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1. (15%) Evaluate the flux integral // F-ndS, where

F(z,y,2) = (@ +2)i- (z+ )i+ (y+2))k,

and S is the sphere (z — 2)? 4 4* + 2% = 4 with outward normal.

Solution:

Method 1: Divergence Theorem (SEFSIRMAIZESBI{LIREE)
V: the solid (z — 2)® + y? + 2% < 4 enclosed by S.
Parametrize V' by

x=2+psingcostd ,0<p<2

y = psin ¢sin 6 ,0<o<m (3 pt)
z = pcos ¢ ,0<60<2r.
9 (z,y,2)

|J|—\

d(p,¢,0) =p’sing (FED, RBFBREE acobian)

V- F = (03,0y,0:) - (a:+z—z yy+z)—1—1+3z =322 (3 pt)

//F ndS = /// V- -FdV = /// 322dV by divergence theorem (3 pt)

2m
= 3/ / / p* cos® ¢ - p? sin ¢ dpdpdfd (3 pt)
o Jo Jo

o) () ([ o)

2T

o
a,
Wi

128

-7 (3 pt)

Method 2: Divergence Theorem (Fi3E B IEE RHIRLE)

By translation 2’ = 2 — 2 (3 pt), F in the new coordinate is

F(gc',y,z): ($/+2+27—Z—y,y+23)~

S: the sphere 2'? 4 3 + 22 = 4 with outward normal.
V: the solid 2'? 4 3 4 22 < 4 enclosed by S.

Vi F=1(00,04,0.) (&' +2+42,—2—y,y+2°) =1-1432">=32> (3 pt)

// F-ndS= // Vi y, - FdV = /// 322dV by divergence theorem (3 pt)
s v 1%

2w 2
= 3/ / / p*cos? ¢ - p®sin ¢ dpdpdh by spherical coordinate (3 pt)
o Jo

12
=

(IEERB V- F RIR 2 B, FIBURE ¢ —y FELFRAREERIHER)

Method 3: Divergence Theorem (BE#ZHIRME EIFXEE I LTH)
V: the solid (z — 2)® + 32 + 2% < 4 enclosed by S.
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By spherical coordinates,
(z—2°+1?+22<4 = 22+ +22 <40 — p<4singcosh (3pt)

V- F=1-1+322=32> (3pt)

// F-ndS = // V-FdV = /// 322dV by divergence theorem (3 pt)
s 1% 1%

5 T 4 sin ¢ cos 0
= 3/ / / p*cos? ¢ - p®sin ¢ dpdgpdd (3 pt)
-z Jo Jo

™
2

= 3/ / %(4Sin¢c0s9)5 cos? ¢ sin ¢ dodf
-z Jo

us
2

. 910 ™ 3
= 3 52 (/ cos? ¢ sin® ¢ d¢) (/ cos’ 0 d9>
0 —

z
—_— ——

5

57
2

Jan
0

==

oy

128
=—m

3 (3 pt)

Method 4: £B{tHEEZEWMEED

Parametrize the surface S by

r =2+ 2sin¢cost
y = 2sin¢siné ,0<op<m (3 pt)
z=2cos¢ ,0<6 < 27,

F=2 (1 +sin¢cos€+cosq§,fcosqﬁfsind)sinﬁ,sinqﬁsinﬂ+4cos3¢)

Ty = 2 (cos ¢ cosb,cos ¢psin b, —sin @)
rg = 2 (—sin¢siné, sin ¢ cos 6, 0)
Ty X Tg =4 (sin2 ¢ cos 0, sin” ¢ sin 6, sin ¢ cos (b) (3 pt)

1
§F - (ry x rg) =sin® ¢ cos O + sin® ¢ cos? 0
+ sin? ¢ cos ¢ cos  — sin® psin? O + 4sinpcos® ¢ (3 pt)
=sin? ¢ cos 0 (1 4 cos @) + sin® ¢ cos 20 + 4 sin ¢ cos? ¢

cos AR cos20 D —EBEHER 0, FIUERARMTE=IR.

