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1. (10% Evaluate/ / —dydz.
(10%) 0 Ja3 /26 + 92 Y

Solution:

Interchange the order of the iterated integral, we have

dzdy (3%)

2 8 25 8 r¥y 0

I vl A =

0 Ja3 /28 4+ y? o Jo  ab4y2?

81 Sy
:/ ) $6+y2
0o 6 0
1 8
zg/m—l)ydy (2%)
0

dy (3%)

8

(1%)

0

= %(\@— 1)%.@2

=2WE-1 (%)
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2. (15%) Find the volume of the solid common to the balls p < 2v/2cos ¢ and p < 2.

Solution:

Method 1.

Sphere p = 2 is equivalent to 224y +2? = 4; sphere p = 2v/2 cos ¢ is equivalent to 2% +y%+ (z— \/5)2
2. These two spheres intersect at ¢ = /4.

Z-axis

xy-plane

Therefore,

2 I 2 2 3 2v/2 cos ¢
Volume = / df / do / pisingdy + / df / de / p*sin ¢ do
0 0 0 1 0 z 0

3

z 2 3 1
. ('0)‘0+27r/er smgb-g(Qﬁcosqb)?’dgb

11

= 27(— cos ¢)

3
— 2£(8—4ﬂ) + =
gﬂ' — 2V/2r.

Note:
0 :0~ 27, (2 points) |,

Jacobi factor | p?sin ¢, (5 points)|.

2
For part I, ’(b :0 ~ /4, (2 points) ‘, ’p :0 ~ 2, (1 point) ‘, answer ;(8 4v/2), (1 point)

2
For part II, ’(b : /4 ~ 7/2, (2 points) ‘, p: 0~ 2v2cos ¢, (1 point) |, answer ?ﬂ’ (1 point)

Method 2.
27 Va—r2
Volume = / do / dr /
\fﬂ/ﬁ
:271'/ r(VA—12+ V212 —\2)dr

EW—Q\[W
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Note:

0:0~ 27, (2 points) |, |z :

V2 —V/2 =712~ /4 —7r2 (3 points) |,

r:0~ /2, (3 points) |

Jacobi factor

Method 3.

r, (5 points)

27

3 (8 — 3v/2), (2 points) |

, answer

Z-axis

Volume = /2 (4 —2%)dz + éTr(\/i)

V2 I 3

1
= 5671' — 2\/571

xy-plane
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. (15%) Evaluate the integral // sin(3x? — 2zy + 3y?)dzdy, where € is the ellipse 322 — 2zy + 3y < 2. You
Q

may try the change of variables x = u + kv, y = u — kv for some constant k.

Solution:

Follow the hint, set © = u + kv,y = u — kv. Put in equation of the ellipse: (3 pts)

322 — 2y + 3y = 4u? + 8k*v? < 2

1
We can choose k = 75 then the equation becomes 4u? + 4v* < 2. Calculate the Jacobian (value of

J 2 pts , absolute value 2 pts):

o(x, 1 k
ol =g D=1 1 5 |i=1-2x=v2
Then

// sin(3z% — 2xy + 32) dedy

Q

= // sind(u? +v?)v2dudv (integrand 1 pt, domain 2 pts)

u2+v2§%

or L
:\/5/ /ﬁsin 4r* rdrd9 (Jacobian of polar coordinates 3 pts)
o Jo

1
vzl
:2\/§7r/\/5 gsin4r2 d(4r%)
0

2
:\/;T(l —cos2) (2 pts. If make a slight mistake, get 1 pt)

Scoring to steps of this problem:

1. Change of variable in u,v: get 2 pt if the relation is correct.

2. Jacobian of your variable: get 2 pts for the value and 2 pts for absolute value.
3. Write down the correct integrand for your new variables: get 1 pt.

4. Your integral domain is correct: get 2 pt.

5. Change u, v into polar coordinates. If the Jacobian is correct: get 3 pts.

6. Your result fits the correct answer: get 2pts, and get 1 pt if you just make a slight mistake.
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4. (15%) For y >0, let

F(z,5,7) = (e~ Iny — )i + (292 — e™/y) + (4 — )k and
G(z,y,z) =e¢ “lnyi+ (2yz — efm/y)j —z k.

(a) Show that the vector function F is a gradient on {(z,y,2)| y > 0} by finding an f such that Vf = F.

(b) Evaluate the line integral / G(r)-dr, where C is the curve given by r(u) = (1+u?)i+e%j+ (1+u)k,
C
u € [0,1].

Solution:

(a) f = —e “lny +y®2 — xz + ¢, where ¢ € R.( 5 points)
(b) G = F + 2zi — y’k, and 7(0) = (1,1,1), r(1) = (2,¢,2).

Then

/ G(r)-dr:/ F(r)-dr—|—/ zdx — yPdz
C C 1 C
= f(2,¢e,2) — f(1,1,1) +/ [(1 4 u)2u — **]du(4points)
0
2 1
= —e 24+ 2e% — 4+ (Zud +u? — Ze*)|}(4 points)

3 11 s 2
=22 E(?points)

Page 5 of 8




5. (15%) Let C be a piecewise-smooth Jordan curve that does not pass through the origin.

