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1. (10%) Evaluate / an TET R T [Hint. Express it as an iterated integral.]
0 x
Solution:
(Method I)

tan"tyx 0
Ti - flx,y) = m

_ / an~! 7z — tan™ / / ———— dydx (2 %)

Then by FublmsThm( %)
1
dydx = 7dd 1
A e L W e

1 T tan"tyx 1 7
= 5 dedy = 7°°dy:/ - —dy(2 %
// 1+ (2y)? 1 y 10 Ly 2 W

™ . T
= Elnyh = 51n7r(2 %)

Consider f(x,y) = (1 %)

(Method II)

/°° tan~! 7z — tan~? /°° /
d:z:—
0 € 0

Then by Fubini’s Thm.(2 %

ml yl 1
dydx = dxd
:’/ / z 1+y r= / / T BB

1 < 1 ™
dxdy = Inz|% - —— dy=Inm- ——dy= -1
é/ / . 1+ — dxdy /0 nzly 1542 Y Il7T/0 Ty Y 2n7T( %)

(Method IIT)

> ¢ —1 —t tan~! 7
/ an” " mx — tan™ / / fdyda?(2 %)
0 T tan—1

Then by Fubini’s Thm.(2 %)

Lrx 1 tany 1
é/ / — dydx 7/ / — dxdy %)
tan—1x t1ny

tany
é/ / fdacdyf/z lnxmﬁfdy: §ln7r( %)
mny 0

— dydz(2 %)

a\~
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2. (10%) Evaluate/

tan—12

cos O+sin 6 3 .
7> cos @ sin 6 drdf.
0

Solution:

(Method T)
B 3
" cosf +sind

3 ey E=
:>/ / v r3cos0sin9drd9:// zy dA (3 %)
tan—12 JO D

Then by Fubini’s Thm.

// vy dA — //2 2y dydz (2 %)

B /f” 23— ) — (22)°)
0 2

=rcosf+rsinf=3=>x+y=3(2%)

1
zl/ 92 — 622 — 323 dx— ( %)
2Jo

(Method 1)

z ey Ery z 1 3 4
/ / r3cosfsind drdd = / - ————— | cosfsinf df
tan-12 Jo tan-12 4 \ cosf +sind

(3 %)

81/5 : cosfsinf _ 81 2 sec? @ tan 6 d8(1 %)
tan—12

n cosf+sinf)t " 4 J1a (1+tand)?
Let u = 1 + tan§ = du = sec® 0d0(2 %)

81 [2 sec? 0 tan 0 81 [ u—1 81 /-1 -1 oo
= — T 4= — - du=— - —u 2 —qy 3
1 /tml2 (1 + tan o) 4/3 o M <2 Y 3" )

8L /1 1
:Z<E 81) g (4%)
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3. (10%) Evaluate ///(w2 + 9% 4 2%)2dV, where B is the ball with center the origin and radius 1.
B

Solution:

Hofff<
T = psin ¢ cosf
y = psin¢sinf
zZ = pcos¢

RS A kikE]

Ans:///(x2+y2+zz)2dv
B
2 T 1 9
:/ / / (p2) ~p2sin¢dpd<bd9
0 o Jo
27 T 1
:/ d9-/ sin¢d¢~/ p%dp
0 0 0

27 T ] 1
=0| -(—=-cos .,7‘
, (Feose)| - =pt|

=272 !
4

= -7

7
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(a) Find the volume of F.

b) Evaluate ///de.
E

4. (10%) Let E be the tetrahedron bounded by planes —x+y+2z=0,z—y+2z=0,2+y—2 =0, and —z+5y+7z = 6.

