102175 B 01-04 B K & iR

1. (10%)
(a) Evaluate the limit

R s , n3 22n3
fm—ézﬁ.z;—nw—Jzﬁ(nﬁﬂemuw

where m is a positive integer.

(b) Compute lim I,,.

m—ro0

(nm — 1)?n3

(nm)*n3

nd + (nm — 1)8

né + (nm)¢

)

Solution:

(a)(6%)

The original equation = 12?2%
. (1)2 n n° +1

— _ynm n

By the definition of Riemann sum,
m 2

T :

= T (3 points)
1 (™ da?

= - 1 point
3 /0 1+ (27)2 (1 point)
1

=3 tan'(z®) |" +C
1

=3 tan"'(m?) + C (2 points)

1
Therefore, I,, = 3 tan'(m?*), where m is a positive integer .
2

dx are permitted.

ps. Other methods for solving /
0

1+ x¢
(b)(4%)
1
lim I, = lim = tan'(m?)
m—o0 m—oo 3
17
32
_T
5
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2. (15%) Evaluate the integral.

(a) /0 1x2md:v.
(b) / 23 — 2z — 2da.

Solution:

(a)(8%)
Let u = v/1 — z, and we can find that «*> = 1 — 2 and dz = —3u*du .

0
The original equation = / (1—u*)? u- (—3u?)du
1

0
= —3/ (v — 2u° + u*)du (4 points)
1
1 2 1
= —Qi(l—oum - ?u7 + Z_IU4) 0 (2 points)
= 110 (2 points)

140°
ps. Other methods for solving this integral are permitted.

(b)(7%)
The original equation = /x\/él — (@4 1)2dx e Equation(1)
Let x + 1 =2sin6 , and we can find that dz = 2cosf df ................... Equation(2)
Substitute Equation(2) into Equation(1), (3 points for Trigonometric substitution)
and we have /(2 sin — 1) -2cosf-2cosf db. (3 points)
-8
= ?00339—29—511129—1—(7
—1 1 1
= 5 (3-20- 2?)3 — 2sin~ (2 ;L )L ;L V3 =2z — 22+ C. (1 point)

ps. Other methods for solving this integral are permitted.
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3. (20%) Evaluate the integral.
sin x cos x
—————dux.
(2) / sin* z + cost v

(b) /oo 3 dx
1 (2?2 =22+ 3) (22 422+ 3)

Solution:

(a) (8%)
Sol. (1)

sin x cos x d %sin 2x p
——dr = — T
sin® = + cost (=Spn2)2 - (Lgosz)2

with u = cos 2z, du = —2sin 2zdx

1 1
:——/ du
2) 14+u?

1
= —§tan_1u+ C

1
=3 tan ™' (cos 2z) + C

Sol. (2)

sin x cos x tan z sec? x
sin® x + cos* x 1+ tan*x

with v = tan® z, du = 2 tan z sec® zdz

:/ %du
1+ u?

1
zétan_lu—kc

1
=3 tan ' (tan®z) + C

Sol. (3)

sin x cos sin T cos @
ﬁdx: 4 2 de
sSin” x + cos*x sin® x + (1 — sin” )

with v = sin? z, du = 2sin x cos zdx
1
u? 4+ (1 —u)?
1 1
=— | —————d
2/2u2—2u+1 "

1/ 2
R
2) Qu—-12+1

1
=3 tan '(2u — 1) + C

1
= §tan_l(2 sinx — 1) + C
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Grading policy:
(1) 4% for any proper change of variables (including correct du).
(2) 4% for correct integration. -1% if C' is missing.

