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1. (10%) Solve the initial value problem: preil g y(0) = —1.
Solution:
d y
d—‘z =1 j p (separable)

= —e ¥ =tan 'z + C (3% for each side)

With y(0) = —1, we have —e =tan 10+ C = C.
=C=—e (2%)
1

. The solutionis e™¥ = e —tan™" x

2. (a) (10%) Solve the initial value problem:

Y + (4o +3)y = 222 (x + 3)7,
, x>0.

2x(r +
y(1) =

N = W

(b) (3%) Find xlinolo y(z) and ml_i>r(r)l+ y(x).

Solution:

(a)

Divide the equation by 2z (z + 3)

4+ 3 1
We get ¢ + —
g Y 2x(x+3)y x(z + 3)

Multiply integration factor I(x) on both side, then

4 + 3
Iy +1
v+ 2x(r+3

Solve that I’ =T

z(x + 3)
4o +3

2z(x + 3)

4z + 3 1 1 3 1 3
Wh T = (2 dr = >Inz+ 21 +C, wh
ere/zx($+3)x 2/(36 m—|—3)x 2nx+2n(x+3) C, when z > 0

Hence I(z) = ¢“v/2(x +3)3, Let C =0 = I(z) = /2(x +3)3

- 4z43
, we let I = el mGrm

4 + 3 , 1
2x(m+3)y Y y =) z(x +3)

1 1.
Iy:/(x+3)dx:§g;3+3x+D:» I(I+3)3y:§x3+3z+1)
1
2

Iy +1

1
Bring y(1) = 3 into the equation, we find D =
22 +6x+1

Hence y = QW
(b)
lim y = lim 7(1—’_%—'_%)2: f:}

Because lim z? + 6z +1=1,and lim 2\/z(z+3)3 =0
z—0t z—0t
So lim y — 400
z—0t
FELUT,
(a)
@Y I(z) +592

Ry WAERD +32
RABEFRERETEREE 122
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3. (a) (7%) Find the length of the curve in polar coordinates: r = v/1+sin26, 0 <6 < 2.
(b) (7%) Find the area enclosed by the curve given in (a).

Solution:

(a)

dr_ d 1+sin20 = _cos20 (2 points)
o~ db T Vi+sm20 P
The length of the curve L is
2m 2
d
L= /0 r2 4+ (d;) do (2 points)

2 2
cos® 260
= 1 3 2 —_—
/0 \/ +sin 0+1+Sin29d9

_ /2“ 1+ 25sin 26 + sin® 260 + cos? 26 &
) 1 +sin26
2m :
2
_ / [2+ 2§1n 20 40
0 1+ sin 26
2
= / V246
0
=2V27 (3 points)
(b) Because r > 0 for 0 < 6 < 27 (or due to observation from the figure below), the area A of the enclosed
region is
2 1
A= / —r2de (4 points)
0 2
1 2
= 7/ (14 sin26) df
2 Jo
2m
1 1
= — _ = S 2
5 {9 5 €08 0]0

Vo 1]
2 \7" 7 3 2
T

(3 points)
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(a) (7%) Find the length of the parametric curve C: x = In(sect + tant) —sin¢, y = cost, 0 <t

oo\>1

(b) (7%) Rotate the curve C about x-axis. Find the surface area.

¢) (7%) Find the volume of the solid bounded by the surface given in (b) and the planes x = 0, z = In 24+/3)— @
2
Solution:
(a).
d d ) ;
T (x(t)) = sec(t) — cos(t), % (y(t)) = —sin(t). ...(1 points)

T T
/3 ds = /3 tan(t)dt ...(2 points)
0 0

= —ln|cos(7§)\g/3 ..(2 points)
=1In(2) 4 ...(2 points)
, where ds = \/[(i (x(t))] + L?t (y(t))} dt = tan(t)dt.
(b).
/g 2my(t)ds = /g 2mcon(t)tan(t)dt ...(2 points)
0 0
= —2mcos(t)[3/? ..(3 points)
=T 4 ...(2 points)
(c).

