102175 B 01-04 P v 5 R

1. (20%) Find the limits.

() lim o (Vo+2—2v/a+1+ V)

(b) lim [az+x21n (u%)]

(c) hﬂ% (cosh 395)650%, where coshz = " te*
Solution:
(a) (7%) BRI ? BEHTFMERAE 2 - FEEABHTUE Vo Tl 54

Eﬁﬁﬁé ERT it
JE = lim 2 [(\/x-i—?—\/x—i-l)—(\/ﬁ—\/fﬂ

T—00

1 1
zlimxg( — )
z—00 Ve+2+vVr+1 Vr+1+x

—limx%- VE— VT2

200 (Ve +2+Ve+1)Vr+1+x)
zlimx%~ 2

00 (\/x+2+¢x+1)(\/x+1+\/_)(\/_+\/ﬁ)
= —2 lim v \/E \/_

—2 lim -lim —m—mnr- lim ——
__2.1.1.1

2 2 2
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(b) (6%) iE—REZEERVE ? Tl L y=1/2 8

J#7 = lim ! + %ln(l - 2y)} = lim {y +In(l = 2y)} (%)

y—0t |y y—0+ y?
ALEERGEE —FAEH » BUREREEZER] » M52

1 _|_ —
(%) L lim =2
y—0t 2y

: 1 —-1-2y
= lim — -
y—0+t 2y 1 —2y

HAHEH T iy —1 /Y > 0BT 07 /Y > I (x) = —oco ©
AP 2 [FIEAREBE M product rule » THEEE HF AN limit 3R » EHEAHD :

. 2 2
JEF = lim = {l—i—xln(l——)} = lim z - lim {l—i—xln(l——)}
T—00 x T—00 T—00 x
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HEIRLE R R MR T IR B R - MRRIEA S ZAMER - 58 - lim « = oo EWM

T—00

ARE e Ryl LU HAGEEE 2 [RS4SR RAY U AER 2 Biig =8 - o
(c) (%) BRTERIURIMRIR » 38 W RMHEE ST IRBIRAL e » I
JR= = liil% exp [csc? z In(cosh 3z)]

= exp [lim csc? o In(cosh 31’)]

z—0
. In(cosh 3z)

=exp |lim ———+
z—0 sin” x

Limit F1 e AJ DLAE LAY J K2 15 80 B ARy - 18 8 — A H B R B A B PR it 4f
T RS b —E AR KR DU ST E R SR

. In(cosh3x) r .. 3sinh3z/cosh3x
lim — 5 = lim "
z—=0  sin“x =0  2sinzcosw

3 lim tanh 3z

z—0 sin 2%
Loay; 3sech? 3z

11m
z—=0 2cos 2z

3
2

oo W

R B B R )2 o
b > R BRI T - AT DUR B LR R SR R e R
R RTIE: -

lim —5 = lim
z—0 sin“ x z—0

sinx cosh3z — 1 2

, x? . [In(cosh3z)] .. [cosh3z—1
=lim | —— |)lim | —— | lim (| ————
2—0 \ sin” z / =0 | cosh3z — 1| 2—0 x?

:1-1-limCOSh3x_1

x—0 ;C2
3sinh 3z

z?  In(cosh3x) cosh3z — 1}

Il

| &~
w
w
o
o
wn
=
w
&

| w

Hr > % cosh 3z — 12 THATXEAE T 53R

Iny

lim =1
y=1y — 1

Hfff% y = cosh 3z » WIBEAE R M ERERZBIRESBE 1 7 ¢
In(cosh3z) . m

20 cosh3z —1

2. (15%) Find the derivative of the functions. (You need not simplify your answer.)
(a) f(x) = log, (3" +2* + 5°)
(b) f(z) =sin~" (cos® (tanz?))
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Solution:

(a)

- 3%1n 3 + 43
~ In2(37 4 24 + 56)
(b)

f

, _ 2cos(tanz®)(—sin(tan %)) * sec® 2° * 32

/1 — cos*(tan z?)

ifx #0

3. (15%) Let f(z) = {'f'

if z =0.

(a) Determine whether f(x) is continuous at 0.
(b) Determine whether f(z) is differentiable at 0.

Solution:

(a) To determine whether f(z) is continuous at 0, that is to determine whether

lim /() = £(0)
then we have to check whether

lim f(z) = lim f(z) = /(0

z—0~

= lim f(z) = lim 2" = lim "™% = exp lim zlnz
z—0t z—0t z—0t z—0t
similarly,
= lim f(x) =exp lim zln(—xz)
x—0~
Then consider

z—0~

) . Inzx —00
lim zlnz = lim - = —
z—0t z—0t+

00
T
is an indeterminate form, and then by L’Hospital rule, we can get

1 1
= lim ﬁ: lim % = lim —2z =0
z—0t z—0t e z—0t
= xlir(% flz) = lim e’ =1
similarly,
. In(—2) . % )
= lim T = lim % = lim -z =
z—0~ z—0t e z—0~
= lim f(z) = lim &° =
z—0~ z—0~
lim f(x) = lim f(z)=1= f(0)
z—07F z—0~
. f(z) is continuous at 0.
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(b) To determine whether f(z) is differentiable at 0, we only need to check the limit