(b) (12%)
(1) Partial fraction (5%)
2 -3
Defi =
efine /() (2% — 2x + 3) (22 + 2z + 3)
Axr + B Cx+ D
x2—2$+3+x2+2x+3 (2% for the form)
(2 A+C =0
N 2. 2A+B-20+D =1
z': 3A4+2B+3C—-2D =0
\ 20 3B+ 3D =-3
1
4 A :é
1
7T
=
© T
D — _-
\ 2
1 r—1 z+1
s fl@) = ( ) (3%)

) 22— 2r+3 a2+2r+3

(2) Integration (4 %)

/1( r—1 r+1 dz

2V22 — 27 +3 22420 +3
)dx

1 20 —2 2r + 2
:l(ln|$2—2x—|—3’—ln}x2+2x+3‘)+0

_/Z<x2—2x+3_x2+2x+3

4
1, |22 —22+3
=-In|————(+C
T 91:2—|—296—|—3‘+
(3) Improper integral (3 %)
f(z)dx
1
("1 222 22 + 2
= lim [ - - )dx
booo Jy 42?2 —2x+3 22+ 2x+3
1 22
:hm[_lnx—m]?
bsoo 4 |22 4+ 22+ 3
o1 b? —2b+ 3 1 1-2+3
=lm-In|———|—-In|———
boood |02 4+2b+ 3 4 |14+24+3
1 1.1
=-Inl—-In-
4 4 3
11 3
=—In
4
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(Upper limit: 2%; lower limit: 1%.)

Grading policy:
The three parts are credited independently, e.g., you will still get full 4% in part (2) if the
integration process is correct based on your result in (1), even though your result in (1) may

be incorrect.
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4. (10%) A function y = y(z) satisfies the equation

2

y(x):x—l—/ox (x—y(\/i)—\/i—%ﬂﬂ)etdt, x>0,

(a) Find a differential equation with initial condition for y.

(b) Solve the differential equation.

Solution:
2 2

y:x—l—x/oz etdt—(/ox (y(\/g)—i—\/i%—%\/%—l)etdt) (1 point)

Differentiate both side,

2

d v 1

£:1+/0 etdt+x-2xex2—(y(:E)-i—w-l—%—l)‘6x2’2$
d d

d_i = 2ze” (1 — y(x)) or d—i + 22" y(x) = 2ze” (3 points)

and boundary condition y(0) = 0 (1 point) you may choose intergal factor or separable
method,

e intergal fatcor:
22
/Qxerdx =€ (2 points)

22

= (¢ y) =2z e

2

= e y(z) = /Qxem{zee dr =€ + Cy (1 point)

1 2
/—dyz/?xew dx
L—y

= —In(1—y) =" +

e separable mentod:

2
—e* —(Cy

=ylx)=1-c¢
apply boundary condition y(0) = 0,
=y(zr)=1- el (2 points)
if you make a mistake at the first step:

1
y:1+(x—y(x)—x—2—+1)~2xex2
T

we’'ll give you 2 points , write correct boundary condition, giving 1 point and finally you
calculate integral factor, giving 2 points; totally 5 points.
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5. (10%)

(a) If the infinite curve y = e~
surface.

¥ x>0, is rotated about the z-axis, find the area of the resulting

(b) Find the arc length of the infinite curve with polar equation r = 67, § > 1.

Solution:

(a)

The area of surface is

S = 27r/ e "\ 1+ (—e*)2dxz(2pt)
0
0
= 27r/ —V1 4+ u?du
1
= 2%/4 V1 4+ tan? y sec® ydy
0

s

4
= 27‘(’/ sec® ydy(1pt)
0

= mllog(V2 + 1) + V2] (2pt)

o dr
_ 2 (%o
L /1 \/T +(d0> df

/ Vo2 6-1d0(2pt)
1

(b)

The arc length is

* ]
V1 + 0%

1

<1

1

<1
= / —df = oo(3pt)
0
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6. (20%) The figure shows a curve C' with the property that, for every point P on the middle curve

y = 222, the area of B is twice the area of A.

y
C:x=g(y) y=2x y=x

= X

(a) Find an equation z = g(y) for C.

(b) Let R be the region bounded by the curve C, y = 2, = 2 and y = 8. Find the volume of
the solid obtained by rotating R about the x-axis.

(c¢) Find the y-coordinate of the centroid of R.

