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1. (15%) Find the points on the surface zy?z3 = 2 that are closest to the origin and also the shortest distance between
the surface and the origin.

Solution:
Solution. Consider the Lagrange function F(z,y,z,\) = 22 + y? + 22 — May?23 — 2). The critical points of
F(z,y,z,\) satisfy
Fp, =22 - \>?22=0
Fy,=2y— N2zyz® =0
F,=2z—\3ay?22 =0
Fy = —(2y?2* —2) = 0.

(8pts)
To solve these equations, since x # 0,y # 0, z # 0 on the surface xy?2% = 2, from (1), (2), and (3), we get

\— 2z _ 2y _ 2z
Y223 2xyzd  3zy222’

Second equality gives 222 = y2 = x = :I:fy Third equality gives 222 = 3y? = 2z = + ‘[y We put x = i@y
and z = :I:fy into (4) and get

3
V2 O\ o, V6 6 (2)3 , 2 V2
+— +— 2=y =|—| =2y =—=y=x——.
( 5 Y|y 5 Y Yy 7 V=57 7
(4pts)
So we get four critical points

1 V2 1 ] 1 V2 1 V2,
(f’%f) <f ﬁ) (f ff> <3¢§“§>
(2pts)

These four critical points have the same distance to the origin:

%\E

2 V2 2 =) 2 4
d= (\%) +<\4/§> +(V3) = %+%+\/§= 2v3 = V2 V3.

(1pts)

Solution 2. Another method to solve the system of equations (1) — (4) is comparing 62 x (1), 3yx(2), and 22x(3),
then we get 1222 = 6y% = 422. So we also find relations 222 = y? and 222 = 3y2.

Solution 3. Instead of finding the maximum or minimum values of the function f(z,y,2) = /22 + y? + 22, we
consider its square function f2(x,y,2) = x? + y? + 22 because they both attain maximum or minimum at the
same places.

Since zy?z3 = 1, we get y? so the question reduce to find the absolute minimum of the following function

of two variables:

sz?

2
2 2
flz,z) =2 +I23+z.

The critical points of f(x, z) satisfy

2 20323 — 2 22323 -1
fw:2w_25_x23 (36225 )_0
2z x2z x2z
6 —6+4+222°  2(-3 5
fo= 8 g, Z6F%P 2ABHe)
rzt rzd rzt

From f, =0, we get (z2)> =1=22z=1. From f, =0, we get 22° =3 = 2* =3 = 2 = +V/3.

Page 1 of 5



— 1 2 _ 1 __
e = = T =

* At P1 (%[,4%/5,\4/3),6[(})1,0)2 2\/§= \/5\473

3
*x At Py = (\/’7_%37\4/3% d(P27O): 2\/32\/5\4/5
(b) If 2 = —+/3, then 2 = — %7andy2=$:%:>y::t%3.

* At PBZ(_%74%/§7_%)7(1(P370): 2\/3:\/5\4/3
o APy = (—s, s, —3), d(P1,0) = v/2V3 = V3 (.

These four critical points have the shortest distance between the surface and the origin.

2. (12%) Find all the critical points of f(z,y) = 4 + 2® + y> — 3xy. Then determine which gives a local maximum or a

local minimum or a saddle point.

Solution:

o f(z,y)=4+23+y>—32y = (fs,fy) = (B2%=3y,3y* —32) (for 1%, fy: 1%)

e Solve

fr=322—-3y=0
[y =3y* =3z =0.

to obtain (z,y) = (0,0), (1,1). Therefore the critical points are (z,y) = (0,0), (1,1).
(fa =0:1%, f, =0: 1%, solving: 1%)

(fxafy) = (3%2 _3y73y2 —335) - f:cz :GLE, fzy = fym = -3, fyy = Gyv and

| o) o) |_| 65 3|
D(z,y) = fym(x,y) fy;(x,y) ‘_‘ 3 Gy‘—Sny 9.

(fm: : 1%7 fzy : 1%» fy:z: : 1%7 fyy . 1%a D(x,y) : 1%)

D(0,0) =-9<0 = (0,0) is a saddle point. (1%)

fez(1,1) =6 >0and D(1,1) =27 >0 = f(1,1) is a local minimum. (1%)

3. (12%) Let the unit vectors u and n be respectively the tangent direction and the normal direction (with positive

x-components) of the circle 22 + y? — 2x = 0 at the point (%, @) Let f(z,y) = tan™' (¥). Find Vf (2, 2 ),
Duf (3,%) and Daf (3. %7).

Solution:
o fu(z,y) = 1_:9% 24 = T (2 points)
o fy(z,y) = =i (2 points)
o Vi@ y) = it it mtn ] = Vi P) = =T 117 (1 point)

e The equation 22 +y? — 22 = 0 can be rewritten as (z — 1)? + y? = 1, which represents a circle centered at
(1,0). Let F(z,y) = 22 + 3> — 2.

— The normal direction of the circle at (z,y) is VF = (22 — 2,2y) = 2(z — 1,y). (2 points)
— The tangent direction of the circle at (x,y) is (y, —x + 1). (1 point)

— At (3, %) the normal direction with the positive z-component is 7 = (3, f) (1 point)
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4.

5.

o Daf(t, i) = e%%) (3% = = (Lpoint)
V3
2

e Dzf(5,

1

(a) (10%) Find the 4-th degree MacLaurin polynomials of sec z and of (1 — %) * (5% each).

