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1. (15%) (a) Let {b,} be a sequence of nonzero numbers such that lim b, = co. Determine whether the series
IS o n—oo
1 1 . .
Z(bk+1 — by) and Z — = are convergent or divergent. Explain your answer.
k=1 i\ b

o0
1
(b) Determine whether the series E (=" (n sin — — 1) is absolutely convergent, conditionally convergent or di-
n
n=1
vergent.
plnn

(¢) Find all values of p such that the series Z(—l) —- converges conditionally.
n

n=1

Solution:

(a) Observe that
a—b=a—c+c—b

then apply it to the finite sums(1+1pts) and take limits(3pts).
(b) Observe that

1 —1
n(sin(—) —1) = —
(sin(1) ~ 1) =
by taylor expansion of sin x.(2pts)
Then using limit comparison.(3pts)
(c¢) For converge on p;o, by alternating series test.(2pts)
For absolute converge on p; 1, by a consideration
p=142¢
for any € > 0.
then
In(n) In(n) 1
nP  ne nlte
And observe that |
n(n) <1
nS
for n large enough.
Now apply limit comparison with
1
n1+6

(3pts)

2. (10%) (a) Expand the function f(z) = (8 + x)% as a power series centered at x = 0. (You must write out the
general terms.) Find the radius of convergence.

(b) Find the sum of the series 7; o nT .
Solution:
(a)
fla) =20+ D)t =230 (3) &y
e N AJA
T (-1 2-5-8---(3n—4)] =
=24 — 42 S(Eym
+ 12 + ; 3nn! (8)
The radius of convergence: 8
e
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,22(;> -

. 22—:2 (=)~ [2-5-8---(371—4)}.(%)”: 24

3nn!

° 2+ % and The radius of convergence is 8: 147

0P+l Snn-1)4+n+l <1 1 1
Z n! Z n! :Zn—2!+n—1!+a

n=2 n=2
ni z;; ;; +(e—1)+(e—2)

673

plqg

w 3

3. (15%) Let {f.} be the Fibonacci sequence defined by f1 = fo =1, foy1 = fn + fu_1 for n > 2. Define a,, = %,

n
n > 1.

(a) Show that {as,} is decreasing while {ag,41} is increasing and both lim ag, and lim ag,4q exist. Find the
n—oo n—oQ

1
limits. (Hint. {a,} satisfies the recursive relation a,+1 =14 —, n > 1. Express a,42 in terms of a,,.)
an

(b) Find the radius of convergence of the power series f(x Z fnx”

Solution:

(a) We prove it by induction, given f1 = fo=1,f3=2,f1=3,f5 =5
when n =1,

5
éal:l,a2:2,a3: 7(14—3.

N w

a1 < as, as > aq.
when n = k, suppose asg > aopt2,

1
1+ —<1+ = Gok+1 < Q243 = 1+ >14
a2k A2k+2 A2k+1 A2k+3

= G2k42 > A2k+4
accroding to upper proof,

n =k + 1 is also hold for [as,], so [as,] is decreasing.

similar proof to [a2,11], SO [agn+1] is increasing. (5 points)

On the other hand, clearly f,, is increasing and all terms are positive,

1
Jn+1 >1=0<ap =1+ — <2,Vn.
fn Ap,

80 [agn+1] and [ag,] is bounded. (3 points)

Qp =

Apply monotonic theorem, both limit exist, and

lim a9, = L; lim agp41 =M
n—oo n—oo
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1 1 )
a2n+2=1+ 1 =L=1+ 1:>L_ +\/>
1 P 1+ 1 2
1 5
similarly to K = +2\[.
finally we conclude that
, 1+5 .
nl;rrgo an = — (3 points)
(b) use ratio test,
. Jnt1 . 1++5
lim |z] = lim |a,]||z| = ||
n—00 fn n— o0 2
since series is convergence,
1++v5 5—1
\[|x\<1:>|ac|< V5
2 2
hence R= __— (4 points)

4. (20%) A curve C is defined by r(t) = (cost + tsint,sint — tcost,t*), t > 0.
(a) Find the arc length function s(t) with the starting point (1,0,0).
(b) Find the unit tangent vector T, the unit normal vector N and the unit binormal vector B.
(¢) Find the curvature of C.

Solution:
(a) 7/(t) = (tcost,tsint,2t)(1pt)

[ ()] = V5t(1pt)
Lo G R
Hence s(t) = /0 |r'(s)|ds(1pt) = /0 Vbsds = T(2pt)

) T = 20 (1) = L (costsint, 2)(2pt)

e’ (2)] V5
T'(t)
N(t) = (1pt) = (—sint, cost,0)(2pt)
T’ (t)]
-1
B(t) = T(t) x N(t)(2pt) = —=(2cost,2sint, —1)(2pt)
V5
dT |T/(t)] 1
t) = |—|(1pt) = 1Ipt) = —(3pt
() w(t) = |-—I(1pt) |r,(t)|(p) 7 (30t)
5. (10%) Find the limit, if it exists, or show that it does not exist.
(2) lim zy—w—y+l
(zy)—(1,1) 22 +y2 — 20 — 2y + 2
31,3
(b) im ﬂ
(2.9)—(0,0) 2% + y?
Solution:
(a)
) zy—x—y+1 ) (z—1D(y-1)
lim = im
()= 2% +y? =20 =2 +2 (w0 (z-1)2+ (y — 1)
uv

= 1
(u,v)1—>rn(0,0) u2 + v2
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But

I u? 1

u="v, im —_ ==

(u,u)—(0,0) U2 +u2 2
0

v=20 lim — =0

" (4,0)—(0,0) u?