o @) = £(0)

x—0 1‘—0

exists or not, or to check whether

@) = FO) @) = f0)
z—0t x—0 z—0~ x—0
and both limits exist.
Ly J@) O =L 0
=0t z—0 z—0+t £ — 0 0

is an indeterminate form, and then by L’Hospital rule, we can get

.oxt—1 . 2%(Inz+1)
= lim = lim —— = -0
z—0t £z —0 z—0t+ 1
1
%ajx = %exlm =" (lny + 2 - E) =z"(Inz +1)
similarly,
Loy 1 (a2 + )
r—0— xr — z—0~ 1
. d x d xIn(—x) zIn(—x) -1 _ x
. dx( x) = =e (In(—z) + = —a:)_( z)*(Inx + 1)
@S @) 1)
e—0+ 1 —0 e—0-  x—0
f(z) — f(0)

does not exist, so f(x) is not differentiable at 0.

4. (15%)
(a) Show that the function f(x) = 2 + 3z + 1 is strictly increasing on R.
(b) If g(z) is the inverse function to the function f(x) of part (a). Find ¢'(5) and ¢"(5).

Solution:

(a) ¥ = 32* +3 > 0, so y is strictly increasing

(b) ) B
SO =5 96 =5
fg(x)g' (x) =1 or g'(f(x))f'(x) =1 or 3¢*(x)g'(x) + ¢'(x) = 1
F(9(5)g'(5) =1or g'(f(1))f(1) =1or3¢*(5)g(5) +¢g'(5) =1;9(5)=1,¢4'(5) =1/6
F(9(@)g"™ (@) + f'(g(x))g" (@) =0 or ¢"(f(x))f*(x) + ¢ (f(x))f"(x) =0 or
6g(x)g*(x) 4+ 3¢°(x)g" (z) + 3¢" () = 1
f(g(5)g”(B) + f'(9(5))g"(5) = 0 or g"(F(1)) (1) + ¢'(f(1))f"(1) =0 or
69(5)g"%(5) + 3¢°(5)g"(5) +3¢"(5) =1 ; g"(5) = —1/36

5. (10%) The minute hand on a watch is 13 mm long and the hour hand is 11 mm long. How fast is
the distance between the tips of the hands changing at two o’clock?
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Solution:

Let the distance between the tips be X (¢) and the angle be 0(t).
X(#)?=13>4+11> —2-13 - 11 cos O(t)

dX . df
@ _ 2 —2—7Tr d/min
at _12-60 60
By direct calculation we get

0(two o'clock) = g

X (two d'clock) = V147

—1573m
5040

X
d—(two o'clock) = mm,/min

dt

6. (15%) Two vertical poles PQ and ST are secured by a rope PRS as shown in the picture.

S

P

0

Q R T

Given that PQ = 1m, ST = 3m and QT = 2m, we want to find the position of R such that
(a) the length of the rope PRS is maximized.
(b) the angle § = ZPRS is maximized.

Solution:

(a) (8%) Find the maximum, not the minimum, of the length of
|PR[ +[RS],

for the case R lie in the line QT

STEP ONE
Define the length function by

L(z) = V1+ 22 + /32 + (2 — 1)2
Here we setting
Q= (O’O)aR = (QZ,O),T = (2a0)>P = (071)75 = (273)

thus the domain of L(x) is
[0,2]
STEP TWO
Take the derivative correctly, the key point is chain rule.
A C k)| )
V1+a? 324+ (2—x)?

L'(z) =
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STEP THREE(no point, but relate to final answer)
Observe that you will get extreme value at crtical points of the length function

L(z) = V1+a2+ /32 + (2 — )2

or the boundary of the domain of L(x)

, in this case,

STEP FOUR
Find all the crtical points of the length function, since L’(x) exists on whloe domain, we
just need to find what the solution of

L'(x)=0
that is

T N (2 —z)(—1) _x,/32—|—(2—x)2—(2—x)\/1+x2:O

V1i+a? /324 (2 —2)? V14 a2/32+ (2 — )2

A little but helpfully observation

V1+22>0,/32+(2—-2)2>0

then

(V1+22) (/32 +(2—12)2) >0

This make everything be simple. Since we can drop something now!!

VE+ 2 —2)2 - (2-2)VI+a?

SAVAC il Gt bt Cll ) e NNy S D SR e B
V14 a2\/32+ (2 — )2

that is the solution does not chage, but the equation mucs easy to understand !!

STEP FIVE
Slove the equation

/P +2—-2)?2=2—-2)V1+ 22
correctly !! Observe that
/32 +(2-2)2=2-2)VIi+22 & (3 +(2-12)%) = (2—2)*(1+2?)