] xr— —12 -3
(b) (4%) Find lim 22=0) 2
z—0 e

Solution:

(a) The 4-th degree MacLaurin polynomial of secz can be derived from the cosine function: since

2 .174

-y
CoOST = 1L — — —
5

the MacLaurin polynomial of secx can be obtained using long division or by comparing the coefficients in

2 2t
1= (cosz) - (secx) = (1—?+E+ ) (ag + aga? +agxt + )

Then we have

5
=1 —
secx +23: +24x—|—

(Since only a finite number of terms are required, you may also use the definition of MacLaurin polynomial:
f(z) = f(0)+ r (O) z+ L (0) 22 + -+ and perform the required differentiation to get the answer.)

On the other hand, by the binomial expansion

x—|—8x+

I\DM—‘/—\

Grading policy: 5 points for each polynomial. Three points are credited if only two terms are correct.

(b) From the results in part (a)

secx — (1 —a2)"2 . (4322 + St ) -1+ 3224 32t + )
im = lim
z—0 x4 x—0 x4
1.4
—=x +...
= lim —$ 7
x—0 x

1
=5 (4 points)

(a) (12%) Find the radius of convergence and the interval of convergence of the power series f(x) = > (=1)" 75

(b) (3%) Evaluate f()(0).

Solution:
(a) By Ratio Test, f(x) converges absolutely if lim ‘an+1| <1 (4%)
n—oo Ay,

n+1

. An+1 . (*1)71“74#2 Tontl zlnn
lim | |: lim | —n | = lim | ——| = | | <1(2%)
n—oo Ay n—o00 (71)714” o n—oo 41lnn +1
y+1

Since lim | | = lim |——| =1

Hence, the radius of convergence is 4.
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(o)
1
for o =4, flz) =3 (~1)"— S
orx =4, f(x) nz::z( ) I, converges
1 1
Since (i) lim — =0, (ii)

—_— >
n—oo Inn Inn Inn+1

= 1
for x = —4, f(x E 1 E — diverges.
n
n=2

1
Since Z — is p-series of p = 1 = diverges (3%)
n

= converges by Alternating Series Test. (3%)

n=2
, & xn—l
b = 1"
0) £(0) = 30" g X
e n—2
" _ _1\n €z _
(@) = LV gy Xl = DA%)
> n—3
(3) _ _1\n x _ —
PO = 31 g Xl = Dl = D0%)
1 6
G3)0) = (—1)3 - _
f(0) = (-1) 431(%)3><3><2><1 S 3(1%)
0 -1 6
< Solution2 > / 3!( )(2%) = coefficient of x* = 4(13 111)3(1%) = f30) = BVETY]
6. (10%) Suppose that z = f(z,y) is a smooth function and let z = wv, and y = v — u. Express 88;50 in terms of

%y,fz,fy,fm,fzy, and fyy

Solution:

The chain rule gives

0z Of Ox L of of Oy
v Oz dv By ov
_of, L of ~
= (‘3xu+ 8y(1) (2 points)
Bf of
Yo oy oy

(3 points)

Apply the product rule and again the chain rule, and also note that é%(u) =1,

?z 8 f Lof of
oudv 5‘u o y
_of 0% f 0% f
= oz tu 8u8x * oudy

8f+ 82f8x+ 82f@ n 0% f %+32f8y
ox 0r?2 du  Oydx Ou 0x0y ou  Jy? du
of 0% f 0% f 0% f 0% f

1 —(—1
ax+“<a 20 Gyon )>+<8x8y vt gV
0% f 82f 82f 82f+8f
Ox? 8x8y 8y8x oy? Oz

Since f is a smooth function, f;, = fyz. Therefore

0%z
oudv

=0 fre + (V— ) foy — fyy + fo (4 points)
:xfzz+yfzy_fyy+fm (1 point)

(Because f satisfies the condition of Clairaut’s theorem, you can first calculate z, and z,,, and then claim that
Zuv = Zyy. This approach yields the same solution as above.)

7. (10%) Find the equation of the tangent plane to the elliptic paraboloid Z = 2—2 + "g—z at the point (a, b, 2¢).
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Solution:

Let f(z,y,2) = %5 + % —
then f:z: = %a y = %7 fz
at (a,b,2c), we have f, =
Hence the tangent plane is 2
f8H My M OEHNIE1
BETEX 45

UEESGEN 3 2

QI || ol
@ ""L

I

=

I
IS

[V
—~

|
3@\&\3
+
SAIN)
8

b) — L(x —2c) =0

3 B

(a) (2%) Parametrize the curve of intersection of the parabolic cylinders x = y? and z = 22 by setting t = y.

(b) (10%) Find the unit tangent T and the curvature x at the point (1,1, 1).

Solution:
(a) Since z =y? 2 =22, and y =t , we can see z(t) = t? and 2(t) = t*.
x =t
y=t, teR
z=t4

or write as r(t) = (t2,t,t%), t € R.
Although I do not deduction any points, you should still wirte down range of ¢.

/
t
(b) By formula T(¢t) = |I‘/Et;|, and easy to know r'(t) = (2t,1,4t%), so /(1) = (2,1,4), and |/(t)| = Vv21. So
r
_ (219
we get T(1) = VoI
If you do perfect, you get 5 points. If you compute some error, you will get from 1 to 4 points, depending

your answer. If you use wrong formula, you will get 0 or 1 point.

/ t 7 t / 1 " 1
By formula x(t) = W, so we only need to compute k(1) = W

First, v’/ (t) = (2,0,12¢%), so r'(1) x r’(1) = (2,1,4) x (2,0,12) = (12,—16,—2). So |r'(1) x r"(1)| =

. 24/101
V404 = 24/101, and |r/(1)[> = 21v/21. We get the answer is k1 = WST

If you do perfect, you get 5 points. If you compute some error, you will get from 1 to 4 points, depending
your answer. If you use wrong formula, you will get 0 or 1 point.
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