//SF-ndsz//SF-(wxm)dA

2 T
=8 / / 4 sin ¢ cos* pdpd
0 0

= 8-4-271'/ sin ¢ cos® pdo
0

2
5
128

=5 (6 pt)

(BEE 1y IR rg NEWIER, 1o X ry BEBIKLE, SRESEZ—EER)
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2. (15%) Evaluate // V x F-dS, where F(z,vy,z) = (y+sinz) i+ (22 +cosy) j+2° k and where S is the surface z = 22y
s

inside the cylinder 22 + y? = 1 and with the normal pointing in the positive z-direction.
Y Y g

Solution:

curlF =< —2z, —322, —1 > (2%)
r(z,y) =<z,y,2zy >
Ty X 1Ty =< =2y, —2z,1 > (2%)

//VxF.dS
s

- // 8zy? + 62° — 1dA (2%)
D
27 1
= / / (873 cos sin? O + 61° cos® 0 — 1)rdrdd (2%)
o Jo
8 6 1
= / (57"5 cos fsin® 0 + 37“5 cos®  — §r2)|(1)d9
0

27
8 6 1
:/0 5cosﬂsin29+gcos39—§d9

8 . .6 [* cos360 + 3cosf
:Bs1n39|(2) —l—g/o #dﬁ—w
6,1 3
=0+ 5(5 sin 36 + 1 sin 0)[2™ — 7 (6% for all computation)
=—7m (1%)
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2
3. (15%) Evaluate the line integral / <:E —y+ y2) dx+ (x+2zy+3)dy, where C consists of the arc C of the quarter
c

circle 22 + y*> = 1,2 > 0,y < 0, from (0,—1) to (1,0) followed by the arc Cy of the quarter ellipse 4z? + y* = 4,
x>0,y >0, from (1,0) to (0,2). (Hint: You may use Green’s Theorem, but note that C' is not closed.)

Solution:

Method 1 use Green’s Theorem
Let C3 be the curve (part of y-axis) from (0,2) to (0,—1). Then by Green’s Theorem we have:

y?
/( xfy+ )dx+(x+2a:y+3)d

2
// 1+ 2y) — 1+y)ds—/ (— xnyry )dz + (x + 22y +3)dy=A+ B
Cs

where D is the region bounded by C and C5. (5pts) for the equation above, however you can still get 3pts if you
state Green’s Theorem correctly.

://(1+2y)—(—1+y)d5
1 Do 1 pVA—42?

= 2+ydydx+// 2 +y dydx
/0/./1;,2 o Jo

T 1 4 3
—(§—§)+(7T+§)—§7T+1 (8pts)
Y2 -1
B:/( r—y+ )da:+(x+2xy+3)dy—0+/ 3 dt = —9 (2pts)
C3 2

3
= L=A+B= 3 n+10

Method 2 Calculate directly
Let Cy be curve (cost,sint) ¢t from fg to 0.

Let Cs be curve (cost 2sint) ¢ from 0 to z

L= /( a:—y+ )dx+(x+2xy+3 dy—/ /
e} Cs

0 .2
t
:/ [—cost —sint + SH; |(—sint) dt + [cost + 2costsint + 3](cost) dt

i
2

i

3
—|—/ [~ cost — 2sint + 2sin® ¢](—sint) dt + [cost + 4 costsint + 3](2cost) dt
0

(3pts) for the equation above.

