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1. (10%) Find the sum of the series given below:

o0 o0

1 mr 1

(5%) 2 o €os(— (b) (5%) ; R
Solution:
(a)
=1 nm =1
Z 2—ncos(7) = Z 4—k( 1)" (3 points)
n=1 k=1

_1

=1 (j%) = —— (2 points)
(b)
> 1 =11
nX::l NCEE) = nX::l 5(5 e 2) (2 points)

111 1 1 1 1 1
=30+ G P G (g gt | (eein)
= %(1 + 5) = — (2 point)

2. (10%) Consider the power series Z nVn 13071'
n=1

(a) (6%) Find the radius of convergence of the given series by the Root Test.

(b) (4%) Find the interval of convergence of the given series.

Solution:
(a)
"
Let a, =nV™
et an = n¥" o
By the Root Test
1
o — o v/n :
nh_)rrgo Van] nh_}rrgon |—100 (2 points)
1 . Inn

— im ——

Note that lim n V" = lim ev7 " = ¢n=o0 v/
n—00 n—oo
1
1 Z
= lim —= = lim —™ =0 (2 points)
n—o00 1/MN n—o00
n 2
1
= limnV? =¢ =1
n—00

lim /@, = |——| < 1 (1 point
Jm {/an = |1_OO| <1 (1 point)
The radius of convergence is 100 (1 point)

(b)
At z =100, lim n¥" # 0, Div. (1 point)
n—oo

At z = —100, lim nV™ # 0, Div. (1 point)
n—00
The interval of convergence is (—100, 100) (2 points)
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3. (12%)
(a) (6%) Find the Maclaurin series for cos™* z.

(b) (3%) Find the radius of convergence of (a) by the Ratio Test.
T _ 1, _
(¢) (3%) Find lim 2> %77

z—0t1 3

Solution:
(a)
-1

o0 _1
(cos™'x) = Nigars (1%)=— Z < g ) (=)™ (3%)

o0 -1 20+
=cos la= Z 2 (- (1%) +C

n=0
= n 2n+1
substitue « = 0 into equation, we have C' = g(l%)

. . o —_1 1 x2n+l
= ‘B = — _1 n PR
cos T = g + 1;) % (-1) o1

L T Y = P 2
t - = — — n —_— =
et cos™  x 2—}—2 7% (-1) ] Zak
n=0 k=0
-1 2%k—1
i T
th = —1)*
o <k31>( U T
. Ak+1
lim | |
k—oo  Qp
_1 2k+1
( ]% ) ( 1)k+lg§k+1
= lim |

1
o (k=3)(2k-1)
= Jlim | k(;kﬂ) 2% (1%)
=2? (1%)

by ratio test

if 2% < 1, series convergent

if 2% > 1, series divergent

that is, series converges if |z| < 1 and diverges if |z| > 1

= R=11%)

(If your answer of (a) is wrong, you will get 0 points in (b))

(©)

. 5= cos Ttz —zx
mi%* 3 L 5
T (Z—z—zad— 325 x
= ling+ 2~ 6 3 40 ) (1%)
r—r
1,.3 3 .5
§T° + zg%° +
= lim & 10 (1%)
z—0t T
= lim 1 + i:172 + ...
zl~>0Jr 6 40
= 6(1%)

(If your answer of (a) is wrong, you will get 0 points in (c¢) by substitution! Another method of L’'Hospital’s rule
is permitted.)

4. (12%) A model of the monkey of fortune and prosperity (i@#¥%) is given by the following implicit function:

3 5
F(a,y,2) = <$2+1y2+z2—4> (I2+(y+1)2+(z—3)2—1)—E:O.
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Figure 1: A model of the monkey of fortune and prosperity.

1
(a) (6%) Find the equation of the tangent plane to the surface at P (5, 0, 2).

(b) (6%) The surface and the plane y = 0 intersect a curve. Find the parametric equations for the tangent line to

the curve at P (%, 0, 2).

Solution:

Solution.

