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1. (10%) Solve the initial-value problem:

(secz)y’ +y = (tanz)e "7 0 < < g,
y(0) = 0.
Solution:
(secx)y’ +y = (tanz)e 5"
=y + (cosz)y = (sinx)e®>*~5"" (2 pts)
since /cos xdr = sinz + ¢/(¢ is a constant), we mutiply €5
= ™y + P (cos x)y = (sinz)e®” (2 pts)
:> (eslnwy)/ — (Sinl,)ecosflf
= STy — /(sin x)e®¥dr = —e®®" + ¢ (c is a constant)(4 pts)
(-1 pt if you have not write down what c is)
y0)=0=0=—e+c
=c=e ' _
... y — (_eCOS.’E + e)e— sinx — el—Sln,’l) _ eCOS,’I)—Slnﬁ(Q ptS)
2. (10%) Solve the initial-value problem:
(zy® +y* + o+ 1)da + (y — 1)dy = 0,
y(2) =0.
Solution:
(z+1)(y* + 1)dz = (1 - y)dy
-y
(z+1)de = — m ldy .................................... (3 pts)
l-y
l)dx =
[+ nae= [ =2y
1, 1 Y
- = | ——dy— AY e 1 pt
2x+x /y2+1y/y2+1y (1pt)
1 1
ixz +x=tan"ly — 5 Y2+ 1) +C o (4 pts)
1
y(0)=2 = 522+2:tarr1(())—1n(1)+0 S0 =4 e, (2 pts)
The solution is 1 1
51:2 +z=tan"ly — 3 In(y® + 1) + 4.

3. (10%) Consider the region bounded by the curves:
y = sin(rz/2) and y = 6/(x* + 32 +2) for 0 <z < 1.

Note that the two curves meet at 2 = 1. Find the volume of revolving the region about (a)the y-axis, (b)the z-axis.

Solution:

xm 6 1 1
Let f(z) = sin —- =m0l
et f(z) = sin 5 9(x) 22+ 32+ 2 (x—i—l x+2)

Note that f(z) < g(z) Yz €0, 1])
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6
v — zsin X dz (2%)

(a) V=27T/O x(g(x)—f(x))dQS:QW/o 2243z +2 2

1 1 1 1
2 2 4 4
/acsinx—wszxcosﬂr +/ Zeos dy =0+ — sin | = — (1%)
0 2 m 2 0 o T 2 7T2 2 0 71-2
1 1 21
6z -1 2 (x+2) 9
— T =6 dr =6In|— | =6ln- (2%
A 2 +3zt2 /0 P L e (2%)

V:127Thr12—§
8 7

1 1 2
) V=r [ o@? - flerde=x | 36(xi1—wi2) s Tr (2%)

1
2
/136 ! 12d—36/11 L2 2y
0 x+1 42 e o (z+1)2  (x4+2)2 2x24+1 z+2 o
T +2

1
:c—f—lL

=36 {—(J; + 1) = (x+2)7 +2In

— 36 (z +2In i) (2%)

4
V—7r<27+721ni)

4. (10%) Find the area both inside 72 = 2 cos 26 and inside 7 = 1.

Solution:

1.7% = 2c0s20 and {'1: 1
s00="; %T; %; %(4pomt5)

™

2r=0;0 = 1 (3points)

2
T .
=3 + 2 — V/3(1point)

61 i1
3. 4[/6 —~1df +/ 5200529d9](2p0int3)
0 §

5. (10%) Find the area of the surface generated by revolving the curve r = sinf, 0 < 8 < 7/2 about the z-axis.

Solution:

1.z = sinfcosf;y = sin6
z' = cos*0 — sin?0;y = 2sinfcosh(6points)

2.4 = / 2my\/ (@) + (y')2df
0

=27 / i 5in260+/(cos20)2 + (sin26)2d0(3points)
0

2
= % (1point)

6. (12%) The cycloid is the curve parametrized by x(0) = R(6 — sinf), y(6) = R(1 — cos0).

(a) Find the arclength of the cycloid for 0 < 8 < 27.
(b) Find the area under the cycloid and above the z-axis for 0 < § < 2.