Solution:
(a) Assume P(t,2t%) is a point on the curve y = 22°.
t t 1 1
The area of A = / (227 — 2?)dr = / r2de = —:1:3|6 = —¢3
0 0 3 3

2t2 2t2
The area of B = / \/@ dy = 2|27 / d
i (\/5 —9))dy = \/— 3 y2 (g A 9(y)dy

\/_ ot2 4 2t
(2\/_153) / 9(y)dy = 3 —/ 9(y)dy
0 0
—2A¢/ dy——t3 3 pts
2t2
d 2,
a _ 9
gp g(y)dy = dt<3t ) pts

By the Fundamental Theorem of Calculus, g(2t%) - 4t = 2t* = g(2t*) = 2t

1
Lety:2t2:>t:\/g:>g(y):§\/g. 3pts

That is, y = 8z

(b) Note that the point (2,8) is on the curve y = 2%

Sol 1.
27ry \/j — —\/7 )dy —I— 7%)? — (2%)?)dw 2pts

3dy + /34d
2\/§y Y+ i x dx
TGy 73 2P

IR 5,
= 71 Z(128V2) + m(: - 32)

§/§ 5
o6 96 352

=—"7+_T=—T 4pts

5 ) )

=27
0

1 /8
Sol 2. OnthecurveC,Wheny:8$x:§ 521
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vV = /01 7((82%)? — (2?)?)dw + /12 7((8)? — (2*)?)dw 2pts
= 7T/1 63z*dzr + 7r/12(64 —zY)dz

= m(—a°)|p + (64w — —2")[}

)
63 32 1 352
()
1 2
The area of R = [ (82° — x%)dz + / (8 — z%)dx
0 1
1 7 8 1
31 31|12
= — 8r — = =-4+16—-—-8+4-=38
3x§+<x gt )li=g 16— =843
1 8
or The area of R = 3/ (22 — 2%)dx = 3(=2*)2 =3 - 3= 8
0 x
Sol 1. By the Pappus Theorm, V = 27y A, .,.
V 352 22
H y = = o - 8) = 2=
ence ¥ SR ( : )/ (27 - 8) z 3pts
Sol 2.
P10 g 22 100 22
moment = [ —((8z%)* — (z°)%)dx+ [ =((8)° — (z°)°)dx
0 2 12
163 ,, 1 5

%653 1 2 325 1 176

= 2 (128 o) = —
2 e +t2( 176 51 22+5) L
Thereforeyz mf)qmen = ? . g = g 3ptS

3pts

3pts
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r =t
7. (15%) Let the curve C defined by { B, teR.

_ Ly
¥y=73

Find the point P where the curve intersects itself.
b

)
)
(¢) For which values of ¢ is the curve increasing?
)
)

(a
(

Find the equation of the tangent lines at the point P.

(d) For which values of ¢ is the curve concave upward?
(e) Sketch the curve C.

Solution:

(2
(357) 3

B C LA (2, 1on), @ % )
FiT P 50 B P T LIS B 6 7 Rt
t] = t5 (FTFEX—)

F
t3 t3
g—h—g—tz (ﬁ‘ﬁc%_t )

Hﬂﬁﬁﬁ—ﬁu%ﬁ(tl — tQ)(t]_ + tg) =0 Eljtl = tzﬁtl = —19
(ty = NG > B BRBHEREANRN S5 2 F—8) -
Kbt = —ty » E W = —to,RAFER > 155

—t3 t3

—2 =2 ¢
3+2 3 2

R AT 152, = 08lit, = :E\/g(tz = 0RE - Hht, = 08BEY, = to) °
Sty = V3(FTLAt, = —v3) > AT LUEEe =3,y = 00 FILAP = (3,0) (3F:%4t, = —V3HATLL
BHAEREZR - EfEmMENFECRZEL)
(b)
(39
HARC LB BE D) AR R
dy % t2—1

dr @& ot

Y () 13 BB (3, 0) » P AT DU E048 7 Rt By — 0 —
I, AT R

21
2t

(z —3) » FEILIE(a) F H

Ol =y = e -3)

(—v3)? B -1
(f)( 3):y—\/§

(x—3) My = —(x — 3) BIAZBENE TR

t=ty=V3=>y—0=

B

t=t1=—V3=y—-0= (z —3)

Sl L

Py — B T j—i > 0= C B FFLL

d —
—y20<:>

120<:>Qt(t2—1)201’5t#0<:>t(t—1)(t+1)20
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Ht £0«<=t>08-1<t<0°
RILE ¢t > 080 — 1 <t < 0K B4R C IEHY -