Solution:
FA<
u=-r+y+=z
v=x—Yy+=z
w=x+Yy—=z
RAREE » TTLEE :
T = 5(”'“”)
y= %( +w)
= S(uto)
H
or or or | |11
ou Ov Ow 2 2
Owy2) |0y oy oy |_|1 o 1] 1
O(u,v,w) ou v Ow 2 2 4
0: 0: 0z | |11
ou v Ow 2 2

F—H » —x+ 5y + Tz = 6 KRB 2 1%

g2 —ERRE i i B A U E RS - HARE volume(E'

AT LLEREE B DS (o) NET !

volume(

e 1 1 s )
@ﬁ&u+§v+§w:1oﬁﬁlﬁ\u‘v‘wﬁ’ﬂﬁﬁ@%

u=20

v=20

w=20

o le o

u 21) 37.1.)—
v 1
)%6x1x2x3:1o

- - [ o

l’y»

ML
//E, du dv dw

- volume(E )

du dv dw

4
1 1
=-x1=-
4 4
%%?¢ﬁ%%f CAFHES ° (a );’IE;)TU\H?%EF'E’J%%EEM o NERESE » [ KUY BE VU TEES 2 B A
(0,0,0) ~ (0, 3 5) > (1,0,1) ~ (57 5,0) > B DY T RS A RS FE A
1 1
03 2
volume(E):%| 1 0 1 |:%x1:i
3 3
3 2 "
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R (b)

1 1
Fillu+ v+ cw=1%

ez =1 3¢

2
HEE

A -

s

(a) /IMEE 7T LS »

1
a=1(0+1+0+0)=

3 B o+ B+

AHEORRE R AN T
D IRAT ARG SR RIE | NEBER B > B

a=u
B ==v
1
Vzgw
., 3(u7v,w): .
= Mo By = °
’g )) du dv dw
B (,y,2 (u, v, w)
- [l Go+o) e s e

L (e,

1 1 pl—y pl- B v
1 ><6/ / / (2a+6> dadB dy
o Jo 0

1-B—~

dB dvy

3 1 17’7 2 2
=2 —38% - - dBd
8/0 /O (142836 =28y -2y +~7)dBdy

1-8

3 1
ot DA e PR o N
1
:%L(I*wﬂh
31 '
-5 [-50-2),
3
“m

P B = DR o B AR

1
v0=20+0+2+0)=7

18— H T DU

ZﬁgdeE:E-vdumeﬂﬂ

(u—i—v

1
1
1

[\D\H[\')\l—\

»lk\
MM—A
%\H
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5. (10%) Let C be the upper half of the curve (z? + 3?)? = 22 — y2. Evaluate / yds.
c

Solution:

4 2

In polar coordinates, with 2 = rcos@ and y = rsiné, the curve becomes r* = 72(cos? § — sin® §) = r? = cos 26.

(3%)

By symmetry,

/yds=2/ yds
c C1

where C is the part in the first quadrant and corresponds to the curve r(0) = Vcos26, 6 € [0, Z] (1% for

parameter range)

s —Sin20

" _\/00520

/Cyds :2/C1 yds
9 /C y(0)\/ (@)% + (' (6))2d0 (1%)

£ . sin® 26
=2 Vcos 26 sin 6 4/ cos 20 + de (2%)
0 cos 20

T 1
=2 vV cos 20 sin 6 df
/0 v cos 20
:2/4 sin 6 df
0

—2 2 (3%)
(Note that ds = v/(r(8))2 + ('(6))2 d6 can also be obtained by ds = \/ ( dfl(;) )2+ (dz(;) )2d6.)
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6. (10%) Evaluate/

(yze™¥* +x) dz+x2e™” dy+aye™* dz, where C is the curve r(t) = (¢, cos(mt), tan™'¢),0 < ¢t < 1.
c

Solution:

The fact that F is conservative can be shown by either (1) calculating Vv x F and finding that it is 0, or (2)
finding a scalar function f and show that F = v f.
The function f can be found as follows:

of

Ox
1
= f=e" + 5952 + h(y, z)

= yxe™* 4+ x

af

0
9y zze"Y* + a—yh(y, 2) & xze™V*

= h(y,2) = g(2), f = ™+ 20 4 9(2)

af _ TYZ d A TYZ

5, — tye + dzg(z) = zye

= ¢g(z) = C and we can take C' = 0.
=

g
1
h(y, 2) = g(2), f = €™ + Sa? (6%)
By the Fundamental Theorem for Line Integrals, (2%)