.5 4
Evaluate ?g i dx + Y dy for the following two cases, where C' is traversed in the counter-
¢ (2 +y?)° (2* +y?)?

clockwise direction.
(a) C does not enclose the origin.

(b) C does enclose the origin.

Solution:
(a)
Let € be the region enclosed by C. Since {2 does not enclose the origin, the functions

5

—Y
P =
(:L'ay) (3:2+y2)3
and

Qa,y) = $7y4
Y) = (22 + y2)3

are well-defined and differentiable in ). We have

0Q oP Y5 — 52yt

%(3772/) = ?y(m’y) = m

in Q. Therefore, by Green’s theorem,

§riaain= [ [ (222 aray o,

Application of Green’s theorem: 2%

Grading Policy:

Correct calculation of partial derivatives: 2%

Correct answer 3%

(b)
Let C, be the curve 6 — (rcosf,rsinf), 0 € [0,2x], where r is small enough such that C, lies in the
interior of the region bounded by C'. Let €2 be the region bounded by C and C... By Green’s theorem,

we have 3 5P
}I§ Pdz + Qdy — §I§ Pdz + Qdy = // (Q — ) dxdy,
C, &r

where P(z,y) and Q(z,y) are defined as in (a). Since 2 does not contain the origin, the right hand
side of the above equation is 0. Thus

%Pdm—i—@dy = %Pd:{:—&-@dy
C

C,
3 /5B 5 .4

_ / < r° sin 9(—rsin9)+r cos 0 sin e(rcose)) 20
0

76 6
27

= / sin* 0d6

= =

Grading Policy:
Valid application of Green’s theorem: 3%
Correctly transforming the line integral to the ordinary integral: 2%

Correct answer: 3%
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6. (15%) Let S be the triangular region with vertices (0,0, 0), (a,0,0), and (a, a,a), a > 0, with upward unit

normal n, and C' be the positively oriented boundary of S. Let
F=(y— zcos(:vQ)) i+ (22— sin(zz))j + (32 — tan(yz)) k.

(a) Find a parametrization of S and find the upward unit normal n. (Hint. Consider the projection of S
to zy-plane.)

(b) Evaluate V x F.

(c) Evaluate §I§ F -dr.
C

Solution:

(@) 1) S:{(z,9,9)]0<y<z<a} (2points)

ii) n= \%(0, —1,1) (2 points)
i j k
o 0 0 .
(b) 9z By 0: (2 points)
F, F, F.

2zcosz —2ysec Y }1—cosx j + k (2 points)

(c) %Fdr—//VxF nda—/ / (1 + cosz?) - [rx x ry|dydz (4 points)

1
= / z(1 + cos z?)dx = H%h) 5 —(a® +sina?) (3 points)
0
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7. (15%) Let Sy be the surface {(z,y,2)| z = 2> +y*, 2z <y}, Sz be the surface {(z,y, 2)| z = y, 2*+y° < z},
and V(z,y,z) = —yi+ zj + zk.

(a) Compute directly the downward flux of V across 5.

(b) Use the divergence theorem to compute the upward flux of V across So.

Solution:
7.(a)

Si: fi(z,y) = (zy, 22 +9%), 22 +y* <y
ofr

=(1,0,2
L (1,0,20)
ofi
— =(0,1,2
By (0,1,2y)
ofr  Of
2x,—2y,1
or Xy o)
d area =(2x,2y,—1)dxdy (since the direction is downward) (1 pt)
\4 :(_yv Z, Z)

Let x =rcosf,y = rsinf. Then r2<rsinf=0<r< sinf,0 <6 <m.

/ V -darea = // —2xy + 2zy — (2° +9?)dzdy (1 pt)
S1

sin 0
:/ / —r?rdrdd (3 pts)
6=0Jr
. —-131
= 4/0 S11n 9d9 ngﬂ'
-3
(b)

Let x = rcosf,y = rsinf.

9 r?<z<y
O 22 42 r"<z<y ,
xt 4y <z<y= 2 < cing =<¢0<r<sinb
T T S1n
o 0<o<r

By divergent theorem,

// V -V dvolumn = // V -darea = / \'E darea+/ V .darea (1 pt).
Q 00=51+S5> S1 Sa

sinf prsind
// V -V dvolumn = / / / 1rdzdrdf (3 pts)
0=0Jr r2

sm0
/ / rsin@—r2)rdrd9
60=0 Jr=
= sm9
/9 0 3

7r1 . 4 1 . 4
= —sin* 0 — —sin* 6 df
v 3 4
1 /31 T
—ﬁ<1§”>— 3 (2pw)

—3m s
= V-d = =— (2pt
//32 area = o5 —(— 3 ) 5 (2 pts)

sin 0 74 sing

0 4

0
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