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/1/ﬁsmydydx
0 x Yy .

1. (10%) Evaluate the iterated integral

Solution:

By Fubini’s Theorem,

/l/ﬁsmydydx

0 x Yy

_/1/ysmyd:17dy
0o Jy2 Y

= /1 Smy(y—yz)dy
0

Y

1
:/ siny — ysiny dy
0

= [~ cosy +ycosy — siny|}
=[-cosl+cosl—sinl] —[-1+40— 0]
=1-sinl

where we use integration by parts for / ysiny dy:

u =1y,dv =sinydy
du = dy,v = —cosy

/ysinydy: —ycosy+/cosydy

= —ycosy +siny + C

(3%)

(2%)
(3%)

(2%)

2. (10%) Compute the surface integral

// xzdS,
S

where S is the part of the cone z = \/z2 + y?2 inside the circular cylinder z2 + 3* = 2z.

Solution:

Method 1. The cone can be viewed as a graph of z = z(x,y) = v/22 + y2. We compute

x

Y
e 2y = ——m—,
/22 + 42 Yo 22+ 22

Ry =

1+z§+z5:\/§.
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(UEE=H—EE—2 (3%))
So

r=2cos 6
//:CzdS //:C\/:EQ—i—y \/_d:vdz—\/_/ / (rcos@ -r)rdrdf

—3; HEEAGEL. TR EET—H— B (7%))

r=2cos 0 _2
dd = 42 / cos® 6.do
0=—2%

(B—EFATHE

0_2
= \/5/ [—7’4 cos 9]
0=—7% 4 r=0
(REILSBRBE—23 (8%))

0=%
=82 (1 — 2sin®# + sin® #) d sin 6
=0

=82 {51n9—§sm 9—!—58111 9]

(REZHBEMD (10%))

=F

0=0 15

2.

Method 2. We parameterize the cone by

o
IN
<
IN
N

r(u,v) =ucosvit+usinvj+uk, 0<wu<2cosv, —
Then we compute

r, =cosvi+sinvj+1k

r, = —usinvi+wucosvj+ 0k
ry Xr, =—ucosvi—usinvj+uk
= /(~ucosv)? + (—usinv)? + u2 = V2u.
(UEEm—ERS—2 (4%))

Ty X Ty

So
u=2cos v
// zzdS = / / wcosv - uv2u du dv
mﬂEI*EﬁﬁE.J: TRREWGAEZERTT—IE—2 (T%))
’U_f u=2 cos v
= \/5/ / w3 cosvdu dv
v= %2 u=2cosv v:%
= \/—/ { u cos@} dv:4\/§/ cos® vdv
u=0 v=—7
(Eiﬁuuwﬁﬁ —3 (8%))
= 8\/5/ _5(1 — 2sin? v + sin? v) dsinv
=0
_ R SSRGS
=8v2 [smv 3sm v+ 5sm U:| - =15 2.
(REZREBMD (10%))
Remark.

1. ®K 0 BREER 0 Bl 7, MBBRERE cos® ) WED, BREEE 0, B3EB 79,

2. REBETER V5, T#IEBRELENSE, R34H3 5 2.
IRAMEERE o =1+ rcos,y =rsinf, SENBERERED, RIHEE 5 2,

4. EftfF5RIER, B 0 B 5 2F8%,

(10%) Find the volume of the cherry, which is enclosed by the spherical coordinate surface p =1 — cos ¢
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p=1—coso

Solution:

votune =] av

Eﬂ' 27 1—cos ¢

= / / / p’sing dp df d (4pts)
077 027" 01 1—cos ¢

_ / / (gpﬂ sin ) do do
071' 027r 1

= /0 /0 (g(l — cos ¢)? sin ¢) df d¢ (2pts)

_ /Oﬂ (%(1 — cos¢)? sin(b)d(b-/ozﬂdt?

2T

4. (13%) Evaluate the double integral // \/ge\/@ dA, where R is the region bounded by zy = 1, zy = 4, y = x, and
R X
y = 2x in the first quadrant.