= (G- D+ G+ 1) Gots)

£2) 4+ (5 +2) (6pts)

+ 6 2 3

T
2
3
|
57 10
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4. (10%) Evaluate the surface integral //(:102 + 4?)dS, where S is the surface z = /22 + 42 with 0 < z < 1.
5

Solution:
Solution 1. We parameterize the surface S by

r(u,v) =ucosvi+usinvj+uk, 0<u<l 0<v<2r. (BEHSERE2D)
Then we have

ry(u,v) = cosvi+sinvj+ 1k
ry(u,v) = —usinvi+ucosvj+ 0k

ry Xr, =—ucosvi—usinvj+uk=|r, xr,| = V2u. (—EExXN 12, £43)

So the surface integral is

v=271 pu=1
2 2
/ / \/ﬁududU=£~2ﬂ'=£ﬂ'.
v=0 =0 4 2

(PINERERT 2 B, REHETHE 2 D, )
o HIE=EXDBIED;, RE—EENKIUAN=ENIBEERTIEEE,
Solution 2. For the function f(z,y) = /22 + y2, we compute

g_ 2z _ x
Or  2\/22 +y2 (/22 +y?
of _ 2y _ y

(BHEMD, £29)

o 2ty Ry

So the surface integral is

//S(x2+y2)dS://2+y2<1(x2+y2)\/1+ (gﬁ)zju (gjyf)gdA (33)
_f//2+ - (z% +y?) dA (1) = V2 . 2W/ -rdrdd (293)

=27 r=1
=2 {1714} =2 9r_ Qw.(%})
o 12", 4 2

o BIEHMNERDBUIED, RE—ESENEIUVENNEXSHBTEETIEEE,
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5. (12%) (a) (8%) Find the potential function of the vector field

2zx(1 —eY) ,
(14 x2)2 !

Y
Fr.y.2) = (1w ner) e

(b) (4%) Evaluate / F - dr, where C is any curve from (0,0,0) to (1,1,1).

c
Solution:
(a) Suppose there is an potential function ®(z,y, z)such that V& (z,y, z) = F(x,y, 2)
2z(1 —e¥) 1—e¥
Then ®(z,y,2) = / Mr+a22 dr +g(y,z) = -l 9(y, 2)
Since——i—i—(l—l— e we get @—(1—&— )e?
oy 1+ a2 yenwe s oy 4
1 — ey
This impled ¢(y, z) = ye¥ 4+ h(z), and ®(z,y,2) = — g 62 +yeY + h(z)
x
0P
Finally we use e 1, then it’s easy to find h(z) = z + C, where C is arbitary costant.
z
1 _ ey
Let C =0, we get ®(x,y,2) = —?; +yeY+z
(b) By theorem of potential function
1-— 3 1
/ Fdr = ®(1,1,1) — ®(0,0,0) = (—Te te+1)—0= e;
c
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6. (12%) Evaluate the double integral //(m + y)?sin®(z — y) dA, where R is the square region with vertices (570)7
T, T T f
(m, 5), (g,w), and (0, 5)

Solution:
0 0 1
Solution 1. Let u =z +y and v =  — y (293), then aEZ: ;; = 2 and ’agz: z; =3 (293) The region R is
. m 3n s
mapped to the rectangle region S = {(u,v)|§ <u< 575 <v< 5} So we have

§
"]
+
QQ
9
5
0
|
E
s
Il
\
Il “
]
—~
I|I ﬁ
:M

1
sin? v - 5 dudv (24143 23)

El v=% /1 —cos2v 13
: ST g (2
ool (TR et

o (2+143 ) REK: HLELERER 2 2; HHRERT 1 2; Jacobian BIIEHE, LAALEES 3 2.
o HIHABNDBIUIED, RER—ESIENHGOVANAENRIBTERTIEEE,

. A(u,v) d(z,y) 1 1
Solution 2. Let u = Zand v =z —y (293), th =4 d | =
olution et u=(x+y) and v =21z —y (23), then ’8(:10, m ‘ (r +y) an . 0) iy~ iva
. . . T2 3r\° 0
(293) The region R is mapped to the rectangle region S = {(u,v)] (5) <u< 5 3 <wv< 5} So we

have

:!

w=(%)" v=3%
z +y)? sin?(z — dA:/ / usinzv dudv (2+1+3 2
I ) i ey o dud )
:/ B )2 d / sin? v dv

u:(%) / =2 /1—cos2v do = 13 vy
u=(3)? Jo=-3% 2 8"
2 2

o (24143 ) Kk: WEIERERS 2 2; HERHEE 1 2; Jacobian BIMEEE, WSALERES 3 D,

o HIHARBHDBIUED, RE—ESHENEIVENABEXSBTEETISEE,
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7. (12%) Evaluate // ysin ( ” ) dA, where D is the region bounded by y = z and y = /.