(a) We compute

VFZ(2x(w2+(y+1)2+(z—3)2—1)+(w2+zy2+z2—4) 2;10) i

+ (gy(x2+(y+1)2+(z—3)2—1)+ <x2+2y2+22—4> 2(y—|—1)> j
+ <2z(x2+ (y+1)2+(z-3)%-1)+ <332 + ZyQ—I—zQ —4) 2(2—3)) k.
So

1
VF | -,0,2
(2’7

1 5 1 1Y\ . 1 . 5 1

3 1 9
IR R RN PR K.
5 +2J+2 /3i+j+9

1
Hence the tangent plane equation is 3 (:E - 5) +y+9(z-2)=0.

MEBEVFE 22, SEHEIFELSENS 1 2
MPHEAVFZHE 2 2 (HE—RBQEN 1 2), FEASEARHE 1 2

(b) Let ny =3i+ j+ 9k and ny =0i+1j+0k. We have n; xng = —-9i+0j+3k/ —3i+0j+ k. The
tangent line equation is

r(t) = <%—3t) i+(2+0)k teR

RENES 2 2, REBHEBIURENS 1 2
n xEHE 22 (HE—EQEN 1 2), DRSEARHE 12

Solution 2.

(a) We compute

F

Z_x_zx(x2+(y+1)2+(z_3)2—1)+<x2+gy2+22—4>2$

OF 3 3
=y 1)+ (2 =3 D)+ (2® + Tyt 2t -4 2(y + 1)
dy 2 4

8—F—2z(x2+( +1)2 4+ (232 1)+ R B 2(z — 3)
9z Y 4y '
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So
oF (1 3 oF (1 1 oF (1 9
(z02)=2 (202) == (Z0,2) =2,
5w (302)=5 & (02)=5  FE(302)=;

At P = (5,0,2), the surface is locally be written as a function z = z(z,y), so the surface satisfies

F(z,y,z(z,y)) = 0. We compute

OF OF 9z 9z 2L (p) 1
%4-%%—0:}%(?)—_%_5@) Y
OF OF 0z 0z G (p)

1

Hence the tangent plane equation is

%uaagm%(m il g—Z(P)% 2%, BHHE2TESERE 1 9

%(p) 1 %(P)ﬁ%ﬁ% | 5, TESEARHE 1 2

(b) When y = 0, the equation of the curve will be
F(z,2) = (2 4+ 22 —4)(2* + (2 = 3)*) — = = 0.

1
In this case, we have Q(z, z) = (5, 2)

g_i(@) = 2z(2” + (2 = 3)*) + (a” + 2° — 4)22[q = g
Z—Z(Q) =22+ (2= 3)%) + (¢® + 2% — 4)2(z — 3)|g = g.

We can think the curve as z = z(z) and F(z, z(x)) = 0, so we compute

OF OF dz dz or 1
Eﬂ;+”5;ag-—0:>a;(Q)—“—%§(Q)—-—§-

So the tangent line equation is

r(t) = (%th) i+(2—%t) k teR.

MEBHIESHZMDE 2 2, SHHEBZURENS 1 2

L Qe 29, TRHEAENE | 5

2 2
5. (12% total, 4% each) Compute (a) the unit tangent T (%), (b) the curvature x (g) and (c) the arc length

2
fromt=0tot= g of a space curve C' parameterized by

2 1 2 1 1
r(t) = <§t - 5#) i+ <§t + 55") i+ §t3k.

Solution:
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/(t) = (? t, £ + t7t2) (lpt)
v’ (t)| = \/(g —t)2 + (g +1)2 + 14 =1% 41 (2pts)
()

2
+t,t%) (3pts)

(

r’(t) = (=1,1,2t)
/(1) x " (t) = (V2t + 12, —v/2t + t2,v/2) (1pt)
() < r:’(t)| /ﬁ(tQ +1) (2pts)

I'(t) x ") V2 (3pts)

v/ (¢)3 T 241

<

(2pts)

0
122 V2 7
=375 T3 = gV2 Uts)

6. (14%) Find the points on —2* 4+ 2y? + 22% = 1 that are closest to the point (0,2,2).