(c¢) Find the volume of the solid generated by revolving the region in (b) about the z-axis.
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Solution:

(a)

Some basic setting.(2%)

6
2 N2 — = in —
Y(0) = Rsind ()2 + (y)?=2R —2Rsm2

{ 2'(0) = R(1—cosb) . 1—20089

Calculate the arclength.(2%)

27 ] 9 9 )
L= 2Rsin — df = 4R(—cos =)|§"
o 2 2

=8R

2TR 2m
A :/ ydx :/ y(0)x' (0)do
0 0

27
= R(1 —cosO)R(1 — cosf)df (Formula of area 2%)
0
2
= RQ/ (1 —2cosf + cos® ) do
0
1+ cos 26

) do

2m
:Rz/ (1 —2cosf +
0

= R*27+0+m)
= 31R? (2% for exactly right answer)

27R 27
V= / yPrdr = / y*(0)ma’ (0) dO
0 0
2
= 7T/ R%*(1 — cos0)R(1 — cos0) df (formula of volume 2%)
0

2
=7TR3/ (1 —3cosf 4 3cos? O — cos® 0) df
0

=71R*(27 4+ 0+ 37 +0)
=5m?R® (2% for exactly right answer)

7. (10%) Let A :/ e~ dz. Compute the limit
0

lim ze® (A —/ et dt> .
Tr—r 00 0

Solution:
o0 2 2 z 2
Let A :/ e~ dx. Compute the limit lim xe® (A—/ e tdt).
r A— [Teat 0
Sol: lim we® (A f/ e*tht) = lim %. The limit is — type.
@00 0 z—oo  gTlem® 0
A— [Tedt
Then lim %
T—00 r—te %
76712

= lim (4dpoints)

zo0 —p 20 — 27"
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= lim (4points)

z—o00 2 + xr—2

1
3 (2points)

1 1
8. (10%) Evaluate (a) / rtan*(2?) dz and (b)/ z(tan~! z)? da.
0 0

Solution:
(a)
/01 rtan ' (z?)dzr = %Qtan_l(xQ)’; — /01 .%‘22(1_'_2(1;2)2)(1% (2%)
_ gi/olljﬁd“”“)
- % - iln(l +x4)‘; (1%)
_ g—ilrﬁ (2%)
(b)
1
/0 z(tan~! z)% dz
= JU72(taun_1 x)z‘; — /01 ﬂ%22(tan_1 ) (H%)dx (2%)
_ g —/Ol(tanlx)(l - ﬁ)dx
- g—; —/Oltanlxdx—l—/ol(tanlx)l_:xzda:
w? “1 )\ ! ! -1 -1
- 5_(95*5;”1 m)o—f—/o 1+x2dx+/0 (tan™" z) d(tan™" z) (1%)
_ g -2+ %ln(l + x2)’; + <7T/24)2
- %Z—%—l—%hﬂ (1%)

2
1
9. (10%) Evaluate the improper integral / —Vz(2 —z) dz.
o T

Solution:

1 *1
Because lim+ —vz(2—2x) = o0, / —+/2(2 — x)dz is an improper integral.
z—0t T 0o T
2 2
1 1
Hence / —v/x(2 —x)dz = lim / —z(2 — x)dz.
o T t L

t—0+

21 ’1
Write/ ;\/m(Q—x)dx as/ ;\/J;(Z—m)dx
t t

let z — 1 =sinb, —g <f< g, then dx = cos 60df and

J

2 1

l\/x(2 —z)dr =

T

/sin_l(
/’z’
B sin~=!(t—1)

t

T .
/ —df
sin~!(t—1)

1 —sinfdf = 9+COS€’

V1 — sin? 6 cos 6db

x
2
sin—1(¢t—1)
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=D it —1) = 1— (t—1)2

2
2
1
tlilgl+/t ;\/x(Q —z)dx = tlir51+ g —sin Mt —1)—/1-(t-1)2= g —sin"!(-1) =7

2
1

Hence / —vVz@2—a)dzr =7
o T

10. (8%) Find (a) lim <sin 1)n and (b) lim (1+12> .
n

n— 00 n n— 00

Solution:
(a)
1% . cos L -1
: . " i 1 in L My oo —71 .z
lim sin = = eliMn—oo ylnsing o sin 1 — 21
n—00 n
(b)
1 -2
1 T G
] . nZ .
. 1., lim nln(1+ —2) limp o 0o —22 limp s 0o ﬁ o
hm (1-‘—7) = en—0o0 n = e n2 = e n2’ = e’ = 1
n— oo n2

Page 5 of 5