/wy2(t)d(x(t)) = /03 mcon®(t)[sec(t) — cos(t)]dt ...(2 points)

0
= /3 wsin? (t)con(t)dt
0
gsin?’(t) g/?’ ... (3 points)
3 .
=37 4 ...(2 points)
, where d(z(t)) = [sec(t) — cos(t)]dt.
5. (10%) Find /;da@
' 0 222 +ax+1)
Solution:
1 b d
Let ————— = g + — + L, where a,b, ¢, d are determined. (1 point) Then solve a = —1,b =

222 4+24+1) 2z 22 22+z+1
1,c = 1,d = 0. (2 points, if solve partially 1 point)
SO we have

—d —d d
(x2+x+1 / x+/ x+/w2+w+1 )
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=—In|z| — % + / ﬁda: (2 points)

/%de = / mdx - %/ﬁdm = %111(3:2 + x4+ 1) (2 points)
/ - ;)21+ TaE — % arctan 2‘TT_gl(S points)

so Answer is — In|z| — % + %IH(ICQ +z+1)— % arctan 2m\/—g ! +C

If you don’t wirte +C, you will lose 1 point.

1
6. (10%) Find/idx.
secr — 1
Solution:
Solution 1.

1 1 secr + 1 secr + 1
——dx = . dz = 7d 2
/seca:—l v /secm—l secx + 1 v /bec2 (23)
:/sequtldz (33) = /(Cosx Cf)sim> da
ta sin”“ x sin” x

1 1 — sin®
z/ dsmx—!—/%dx
sin? x sin® x

1
:/ ds1n:r’+/cs02xda:—/ldx
sin® x

1
= —— —cotx —xz+C.
sinx

SENSEES ERIE D, S—EEE —@ HiE 9, HEMEREH O —£1{5 5 9.

Solution 2. Let t = tang (15 1 53), then we have

1—1¢? ,
cosr=-—— (8 153), sine = ——

j ! =
T 5 (RBAE), anddr = ——dt. (15 13)

1+

1 o COS T 1+f2 : 1+f2 7/ 1-—
/7%”_1@1%/1 S dr (29) = / = [ +t2)dt(5ﬁ3)

1+t2

B 1 2 7717 -1
/(t?t?—s—l) dt (1%3) = 2tan~'t + C (99)

1
= _tan% — 2tan™ (tan2) +C’——cot§—x+C (1093)

BIEMERZRKED ARBOED RIS, PIUEILIIHEFMEDFE, UTEERERE, RELSINEHRER, HUIH
REERBARSERDE, E/UEAREKE, BRALNIMELEISANER,

1 1—2sin%2
/nggdw:/gﬁﬁde:/gnggdx
secr — 1 1—cosz 2sin“ Z

_ 2 @>_/ et T
/CSC 2d 3 1dx cot2 xz+ C.

1 1 secx + 1 secx + 1 secr + 1
——dx = . de= [ ———dor= | ———dx.
secx — 1 secr —1 secxr—+1 sec?x — 1 tan® x

Solution 3.

Solution 4.
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Since

secT secxrtanz 1 secT
s—dr= | ———dov = 7— dsecr = T — secz d cot®
tan“ tan® x tan® x tan”

sec T secx Ccos T
= =— + 3secxcot? zesc? xdx = < +3 I dx
tan® x tan® x

sin” x
secx 1 . secx 1
=—5—+3 [ —F—dsinx=—5— - —5—+C,
tan® x sin” x tan® x sin” x

and

1 2 2

s—dr= [ cot“xdr = [(csc®x —1)de = —cotx —x+C,

tan“ x
we get
1 secx 1
dx = — —cotx —x+ C.
/secxfl tan®z  sin®x
Solution 5.
1 1 secx + 1 secx + 1 secr + 1
[ S P
secr — 1 secr —1 secr+1 sec2x — 1 tan“ x
Since
secT
/ 5 dx:/cotxcscxdx:—cscx—i—C,
tan“ x
and
1 cos?
/ 5 dw:/ — de/COSQI‘CSCQxd.’L‘:—/C052$dCOtI
tan“ x sin“ x

