
1
and Z Ediverges (p-series with p = 1)(4 points)
k=3
By Basic comprasion test (1 point)

diverges(1 points if the above process is correcet)

(b) method(1)

3
f = —
or p 2

WE
)

™~
Il
-

let u = Inz and du = %dm

dzr =1
dv=— and v =—2272
xrz2

> —21 bd -
/ B~ tim [(—2E +2/ =0+ lim 2(~2)z 7 |2 = 4 < co(4points)
1 x2 b—0c0 \/5 1 T2 b—o0

By Integral test(1 point)

o~

= Ink
2

k=1

wjw
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converges(1 points if the above process is correcet)

method(2)
3
forp— =
or p =2
i Ink
3
=1 k2
Ing Ink
lim %2 = lim % = 0(L'HospitalRule)
b—oo ki k—oo k2

— 1
because Z o converge(a p-seies with p = — > 1) (4 points)

k=1
By limit of comparison theorem(1 point)
o0

converges (1 point if process is correcet)

2. (12 points) Determine whether the series converge or diverge.

(a) > (Vk—vEk—1)*
k=1
) i (Kk!)?
|
= (5k)
Solution:
2-(a) Let ap = (Vk — vk — 1)%
lim (ay)*
k—o0
= lim (Vk - VEk—1)?
— 00
n (=)
= lim (| ————
k—o0 \/E_|_ k—1
= OOO< 1
Z ay, converges by root test.
k=1
2-(b) Let a = i (k)?
T (5h)!
lim k1
k—oo
((k+1)H*
lim GG+
k—o0 (k)2
(k)]
12 |
e (DD (5k)
k—oo (Bk+5)!  (k!)?2
N\ 2 !
~ lim (k+1)h _ (5k)!
k—o00 (k" (5k + 5)!
1
=1l 1)2.
A k) 5 Gk + )Gk + 3) Bk + 2) Bk 1)
= OOO< 1
Z ay, converges by ratio test.
k=1
test{# F IEA#: 2 points
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FRFREE: 2 points
FERAN R R (12 55 IR R ZR: 2 points

o0

kE+1
3. (12 points) Find the interval of convergence of the series Z In ( _]L_ )xk.
k=1
Solution:
E+1

ap = In(2 )
1
2= fim L 1.(you should use L‘H thm)

k—oo Qf
and then you must check the endpoint.

k+1
=1, 5 () Z 5% (k4 1) —In(k) = lim In(k+ 1) = oo,
kk+ 1 k—o0

7= 157, In( ) (- 1)

lim ar =0
kd—>oo
% < 0, and a; > 0 = a; decrease.

= [—1,1) is convergence interval.

4. (12 points)

(a) Find the Taylor series for f(x) = (2® 4+ 2 4+ 1)/ + 1 at 2 = 0 up to the third power of x.

(b) Let f(z) =1In \/ﬁ Find f1(0).

Solution:
(a) Find the Taylor series for f(z) = (* + 2 + 1)v/z + 1 at = = 0 up to third power of x
Solution:

1 1 1
i 1 =14+ -z— a2+ —a®— ..
since v/ (1 + z) +2:L’ 181‘ +116x 1 ; . i
sof(x):(:c2+x+1)(1+§x7§x2+1—6$37...):1+§x+§x2+1—6$3+...
(each coefficient of power of x , 2 points)

1+a2
[ Find f(19(0)

(b) Let f(z) =In
Solution:
since f(x) = %(ln(l + 2?) — In(1 — 2*))(2 points)

1 1 1 1
also In(1 + 2?) = 2 — §x4 + gxﬁ — ng + gxlo...(l points)

1 1 1 1
and In(1 — 2?) = —2? — 53:4 — §x6 - sz - 53:10...(1 polig"cs)

compare the coefficient of power z'° we have f19(0) = z

(2 points for exactly right answer and right expension)

5. (10 points) Find the curvature (t) of the curve r(t) = e'i + e~ 'j + V2tk.

Solution:
RO
"= T )]

V() = (¢ —e VD), IF@ll= Ve ter2=c 4t (2%)

T(t) — #(et, 76715, \@) _ < 1 -1 \/5 >

(5%)

14+e 27 14e2’ et +et
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(1 + 672:‘,)2’ (1 + €2t)2’ (et + eft)Q (et + eft)Q’ (et + eft)Z’ (et + eft)Z

T/(t) _ ( 2e—2t 2e2t \/E(e—t — et)> _ ( 2 ) \/E(e—t _ et))

s VAHAF2(e e 2 —2)  \2(eP +e 2 +2) V2
T = (et 4 e—t)2 - (et 4+ e—1)2 - (et +e~t) (2%)
nmzwfiy<m>
sol:

_ (@) x (@)

woEs %

r'(t) = (e, —e7 1, \/5), r’(t) = (e', et 0) (2%)
Y % (1) = (VB VB, 2), () x ()] = VA + e (2%)
V2

K(t) = (@ +e )2 (1%)

I2y
O] if (z, 0,0
6. (15 points) Let f(r.y) =4 22+ g2 L @97 (0.0
0 if (z,y) = (0,0)
(a) Find lim  f(z,y). Is f continuous at (0,0)?
(z,y)—(0,0)

(b) Find the partial derivative % at (z,y) = (0,0) and at (z,y) # (0,0).

