1011 Fo7- 1138 R E AR 12 v

1. (15%) Find lim and lim of the following functions:

z—0~ z—07+
sin(|z|) cosx — 1 cos(sinz) — 1
(a) » (0) =————, (¢) 2
x sin(x sin z) tan® x
Solution:
(a) 5 points
lim sin |z| — lim sin (—x) — lim _sinz 4
z—0~ x rz—0~ x z—0~ T
i 5P || _ gy SR _ o ST
z—0t x z—0t T z—0t+ T
(b) 5 points
cosx — 1 . cosx—1 ,cosx—+1

)=

m ——— = 1IN — :
z—0sin (zsinz) «—-0sin(zsinz) cosx + 1

cos?x — 1 . —sin?z

250 [sin (z sinz)](cosx + 1) =250 [sin (z sinz)](cosx + 1)

—sin’z xsinx

+50 [sin (zsinz)](cosx + 1) xsinz

1 -1
iig})[— sin (z) /] ilg})[(a: sin (x)/ sin(z sin (z))] :}g%(m =5
(¢) 5 points

i <% (sinz) —1 . cos? (sinx) — 1 . —sin? (sinz) cos® x

im ———————— = =

=0  tan’x 20 tan® z(cos (sinx) + 1) =0 sin? z(cos (sinz) + 1)

2
-1
= lim [~ sin? (sinx)/sin? 2] lim S
z—0 0 cos (sinzx) + 1 2
2. (10%) Show that |tang — tan %| > @ for z,y € (—m,m).
Solution:
Let z,y € (—m,7), W.L.O.G, set z < y.
t
Let f(t) = tan —, then f is continuous on [z,y] and differentiable on (z,y). (2 point)
By Mean Value Theorem, there is a number ¢ between x and y such that
f(.’L‘) — f(y) / :
= 2 t
Ty (¢ (2 point)
1
Since f'(c) = 3 sec? g (2 point)
tan £ — tan £ 1
—| 2 2|=|fseCQE|
|z -y 2 2
1

= tan;—ta?g|:|2sei2;||x—y| (2 point)
We know that | 3 sec? g |> 3 (1 point)
= tang — tan% | > @ (1 point)

3. (10%) A rhombus (#J¥) has sides 10in. long. Two of its opposite vertices are pulled apart at a rate of 2 in. per
second. How fast is the area changing when the vertices being pulled are 16 in apart?
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Solution:

Let the distance between the two pulled vertices is x in., and the length of another diagonal is y in.. The change
d

rate of x is &
dt

By Pythagorean theorem, (%)2 + (%)2 =10% = 100 = 22 4+ 3% = 400 = y = /400 — 22

1
So the area A of the rhombus is % = ix\/ 400 — 22

2 2

dA dA dx 1 1 x x
L (V00— a2 - - ) x2=V400— 22 —
dt  dr  dt <2 Ty \/400—952) 8 a0 — 2
dA 256 28
When 2 = 16, — =12—- " =_-""(in?
en iy 13 3 (in“/sec)
RETRIELN T

WIHRESE A FBIR (29)

5 TR B P B IR (R (297)
AR B B E G  (497)
FRANBKIZE (297)
HERsHAR &I -

4. (10%) Let f(z) = %. Use a differential to estimate f(44°).
Solution:
flx+h)~ f(ale—k f’.(x)jh a ) . )

, __ —sinx +smx)—cosx(l +cosx _ —sInx —CcosT — .
fla) = (1 +sinx)? (1 +sinz)? (4 points)
F44°) = F(45° + (1)) = [(45°) + f(45°) - (~1°) (2 points)
= F)+ () 1gg (2 points)

—T
:H((Q\;N? 180
2—D)mw .

=1+ 0 (1 point)
Hrp: -

T, 1+cos % B 1—|—72 B
= Lsing 142 =1
(T = “R -1 V21 -2/2-2 3-2V2

47 (1+2) O3 4V2 0 342v2 3-2V2
= (—2v2-2)(3-2V?2)
=2—2V2. (1 points)

(z+1)2
z2+1 7
(a) (5%) Find f’ and f".
(b) (10%) Find the intervals on which f increases and the intervals on which f decreases. Indicate local extreme
values and absolute extreme values.

5. (25%) Let f(z) =

(¢) (5%) Find the intervals on which the graph of f is concave up and the intervals on which the graph of f is
concave down. Indicate points of inflection.

(d) (5%) Find vertical and horizontal asymptotes if any. Sketch the graph of f.

Solution:

(a)
fl@)=@"+1)" (z+1)°
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—2(x+1)(z—1)

fllz)=—(@*+1)222)(z + 1)* +2(2* + 1) Ha + 1) = 1) (3%)
() = —2[-2(2* + 1) 32z)(x + 1)(z — 1) + (2® + 1) %(22)] = w (2%)
(b)
X -3 | 0 1 V3
i) | = = % 0 + + 0 & - %
f'x) | - O +  + o+ 0 en - - 0 +
fx) | S R | - 2 -

From the above chart we know that

(1) f is increasing on [—1,1] (2%)

(2) f is decreasing on (—oc, —1] and [1, 00] (2%)

(3) Local minimum: f(—1) =0 (2%); local maximum: f(1) = 2 (2%)

(4) Absolute minimum: f(—1) = 0 ; absolute maximum: (1) = 2 (1%) since xgrfoof(:c) =1 and f(z) is finite

for any real = (reasoning 1%).

(¢) f"(x) is 0 and changes its sign at = = 0, +£v/3
= inflection points: = = 0,4+v3 (3%).

From the chart in (b), we know that
f is concave up on (—v/3,0) and (V/3,00) (1%), concave down on (—oc, —v/3) and (0,v/3) (1%).

(d) Since f(x) and f’(z) are finite for any real z, the graph y = f(z) does not have any vertical asymp-
totes.
Since lirf f(z) =1 (1%), y = f(x) has a horizontal asymptote y =1 (1%).

T—r 00

Sketch of f(x):

S
: : : , y =1(x)
oglo SURURURRRE SRR SORRREN EPRRR . e  axtrama

* infl. pt. :

— — —asymptote |

6. (10%) Consider all the rectangles with base on the line y = —2 and with two upper vertices on the ellipse 2>+ /4 = 1
and symmetric with respect to the y-axis. Find the maximal possible area for such a rectangle.
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Solution:
f(0) =2cosf(2sinf +2) (3pt.) 0<6< g (1 pt.)
f(0) = —4(2sinf — 1)(sinf + 1) (2pt.)
1

sinf = —

C.P. at = —

f(0) =4

f(g) =33

f(g) =0

(2 pt. )

£(Z) = 3v/3 is the maximum (2 pt.)

6

z3-4

7. (10%) Find f'(2) given that -:/ — L.
(10%) Find f'(2) given that f(x) Y-

Solution:
34 z—4 1

sw= | mdt”/zz vt

By the fundamental theorem of calculus,

d S | 1 1
%f(x):/m 1+\/idt+$[1+ x34.(3$2)_1+\/ﬁ.(2)]
(3pts) (2pts) (2pts)

R A 322 2 1 20
f(2)_/4 1+\/Zdt+2[1+\/1_1+\/ﬂ_3

(2pts) (1pts)
8. (10%) Calculat / ect2r
: alculate | —————=dx.
! V2 + cot 2z
Solution:
Let u = 2 + cot 2z, then du = —2csc? 22 dz (2 point)
csc?
——dx
V2 + cot 2z
=1
= ﬁ du (2 point)
-1 1
=— | —=d
2 / Nl
=-ur+C (5points)

= -Vcot 2z + 2 + C, where C is a constant. (1 point)
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