So the limit doesn’t exist.

Foor: a¥aiadd T E RN 25

(b)
3 3 2 2
im (S < m T Lyl
(z,9)—(0,0) |22 +y (, y>—><0 024y x? 4 y?
x|+
( ) (OU)II |yl
=0

So ) )
:L"3+y‘3

li LI S
(2.)>(0,0) T2 + 12
0oy Bl EB E LS

2y—x 5
6. (20%) Let f(z,y) :/ e dt.
1

(a) Find the rate of change of f at the point P(1,1) in the direction from P to Q(6,13).

(b) In what direction does f have the maximum rate of change? What is this rate of change.

(¢) Find the tangent plane and the normal line to the surface S : z = f(z,y) at the point (1,1,0).

(d) The sphere 2% +y? + 2% = 2 intersects S in a curve C. Find the equations for the tangent line to C' at the point
(1,1,0).

Solution:

We calculate V f first. (Maximum 5 points for finding V f correctly.)
Vf=(-2z- 6(297132)2,26(2?/7‘1’2)2)
= 2¢(2v=2%)’ (—z,1).

(a) PG = (6,13) — (1,1) = (5,12)

1 5 12
0 *52+122( ,12) (13713) (1 point)
5 12 14
Dy = U= 2 —, — ) = —e. ints
i [ =V -ud=(-2e,2e) (13, 13) 13¢ (2 points)
1
(b) @ = (—— (2 points)

Vaz 41 \/x22+2 1)
IV (z,y)| =227 \/22 +1. (2 points)

(¢c)Normal line: . =1—2et, y=1+2et, 2=t t€R (1 point)
Tangent plame:

2= 0= £o(L 1) — 1)+ £,(L 1) — 1) (1 point)
=—2e(zx—1)+2(y—1)
= —2ex + 2ey. (1 point)
(d) Let g(2,y,2) =22 +y* + 2% — 2
Vg(1,1,0) = (2,2,0) (1 point)
VS(1,1,0) = (—2e,2e,—1) (1 point)
VS xVg=(1,-1 —46) (2 points)
S>c=1+t, y=1—t, z=—4et, t€R (1 point)

7. (10%) Let f(x,y) = sinx cos(x +y) and D = {(x,y)|0 <zr<3,0<y< g} Classify all the critical points of f on

D.
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Solution:

2 _
fz(x,y) = cosz cos (x + y)—sinzsin (z + y) = cos (22 + y) and fy(x,y) = —sinzsin(z +y) = cos (22 + y) %Y

2
Then let fy(z,y) = fy(z,y) = 0 = cos(2z+y) = cosy = 0 = y = g and ¢ = 0 or g So critical
points of f on D are (O,g) and (g,g) Then feo(z,y) = —2sin(2z +y), foy(z,y) = —sin(2z+y) and
fyy(z,y) = —sinzcos (z + y). D(O,z) =-2.0-(-1)?=—-1< 0 and D(z ﬂ-) =2-1-(1)*=1>0.

272

b | S

Hence (0, =) is saddle point and (g,

ol

) is local minimum.

AP

[ o By BRGO B R HREE 2 5
£ D EFETTREAE MR RAE 4 2 (B &R critical point)
B B i HIE 2 o

HAH B critical point &MF—FEAYE 2 4

2
1
8. (10%) Find the maximum and minimum values of 2y + 2% on the ball 2% + y* + (z — 2) <1

Solution:

1
Let f = zy + 22 andg:x2+y2+(z—§)2—1.

1
For the points inside the ball 2% + y? + (z — 5)2 < 1, consider critical points of f:

Vf={(yz2z) =0= (z,y,2) = (0,0,0).

We have f(0,0,0) = 0. (1 pt)

For the points on the boundary, that is, points satisfy g = 0, consider Vf = AVg:
y = A(2x) (1)
z = AM2y) . (2)
2 = M2(= — 3)) 3) (2 pts)
Pryogt=1 @

From (1)(2), 2 = A(2A\(22)) = 2(4X\> —1) =0=2 =0o0r A = %.

1 1 3
(i) x=0=y =0, from (4),0—1—0—1—(2’—5)2:1:2':—5 or 5.
1 1 3 9
f(0707 _5) - Zv f(0707 5) - Z (2ptS)
1 1
(ii)) A = 3 from (1)(2), x = y; from (3), z = —3

1 1
:>FI‘Om(4)7$2+$2+(—§—§)2:1:>[1;:y:0
1 1
S)==:. 2pt
F0.0-5) =1 (epts)

1 1
(i) A = —g3 from (1)(2), x = —y; from (3), z = 6

1 1 2 2
:>From(4),x2+x2+(7—7)2=1:>x:j:§ and y = F-.

6 2 3
2 21 2 21 15
-, —=,=)=f(-=,=,2)=——. 2pt
fG=5 ) =f-5.5 )= -5 (2ts)
. .9 .. . 15
Therefore, the maximum is 1 and the minimum is 35 (1pt)
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