(c) Is o1 continuous at (0,0)?

Ox

Solution:

(a) By polar coordinate,(let © = rcosf, y = rsinf)

73 (cos? sin? 0

lg(r, )] = [f (z, )| = [f(rcosf,rsind)| = |

| = |7°(cos2 6 sin? 0)| <r.

r2
Hence,
lim z,y)| = lim r,0)| <limr=0 = lim z,y) =0=f(0,0).ccccccccccccecie. Spts
|<m,y)_>(o,0)f( Y)| |9;;,;"l;,gleg( )| < lim (I,y)ﬁ(mo)f( Y) f(0,0) (5pts)

So f(z,y) is continuous at (0, 0).
Note: If you didn’t not emphasis that the angle 6 is arbitrary, you only get the credits at most 4 points.

(b)

IERT f(h,O)*f(0,0)i . 0707
f2(0,0) = }lli% W = ilzliz%) = 0. (3pts)
For(z,y) # (0,0)
y(2zy°)
o e PSP PPRRPPPRPPPR 2
fo(z,y) RSP (2pts)
(c) Since
. B yay®) o2t 1,
yzgg’l_)ofz(xvy) - y=a,5—0 (372 +y2)2 - }:—>O 41‘4 - D) 7& 0 - f:v(ovo)a
the function f;(x,y) is not continuous at (0,0)......ccciiiiiiiiiiiiiiiii e (5pts)

7. (12 points) Let u = u(x,y) be a function of rectangular coordinates ,y. Then u can be expressed in polar coordinates

ou ou U
r,0 with £ = rcosf, y = rsinf. Express — and — in terms of r, §, — and —

Oz Oy or 00"
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Solution:

Sol. (I)
r(z,y) = Va? +y? (1%)
b(z,y) = tan~"(¥) (1%)
or 1 2x
=— = cosf
ox 2 Jj2 —+ y2
a0 1 ( y )= —sind
O 1+ (¥)2° 22 T
or 1 2y .
=— =sinf
ay 2 T2 + y2
00 1 1 cos 6
e ) = 1. h
B 1+(%)2(m) . (1.5% each)
Ou Oudr Oudb )
5= D + 9990 (chain rule: 2%)
B @ 0 @Siﬂ@
= ar a0 r
Oou Oudr Oudf
P e T hai le: 2
5y = o 5y + 2 o9 (chain rule: 2%)
_ Ou 0+ @COSG
T T a0
Sol. (II)
z(r,0) = rcosf
y(r,0) =rsind
or oy .
E—COSG, E—blrﬂ
0 0
8—:;3 = —rsinf, a—g =rcosf (1% each)
u _ ouds , Dudy
or  dxor Oyor
ou oudxr  Oudy )
% — 9200 9,00 (chain rule: 2% each)
ou ou ou .
. % cos 6 + a—y sin 6
=
% = %(—rsin@)—!—%(rcos@)
) Ju ou o .
Solve the system of equations for e and 5 (say, by substitution or by Cramer’s rule), we obtain
x Y
ou ou Ou sin
— = —cosl— —
ox ar a0 r
ou ou Ou cos 6
o Esm@—i—% . (4%)

(Note: if you write the chain rule as in Sol

listed in Sol. (II), and vice versa.)

. (I), you only get half the score for calculating the partial derivatives
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8. (15 points) Let f(x,y) = ze¥ + cos(xy).
(a) Find the direction (a unit vector u) in which f(z,y) increases most rapidly at (2, 0) (that is, f;,(2,0) is maximal).
(b) Find the direction in which f(x,y) decreases most rapidly at (2,0).
(¢c) What are the directions of zero change in f at (2,0).

Solution:

(a) The direction which f (x,y) increases most rapidly at (2,0) is Vf (z,y) = (€Y — ysin (zy),ze’ — zsin (zy))
2 1,2
where x = 2,y = 0. That is vi20 _ (12)

V20l V5

(b) decreasing most rapidly is the inverse direction of Vf (z,y). That is

-Vf(2,0) —(1,2)
)| '

IVF (2,00 V5

(¢) The direction of zero change in f (x,y) is those vector v satisfying (v, Vf (x,y)) = 0. That is
(2,1)
7

Grading:

The computation of V f (z,y) has 3 points. The rest of each question has 4 points. Those who write the correct
concept but calculation is wrong or insert wrong parameter will gain only 2 point in each questions.
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