For simplify, denoted that
7 =(2—1x)

then
P +2-2)?)=2-2)(1+2") 2’3+ 2)=Z(1 +2?)

this notation make the computaion much esay
232+ 2)=Z(1 +2%) & 9% + Za* = Z + Za*
e9t=7=2-1 %" - (4-—4z+2*)=0
thus we only need to slove the much easy one equation

0=8r"+4dr —4=42r—1)(z+1)
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therefore we get where are all the crtical points of the length function live in, that is

=-,-1
xz 2,

but -1 not lie in our domain of the length function, so just forget about it.....
Thus STEP FOUR union STEP FIVE have three point
STEP SIX

List all possible position of x that making the maximum value of the length function happen

L(z) =V1+a22 4 /32 + (2 — )

By STEP THREE, STEP FOUR and STEP FIVE, we known
r=0,2,=

If we need to find the minimum value of the length, then

r=-
2

is the one that we want. Since by reflection on X-axis,
P=(0,1)— P =(0,-1)

we saw P’S is the straight line through

thus the length

L(1/2) =2V5
is the minimum value, globally!!

But we need to find the maximum value of the length function on the Domain, thus we
still need to finish the comparison on

L(1/2) = 2v/5,L(0) = 1 + V13, L(2) =3+ /5

STEP SEVEN
Show that(or Only state it...):

L(1/2) =2v5 < L(0) = 1+ V13 < L(2) = 3+ /5
By simple way:
2=vV4<vV5<vV9=35-4=1<4=9-5

conclusion :

V5~ 22...<25

and

[L(1/2) =2V5 ~ 44 < 5
L(2)=3+V5=x52>5

Same method
3=v9<V13<V16=4,16-13=3<4=13-9
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conclusion :

V13 >35

thus

L(1/2) =2V~ 44 <45<1+V13<1+4=5<52~3+V5=L(2)

Finally state : L(2) is the maximum value of the length function. Or some sentence
equivalent

1 3
(b) (7%) 6 = m — arctan - arctan Sy

. o 1
To maximize 6, we need to minimize g(x) = arctan — + arctan
x -z

R S 1 3
g (@) 1+(%)2><<$2)+1+(%)2x(2_$)2
-1 3

x2+1+(2—:1:)2+9'

J@)=0=2*4+22-5=0x=v6-1
where 0 < z < V6 — 1, ¢'(z) < 0 and when V6 —1 <z < 2, ¢'(z) >0
Hence g(z) is minimized when 2 = v/6 — 1 which means 6 is maximized at 2 = v/6 — 1

7. (20%) Let f(z) = (z—1)3(z® —1)"3
(a) What is the domain of f(x)?
Does f(z) have any vertical or horizontal asymptote?
Calculate w1_1>ri1100 (f(x) — z) and find the slant asymptote of f(z).

Find the intervals of concavity and the inflection points.

)
)
d) Find the intervals of increase or decrease.
)
) Find the local maximum and minimum values.
)

Sketch the graph of f(z).

Solution:

(a) domain of fisz € Rbut x #1,—1

: li:rjlcl f(z) = £o0o ,s0 f does not have horizontal
T—>00

1
T
asymptote , and lim1 f(x) = +o0 , so f has a vertical asymptote © = —1
T——

(c)
lim (f(z) — )

r—+oo

= lim
r—+o00 (ZIZ’ +

(x—1)* —23(z+1)
[(z—1)5 + (x — Dsa(z+1)3 + 22(z + 1)3]

= lim
9

37

Wl

Pace & of O



) 5
so the slant asymptote is y = x — =

3
fp—1)s(z+1)5 —tz—-1Ds@x+1)75 1 ) _
@ f) = LD 3<f Per s L e+ )FEr+5) , fis
x4+ 1)3 3
increasing on (—oo, _§>’ (1,00) and f is decreasing on (—g, 1),(—1,1)

1 4 ) 11 41
Inf(z) = —In3+ 2z — 1) — = Inz + 1] +1 GO
(©) Infilr) = =Ind+ghnfe =] =gl i+ Be 45}, Gy =5 073 e
3

T , then f"(z) = %($—1)_32(i—i—l)_g[(3$+5)($+1)—|—9($—1)(5E—|—1)—4(93—1)(3$+5)] =

—(z — 1)_72@ + 1)‘5 , f concave on (—1,1),(1,00) and f concave down on (—oo, —1) , f

does not have inflection point

5 8/4

5 5
(f) critial point is z = 3 and f”(_§) < 0, so f has local maximum f(—=) = —

3 3
(2)

(a)24) TAI-1%150 (b)253 AP RIER EMIAR A 197 ()35 HHlimitH 2450, 5 R4 B 195
(d)37 B — IR A2, 5 LR IERIE M A 19 (e)4n BHHH KMy A25 Bk
M MEREA 1Y FHRAE kR

()27 55 Hi(x)EEE REBAE A 1D B HAG 10 RE Hi(x)R A =B EENMEA 155
(g)47r BIFEHEAE T EENIARE 17, BHRNIARE 1) X=1FHRERZ OBE 1D #T
Y197 B R 2 B RIRR T
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