=—0052xcotx+/cotxd0032x

:—costcot:c—2/cotxcosxsina:dx

:7COSQ$COtI72/C082IdI:7C0521’C0t1’7/(1+(30821')d$

sin 2x

= —cos?zcotr —x — +C

—cos’xcotr —x —sinxzcosz + C
we get

1 9 .
———dx=—cscx —cos“xcotx —x —sinxcosx + C.
secx — 1

x
Solution 6. Let t = cot 5 then we have

t2—-1 2t 2
cosx =——, sinz=-——, and dr=-—
1+¢2 1+¢2 1+¢2
So
2
1 cosx 37—%—722 1—¢2
" dr= | =" dr= Mdt:/idt
/secx—l . /1—cosx v _/ 1_?[:;% 1+¢2

2 -1

— cotg +2tan! (cot g) + C.

. ) 1
Solution 7. Lett = secz+tanx. Since sec® r—tan®x = (sec z+tan z)(secz—tanx) = 1, we have rie secx—tanx

and

241 2 —1 241

TR tanx = TR dt 5 dz.

secCxr =
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So
1 1 2 4t
7dx:/27-7dt:/—dt
/ £ 1 241 (t—1)2(t2+1)

secx — 1

2 2 2 1
:/<(t—1)2_t2+1> Sy 2t i+ C
2
— 2tan"!(secx + tanx) + C.

" secx+tanz — 1

7. Consider the intersection of three circular cylinders with radius R and all axes of cylinders lie in a plane with polar
™ ™
equations § = 0,0 = —, and § = —. The cross-section is a hexagon, and the shape of the solid looks like the union

of two umbrellas.

Figure 1: Intersection of three cylinders. (a) Vertical view. (b) The solid.

(a) (6%) Find the area of the cross section of the solid when the height is y,y € [-R, R].

(b) (6%) Find the volume of the solid.

Solution:
(a)Observe the figures below.

When the height is y, the area of the cross section(hexagon) is decided by d = v/ R? — y2.(3%)

Hence,
1 2
Area = 6 x Area of equilateral triangles = 6 x = x d X —=d
2 V3

= 2V3(R* —y?) (3%)

R
(b) V = / Aly)dy(3%)

i 1 83
- / VB = Py = 2R = ) "a(2) = SR %)

8. (10%) Evaluate the improper integral/ 23e " da.
0
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Solution:

o0 ¢ ¢ ¢
a .2 . ) 1 2 .1 _
e ™ dz = lim [ 2% % dz= lim = [ 2% % dz? = lim = ue “du (392)
0 t—o0 [ t—o0 0 t—o0 0

t 1 u=t? t?
= lim ff/ ude™ = lim —= [ue* ] 7/ e “du| (653)
t—o00 0 t—o0 2 u=0 0
u=t>
= lim <1t2 —t 71 [e*“} )
t—o00 2 2 u=0
. 1, 1 2 1 1
= tlgglo <—t e’ —ge + 2) (73) = =,

. — 2 . . .
lim 2" = lim — “=  lim —— = lim — = 0.
t—o00 t—oo et t—oo 2t et t—oo et

(i

EEHERERERI REINER 1, MHUENKBEUERE B8R | A%, RENEMENIFHER / )
0
=E. TRRE |°, EBRE—EERERYE tlirglo et =0, HBEMAE BEANES 1 ; EEEREFSER

B, —EE5M|, 532, HHMER, RREBEIREBERMIUZERD 10 3, S—E@ERKRN tli)r&e_tz =0
OEZERREER, KBEEATHD.
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