/ (yze™?* + x) dx + (xze™?) dy + (zye™?) dz
c

:/Cvf-dr

=f(r(1)) — f(x(0))
:f(17 -1, %) - f(ov 170)
=i (2%)

Note that the integral can also be evaluated as

/(Ve‘”yz)-dr—i—/ xdx
c c

1
SR AR ORI

1
=(e”T 1) +/ tdt
0

™
—=e 4 —

1
2
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7. (10%) Let the vector field F(z,y) =

22y . 23
i—
(= +¢?)? " (2*+y?)
P+ (y—-2)7%=1 Findyf F-drand ) F-dr.
Cl CQ

Solution:

&)

C3
Ne
3
We first notice that (0,0) is not in the domain of F.
Let ) 5
%y x
P(x,y) = m and Q(z,y) = *m-
oP 90Q
Step 1: — = —.
°p oy  Ox
or 0
(3 points. One gets only 1 point if just writing — = —Q)
dy ox
We have
aP _ 22 (22 + y2)? — da2y? (22 + y?) _ zh — 3022
0y @) @+ )
Q —322(2? +y?)? + 42t (2 +4?) ot — 3a%y?
or (a:2+y2)4 - (x2+y2)3'

Step 2: 95 F.dr=—m.
Ci

Let C5 be the unit circle with positive orientation (i.e. counter clockwise).
Let D; be the region between C; and Cj.
(2 points) By Green’s Theorem, we have

yﬁ F~dr:§1§ F~dr+// @fa—Pd .
C Cs D, Oz dy

0 oP
(2 points) By Step 1, we have —Q — — = 0., Therefore,
dr Oy

.'L'Qy .'L'B
F.dr=¢ F-dr= - - d(z,
ﬁn r ﬁs " Lﬁﬁ+wﬁ @) oY)

2m 2m
= / (cos?tsint, —cos®t) - (—sint, cost)dt = —/ cos? tdt = —4 x
0 0

N | =

(One distinguished the orientation incorrectly and got 7. = 1 point.)

Step 3 (3 points): % F.dr=0.
Ca

Let D2 be the simply connected region enclosed by Cs.

Method 1
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Since F' is conservative by Step 1, it is path independent.

Wehaveyg F.-dr=0.
Cs

Method 2
One can verify that P(z,y) and Q(z,y) have continuous partial derivatives.

By Green’s Theorem, we have
R )
Cs D> 6I 3y
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8. (15%) (a) Find the area of the part of the sphere 2% + y* + 2% = 2 that lies above the plane z = 1.

(b) Let the canopy be the part of the upper hemisphere 2% + y? 4 22 = 2 that lies above the square —1 < x < 1,
—1 <y <1, and let C be the boundary of canopy oriented counterclockwise when viewed from above. Evaluate

, 2
55 F - dr, where F(z,y,2) = (22 + tanz?)i + (sinz cosy + eyz)j + (y2 +sin\/2) k.
c

Solution:
(a)ﬁz?A—
TR AR, y B BUa? + % + 22 — oW F L4 > 188], — \/2 — 22 — g2 - %%’%Jr%%ﬂl%

0z —x 0z —y

or So—2—y2 0y -2y
B 1% AN A T R T AR O E 25

1
—r

A(S)://D\/1+(&i)2+((g;)2dmdy=//zeryQ_l \/Jﬁdxdyzﬁ/o% /01 Wrdrdez(4_2ﬁ

(EIBCE A5 2 AmBAIERH » Br =rcosh , y =rsind) (a)/EIEZ
FIFER AR (spherical coordinate) 28 fba? + y? + 2* = 2/ L85 - 155