Solution:

Since y sin (mc) is bounded on D, by Fubini’s theorem, we have:

oo ()= [ v ()= [ [ v (2 i

(The upper and lower bounds each accounts for 2 pts. If the order is reversed, you’ll only get 3 pts.)

! Y mx]Y 1!
= —/ {y cos } dy = 7/ y? cosy + y2dy (4 pts. 3 pts if signs incorrect)
0 n Y 1y2 0
1 2 1 1 2
= (-S4 )== -2 dpts.
7T(7T2+3> 3 ﬂ_g(ps)

1
In last step, the computation of / y? cos y worths 3 pts in total. If you correctly integrate by parts
0

twice but fail to get correct coefficients, you'll get 2 pts. Here’s the computation:

1
/ y? cos Tydy
0

1

1 1
1 2
= f/ yidsinTy = — [y2 Sinﬂ'y}; — 7/ y sin mydy
m™Jo m ™ Jo

2 ! 2 2 ! 2
= — [ ydcosmy= [y cos wy] —— [ cosmydy=——
™ 0 Y 0 ™
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8. (9%) Let C be the closed curve formed by y = xQ, where 0 < z < 1, and x = y27 where 0 < y < 1. Given C the

counterclockwise orientation, evaluate | xzyds and (O xydx.
c c

Solution:
Let C = C7 Uy, where

Crori(t)=ti+t%], 0<t <1, rh(t)=1i+2tj [ri(t) =1+ (2t)2
Coiro(t) =t2i+t§, 0<t <1, rh(t)=2ti+1j |rh(t)]=+/1+ (2t)2

(a)

We compute

/mdeZ/ a:yd3—|—/ xyds
C Cq Cy

:/1t~t2\/1+(2t)2dt+/1t2~t\/1+(2t)2dt
0 0
:2/1t3\/1+(2t)2dt. (3%)

0

Note that since we integrate respect to arc length, so the value must be positive.

Let u = 1+ 4t%, then du = 8tdt, the upper limit gives u = 5 and lower limit implies u = 1, so

1 5
1 -1
/xyds:Q/ t3\/1+(2t)2dt:f/ Y Vudu
c 0 4/, 4
1 [ 1,25 2 ;
=15/ v vt du= (Gl - qul)f

5 1

(b)

We compute

1 0
ygxydx:/ mydx—i—/ xydx:/ t-t2dt+/ t2.t-2tdt (3%)
c C Cs 0 1

t=1

1
1 2 1 2 3
= [ (£ —2thdt = |-t* — 4 —-_2__2 @
/0 ( ) [4 5 o 4 5 20 (1%)
Also, you can apply Green’s Theorem.
Let P =y and Q =0, then @, = 0 and P, = z. By Green’s Theorem, we have
y=1 rz=\y y=1 1 =Y
95 xyda::// —di:/ / fxdzdy:/ [xQ] dy
C D y=0 r=y2 y=0 2 r=y2

1t 4 11 1
= —— — d:—f 72—75
2/O(y y*) dy 2[2y 53/]

e 1<1 1)_ 3
—  2\2 5 20"

z=1 py=/7 =1 Y=z
ygxydx:// —xdA = / —xdydx:/ {—xy} dx
c D =0 Jy=z? =0 y=x2

_/1( beo)ae= [-Zot o[
—0 X x Tr = 5$ 4.’1}

or

=0
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