(d)
(35) 2
. d
FH B e AT 40 d—xz > 0= CBOMA L L
(2t)2-2(¥*-1)
&y Py A £ ) @0°
E§>O¢¢E;: i :tﬂ >0¢$t@ = 5 >0
dt dt
?+1

S0<e=2>0<=1t>0

2t3
FIE ¢ > 0 K- dh# ¢ FOm L e
(e)
(357)
FIH (a)(b)(c) ()R E E (5 7] LR Z S B E oyl R R y? =
BENES g

1.5

3

x 222 .
E_T—Fx,;ﬁ%&%
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8. (10%)
(a) Find the points of intersection of the curves r = 1+ 2cos® and r* = cos 6.

(b) Find the area of the region in the second quadrant that lies inside 72 = cosf and outside
r=1+2cosb.

AT
B

Solution:

(a)
Claim the intersection points for for polar coordinate are
1

[0, 0], [1, 0], [%, +cos™! _Z]'

Equally, for Cartesian coordinate, they are

(0,0), (1,0), (-%, i@).

Part 1: the origin.
Claim [0, 0] is an intersection point.

2 2
For r =1+ 2cos#, there is 6 = ?ﬂ such that r =1+ 2cosf = 1+2COS§ = 0.

7r s
For 7? = cos 6, there is # = — such that r* = cos# = cos 5= 0.

We find that [0, 0] is on the both curves so is an intersection point.

Part 2: other points.

A point [rg, ) on r =14 2cosf is also on r* = cos  if and only if
Case 1: [rg, 0] satisfies 72 = cos .

Case 2: [, 0y + 7] satisfies r* = cos 6.

Case 1:
We have
(1+2cosby)? =15 = cosby

1+ 3cosby+4cos’fy =0
But there is no solution for such 6.
Case 2:

We have
(1+2cosby)?* =1g = (—r9)* = cos (y + 7) = — cos by
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14 5cosy+4cos® by =0

1
We find cos 6y = —1, T

When cosfy = —1, 0y =7 and ro = 1+ 2costy = —1, so

[r0,600] = [—1, 7] = [1,0].
1 4 1 1
When cos 8y = —1,6’0 = =+ cos ~1 and 7o = 14+ 2cos by = 3 SO
1 1
[10, 0] = [i,iCOS’1 _Z]

In this, the arc cosine function is denoted as cos™*.

(b)

Observe that the boundary of the desired region are x-axis,

1
r = —Vcos# for 0 from 7 + cos™* 1 to 2,

and ] 5
r=1+2cosf for 6 from cos™! 1 to %

Therefore, the area of the region is

27

27 1 = 1
/ 5(—\/COS 0)%d6 — / ' 5(1 + 2 cos 0)*df
mcos~1 —1 cos™!l—%
1o 1 (%
:_/ cosede——/ 1 4 dcos B + 4cos? 0d6
2 m+cos—1 i cos—lfi
1 . 27 ]' . : 2%
= 5 sin 7] 173 (0 +4sinf +sin20 +26) ° | 1
1V/15 1 V3 V15 1
=—— ——|2vV3— —+ 27— V1 —_— = i
571 5 ( V3 5 + 27 o+ 3 3 cos 4)'
9v15 33 N 3 el L
= - — — 7 — —_
16 4 2 4

Criteria:

(a)

There are four criteria:

1. Explain that the origin [0, 0] point is an intersection point. 1 point.

2. Use the technique of polar coordinate to find that [1, 0] is an intersection point. 1 point.
3. Solve and find 2 intersection points for case of arc cosine. 1 point for each.

There are other situations:

1. Only write down the correct answer. 1 point.

2. Write some meaning computation but no identify any intersection point. 1 point.

(b)

1. Write down the correct integral range. 1 point for each.

2. Write down the correct integrated functions.1 point .

3. Compute this integral for first part: cos@/2. 1 point .

4. Compute this integral for second part: (1 + 2cosf)?/2. 1 point .
5. Find the final answer. 1 point.
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