Solution:

£—5: BHER
751)

_ _ Y
o U=2Y, V="
x

[753%2]
Y
o u= /Ty, v=4/=
x
, 9y 2u
o(u,v)  w

e l<u<21<v<V2

E: UE=%, 88252, —H62,; =RIE—RBERETAED,
F4:. @\

,£1//\/>FdA /\/_e —dvdu
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V2
T33E2] \/> VIYJA = / ve - | — 2—u|dvdu
v

/I B 35293 Eﬁimﬁ&"l:;ﬁ%uﬁ

E=4%: HEMD
753%1]

° \/E-id’U:\/E—l

4
° eﬁdu = 2¢2

[ fE -

[75%2]

V2 g
./ v-=dv=2(V2-1)
1 v

2
° ueVdu = e2
1

. //R\/ge\/@d/l—ﬂ\/i—l)ez

E: B, BT3P, F=F#1o, —HAD

5. (14%)

(a) (5%) Evaluate the line integral I; = / (—sinz + e¥)dz + (22 + xe?) dy, where C; is the line segment from
c
(0,0) to (2,2). 1

(2,2)
Cy

Cq

(0,0)
(b) (4%) Find the area of the region between C; and Cs, where Cy is a curve from (0,0) to (2,2) parameterized by

2
r(t) = =(t —sint)i+ (1 —cost)j, 0<t<m.
o

(¢) (5%) Evaluate the line integral Io = / (—sinz 4 e¥) dx + (22 + ze¥) dy.
C2

Solution:

1. Evaluate the line integral I; = / (—sinx + e¥)dx + (2 + ze¥)dy, where C; is the line segment from (0, 0)
C1
o (2,2).

2. Find the area of the region between Cy and Cs, where Cs is a curve from (0, 0) to (2,2) parameterized by

2
r(t) = ;(t —sint)i+ (1 —cost)j, 0<t<m.
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3. Evaluate the line integral I = / (—sinx + e¥)dx + (22 + xe?)dy.
C2

Solution.

1. We use parametric equation Cj : r(t) = ti + tj, where ¢ from 0 to 2. So r’(¢) = 1i + 1j, and
2
L = / (—sinz + e¥)dx + (22 + ze¥)dy = / (—sint + e’ + 2t + te')dt (3pt)
Ch 0

= (cost +e' + >+ te' — ') ’2

= cos2+ 2¢? + 3 (2pt)
0

2. The area is

//DldA z/oﬂ(l—cost)d(t—sint)—%-2.2(gpt)

™

2 ™
= —/ (1 — cost)?dt — 2
0

™

:2/ (1—2cost+w)dt—2
v 0 2

2 /(3 1 @
= — (§t—QSint+ Zsin?t) o

2 3
o =220 21 (2pt
- — 57 (2pt)

3. Let P = —sinz +e¥ and Q = 22 + ze?, then Q, =2+ €Y and Py = e¥. By Green’s Theorem, we have

11—12:/ Pd:z:+Qdy—//<8—Q—8—P)dA_//2dA_2(4pt)
C1U—-Cso D ax ay D

Hence Ip = I} —2 = cos2 + 1+ 2¢? (1pt)

6. (13%)
a 0 nd the value A such that the vector fie = (z° +4xy” )i+ (627 "y~ — J 1S conservative.
3%) Find the value A such that th field F 24 dayMi+ (6212 — 29)j i i

(b) (5%) For this A, find a potential function of F.
2
(¢) (6%) For Ain (a), evaluate / F -dr, where C is the path described by % + (y —1)* = 1 counterclockwise from

C
(0,0) to (3,1).

Solution:

(a) Let P = 2?2 + day™;:Q = 627" 'y? — 2y. We want to find X such that F is conservative. We solve the
problem:Q, = P,
= 6(\ — 1)z* " 2y? = aday !
=>A=3
(b) fm:P;fy:Q 1
= f= /x2 +dzylde = §x3 + 2223 + 9(y)
fy =627y — 2y = 62%y° + ¢'(y),= g(y) = —y* + C
1
Therefore, f = gar?’ +22%y° —y* + C

(c) Because F is conservation, / F - dr is independent of path.
c

F-dr:/Vf-dr:f(3,1)—f(0,0):26
C

Therefore /
c

7. (15%)
(a) (3%) Find curl F, where F(z,y,2) = (y* — 23)i+ (2% — 2H)j + (2* — y*)k.