z=1v2cosfsing,y = V2sinfsind, z = V2 cos ¢

™

HEFo<9d<oam0< o< Z(Z = 1 EH) > 2r0,¢) = (V2cosfsin ¢, V2sinfsin ¢, V2cos ¢) » EEqT
or . Or
%%ﬁn%
% = (—V/2sin #sin ¢, V2 cos fsin ¢, 0), g—; = (V/2cos 6 cos ¢, /2 sin 0 cos ¢, —v/2 sin ¢)
s Or  Or . Or  Or
n_f-%t% X %$n|@ X 87(;5
or X o _ (—2 cos 0 sin? ¢, —2sin O sin” ¢, —2 sin ¢ cos P)
20 " 0o ’ ’
% X g—; = \/(—2 cos fsin? ¢)2 + (—2sin fsin® ¢)2 + (—2sin ¢ cos ¢)2 = 2| sin ¢|
PRI IEY BT S B4 o T 2R T R
or  Or E e B i mo
A(S)://D|% X 8—¢|d0d¢:/0 /0 281n¢d0d¢f2(/0 51n¢d¢)(/0 ) = (4 — 2v/2)r
(a)fEiE=
£8(r,0) = (rcos,rsind, /2 —r2) > HFH0 <O <2r~0<r < 1> FBEIER2? + 92 + 2% =272 = 1LEAW
dS . 0S

—R2EUL - Eé%?r%f%%lla

oS —r 08

% = (COS 9,Sln 9, ﬁ), E

= (—rsinf,rcosb,0)
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85 05,08 0S

pi‘ﬁi %ﬂ|— x 551
0S _0S  r2cos —r2sing | AS _9S  2r
o w e v e w T e
DRI R B Sf 1 s T 55 T R
on
// 5 s d@_\f/ /0 rdrd = (4= 2v2)n
(a)VEI%I

2r(0,2) = (V2cos0,v2sinb,z) » HF0<h <21 <2< V2 FBEERE? 4+ 2+ 2% =272 = 1. EFHHI—
—Ee o a a
BBRL - g H P
90 0z

] or
56 (—V/2sin 6, V2 cos 6, 0), 5 (0,0,1)

e Or  Or__ Or Or
n-f‘%:% X &;Fm% X $|

% gz (V2cos6,v25in,0), |g; ?\ = \/(\/50050)2 + (V2sin0)2 + (0)2 = V2
R b P SR A T 5% T 7
or Or 2 V2
S)://D|%x&\d9dz:/o /1 V2dzdf = (4 — 2v2)w
(a)fFiER

Lr= /a2 +y? o Eitbr = V2 — 22 o BRI DNAEIE A 8975 UG 1 5% e A

= VP = 14 (s = |1+ (==
vz —— V2
A(S):/27rrd$:/1 27r\/27221/1+(m) dZ:27T/1 V2dz = (4 —2V2)7

(b)TE¥E—
7B 2058 [MRMA (canopy ) /& — 1 A piecewise smooth boundaryfJRHE » BT LAFAM 7T LLF] F Stoke’s Theorem #%7%

ARAE AR T R
§1§CF-dr://S(V><F)-dS://S(VxF)-ndS

HAEESBNZRE » 2S(v,y) = (z,y, V2 — 22 — y2) > FEEFHEV x FAln

i j K
0 0 0
V xF = or Ay oz = —yi+ zj + cos(x) cos(y)k
) 2
xz + tan(z?) sin(z)cos(y) + ¥ f% + sin(v/z)
oS T 35 —y 85 os x Y

(1,0 ) — 1)

or V2 8y T2 —a? — o oy \/Z—Jr,'2—y27\/2—x2—y27
FItA » Pl SRARTE 7>

//S(VXF)-ndS //v x F) as ﬁdA
Yy

x
—1, X, COSTCOSY) - , ,1)dzdy = 4sin*(1
//( y D i Dy 1)
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1
@ +y? +2)

9. (15%) Let F(z,y, 2)

57

ri+yj+zk).

(a) Let S; be the part of the sphere 2 +y* 4 2% = 1 in the first octant bounded by the planes y = 0, y = V32 and
z = 0, oriented upward. Find the flux of F across S;.