Page 5 of 8



(b) (12%) Compute the line integral
b2 =P do+ (2 - ) dy + (0 - ) d,
c

3
where C' is the hexagon which is the boundary of the intersection of the plane x + y + z = = and the unit cube
B={(z,y,2)[0 <2 <1,0<y <1,0< 2z <1}, oriented as pictured.

z
0,01 )
|
! 1
H 0,1,0
o oy ™
/ -
A 2
/ 3
N 7 tytz=3 x
4 (1,0,0) 2 1T
z 2
(a) The curve C' in the space. (b) The curve C projects to xy-plane.
Solution:
(a) R R R
i J k
curlF = 9 9 9 |2 (—2y — 2z, —2x — 22, —2x — 2y)
ox dy 0z

T R R R NP

e 1pt for each component of curlF.

e If the only definition of curlF is right, you can get 1pt.
(b) method 1: Apply Stoke’s theorem

yg(yz — 2%)da + (22 — 2?)dy + (2% — y*)dz
C

= yﬁﬁ-d?: //curlﬁ~d§ (2pts)
C S

://—2<y+z,x+z,x+y>~<1,1,1>dxdy
D

(2pts for D, which is the gray area of image (b).)

(3pts for dS=(1,1,1)dzdy))
= //—2 x 2(x +y+ z)dedy = //—4 X gdxdy

D D
(If z is replaced by 0, you lose 2pts)
=—6 // dzdy
D
=—6x(1- Z) = _79 (3pts for the remaining calculations)
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method 2: Calculate the line integral directly

1~ = -~ A~ 1
01ZT(t):(§+t)i+0j+(1—t)k, r(t) =i+ 05 — k, O§t§§
1 1
2 1 2 _
/2 —(1—t)2dt+0+(—+t)2(—dt):/2(—2t2+t— §)dt: il
0 2 0 4 12
—~ —~ 1 —~ PN N 1
ngr(t):i+tj+(§—t)k, () =0i4+75 —k, O§t§§

1

1
2 1 2 —11
/20+((——t)2—1)dt+(1—t2)(—dt):/2(2t2—t—z)dt:—
0 2 o 4 12
~ 1 ~ ~ o~ o~ ~
0317"(15):(1—15)2'+(§+t)j+0k, r(t)=—i+j+0k, 0<t<
1
2

e |

1 ~ o~ o~ ~ o~
C4:r(t)=(§—t)i+j+tk, rt)=—i+0j+k 0<t<

+ )% (=dt) — (1 —t)%dt+0 = /§ (=22 +t— Z)dt
0

N =

-

1
2
/02(1—152)(—dt)+0+((%—t)z—l)dt_/02(2t2—t—Z _—u

~ ~ 1 —~ ~ o~ 1
C5:r(t):Oi+(1—t)j+(§+t)k, r'(t) =0i—j+k, 0<t<g
1 1

2 2 5 -7
/0+(—+t) (—dt)—(l—t)zdt:/ (22 41— Dyar= =
0 0 4 12

~ 1 ~ o~ ~ o~ ~ 1

Co wr(t) = ti+ (5 —1)j +F, ' (t) =i —j + Ok, 0<t<s

So, the line integral is:

-7 11 -7 -11 -7 -11 -9

2 2y 2 2 2 = Ly T T e T
yg(y )+ (27 —a)dy + (2" —y)dz = o+ -ttt g 2
C

e 1pt for each parametric equation.

e 1pt for each correct result.

8. (15%)

1
(a) (3%) Find divF, where F(z,y, 2) = (y*z + sin 2)i + (z%y — cosz)j + <§z3 + yz) k.

N T |

oriented upward.
z>0

(b) (12%) Evaluate // F - dS, where S is the top half of the sphere {

S

Solution:

(a)
divF = y? + 2% + 22
(b)

By divergence theorem

//F-dS—i—// F~dS:/// divF dE (4pts)
S S upper ball

where S5 is the unit circle in zy-plane with normal vector (0,0, —1)

1 2T z
/// divF dE = / / / * 0202 sin ¢ ddfdp
upper ball 0 0 0

b 2
=z 21 —cos iy = ?ﬂ- (4pts)
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// F-dS = // (y*x, 2%y — cosz,y?) - (0,0, —1) dA
Sa
27
// —y?dA = / / —r3sin? 0 drdf = _Z (4pts)

Thus//F dS———(—Z) 23
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