2
(b) Let Sy be the part of the surface %

y2

2

+ =+ % = 1 in the first octant bounded by the planes y = 0, y = v/3z

and z = 0, oriented upward. Find the flux of F across Ss.

z

X +y?+22 =1

y
y =3«
X 2 2 2
X—+—+—:l
4 6
Solution:
(a)
(xvyaz) (JU,y,Z) 1 R=1 on S 2 11 e
F-ds:/ F-nds:/ . ds = —ds =———=t [ ds=4n-1*-=-— == (6 7)
/f.;l Sl S1 RS R 51 R2 Sl 2 6 3
(b)
JF, OF, OF. 0 T 0 Y 0 z
.F = d Y A 2+ g I I S
v Oz + oy 0z Oz <x2+y2+z2)+3y <x2+y2+22)+82 <x2+y2+22)
_ 1 32 1 3y
(22 + 42 +22)5 (a2 +y2+22)F  (a2+y2+22)F (22 +y2+22) %
n 1 _ 322
(224124 22)% (2242 +22)%
7 3 NN
(@2 +32+22)2 (@ 4y? 42?7
V-F=0onR3\{(0,0,00} (474
S1
So
Let E be the solid bdd by { ¥y =0 ' F /] (x,y,2) and outward normals n of Ay, As, Az are L (z,y, 2)
z=0
y =3z
z
y =+/3x

/ Fonds—0 (34)
A1+Azx+As

/V-FdVZ/ F.
E S1+S2+A1+Ax+A3

n

nds :/ F-
S

d8+/ F~nds:—z+/ F-nds
SQ 3 S2

inward with respect to part (a)
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.+ LHS=0 .. / F - nds =
Sa

™
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10. (10%) Solve the differential equation y” + 2y’ +y = 2~ 3¢~ with initial conditions y(1) = 3'(1) = 0. Find lim y(z).

Tr—r00

Solution:

Criteria

Step 1. Find the solution of the complementary equation. (2 points.)
Step 2. Find the particular solution. (4 points.)

Step 3. Find the solution with the initial conditions. (2 points.)

Step 4. Find the limit. (2 points.)

Solution
Step 1. The complementary equation is y” + 2y’ +y = 0.
The root of auxiliary equation 72 4+ 2r +1 =0 is r = —1, repeated.

So the general solution of complementary equation is (2 points)

Yo = cre” T+ cowe™

for constants cq, co.

Step 2. We want to find the particular solution.

Method 1: Use variation of parameter.
The particular solution is of the form (1 point)

yp = ur(x)e” ¥ + ug(x)ze ",

One has
uie " +uhze =0
ui(e™") +up(ze™)
or equivalently (1 point),
uy +ubr =0
—u) +uh(1l—x) =273
uf) = 7?2 up=a! .
So we find { i and g = _lx_Z (1 point).

The particular solution is (1 point)

1 1
yp=a e "+ —ix_Qme_”” =5a e

Method 2.
y// +2y/ +y — xigeiz o exy// +2emy’+emy — 1‘73

) 1
s (e®y) =273 o (e%y) = —§x72 +cy

1 1
S ey = 53:_1 +etersy=(c+cr+ ix_l)e_””
for some constants ¢; and cs.

So we find the general solution is

1
y=(c1+cox + im_l)e_x.

Step 3. With the initial conditions y(1) = y'(1) = 0, we have

1
y(1)=(c1 +c2+ 5)671 =0
1 1
y'(1) = (ca — 5)6_1 —(c1+ca+ 5)6_1 =0,

that is,
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1
We find ¢; = —1 and ¢ = 5 (2 points. One lost 1 point while writing ¢; = 1.)
So the solution with initial conditions is

1 1
ylx) = —e""+ ixe_x + 537_16_36.

Step 4.
By L’Hospital’s rule, we know lim ze™ = lim e~* = 0. (1 point)

T—00 Tr—r00
We have (1 point)

1 1
lim y(z) = lim —e "+ 3 lim ze™ + 3 lim 27 =04+0+0=0.

T—>00 T—r 00 T—>00 T—r 00
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