Solution:

Let f(x,y,2) = 2® 4+ (y — 2)® + (2 — 2)°. Employing the Lagrange multiplier, we obtain (4pts)

2z = A\(—2x),
2(y —2) = A(4y),
2(z — 2) = A\(42),
—2? 22 4222 =1,
where A is the multiplier to be determined. It is easy to solve the above system to get x = 0 or A = —1, and
2
=z= 2pts).
y=2z= 175 (2pts)

2 |2 2 16 35
2 1l 1= 12 =44 A= 2
(=) +2 =) (1—2))2 22
2 1 2 1
Theny-z-m_iory_,z_ITS__5
e Case (ii) A = —1 (2pts)
I S W
YTET T2 T ~ 73 3 B
119 1 1, 25 V7 22 39 ,
We obtain f(0, '3 5) =3 f(O,—§,—§) > and f(:l:?,g,g) =3 (3pts). This shows that the closest
72 2
points to (0,2,2) ar (i%, =3 (py)
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7. (16%) Let f(z,y) = 3 + 32%y — 622

(a) (8%) Find all critical points for f(x,y).

— 6y% + 1.

(b) (8%) Determine whether they are local maximum, local minimum, or saddle points.

For x =0,y =0 or 4.
For x # 0, y= 2. Therefore, z = 2 or —2.

fyy(2,y) = 6y — 12

(0,4) is local minimum. (1 point)

Jay(2,y) = 62 )

D = faefyy = (fay)

For (2,2) and (-2,2),

foatfyy — (fay)® = —144 <0

(2,2) and (-2,2) are saddle points. (2 points)
For (0,0),

Joafyy — (fay)® = 144> 0 and f,4(0,0) <0
(0,0) is local maximum. (1 point)

For (0,4),

Joafyy — (foy)® =144 > 0 and f,4(0,4) >0

Solution:
(a) fz(z,y) =6zy — 122 = 6z(y — 2) (2 points)
fy(z,y) = 3y? 4 322 — 12y = 3(2% + y* — 4y) (2 points)

(Above description was worth for total 4 points)

Consequently, (0,0), (2,2), (-2,2) and (0,4) are creitical points. (each point was worth 1 point.)

8. (14%) Consider a function z = z(z,y) satisfying the partial differential equation:

e g o
0x? = 0xdy Oy?
22
Suppose that © =  — 2y and v = = + ay will change the partial differential equation into i 0. Find the
constant a. uav
Solution:
(733F—) BEBEEHTA
ou_ . ou_ L
or oy or " Oy “
BESEHUMIEHEEUTHF
0: _0:ou 0:dv
9r  Oudr  dvor T
%—%% 0:0v _ —2z, +az
dy  Oudy v 3y “ Y
—& 8
&z _Ow Oz _[Oz0u  OzOv] [020u 0zbv) o
0x2  Ox or | Ou Oxr  Ov Ox Ju 0z | v gz |  uw T Fuv T Ew
Pz _ GO 05 _ o [020u , 02 Ov] | 102 0u Dz 0v
oxdy or ' “or ou 0x  Ov Ox ou 0xr  Ov O
= —2zuu + (@ — 2) 2yp + AUy,
3_2,2 B 0z, ta O0zy 9 0z, Ou 0z, Ov 0zy Ou Oz OV
0y? By oy Ou dy | v dy Ou dy = v dy
= 42y — dazyy + 0% 2pe

Page 6 of 7




RAtEEEERARLGERTE
6 (Zuu + 2200 + Zuow) + (—22uu + (@ — 2) 2up + azpy) — (4 — dazuy + a22w) =0

{LRSED
(5a + 10) zyy + (6—}—(1—(12) Zow =0

ERPEERTU TG AERRRELETHS 2, =0:
56 +10#0 B 6+a—a®>=0

ftMa =3, (733EZ) BHIFHFTKRE
au + 2v —u+ v

= a+2 ’ vy= a+2

HIZU T SRRt B IR EEE
0z 0z0r 0z0y 2 1 1

G0 dwov Toyov a2 Taxe T aga et
73]l
Pz _ 0 (02 _ 1 ()0 0z
udv  du\dv) a+2 ou ou
1 02y @ 02y @ O0zy Oz 3zy dy
a+2 [2(696 8u+ Oy 8u>+<8:6 5)u+ Oy Buﬂ
1
= m (20202 + (@ — 2) 2gy — 2yy) =0
EMmEEBRRETEF
2a =6 ; (a—2)=1
AMES a =3,
FoIESE:
(1) REOEERFL4D,
(2) ZHERMIEHERHEBRERI DD, 5823,
(3) RERBaVIPDETRE, 15323,
(4) —

4) —HERMDOEIEGEID,
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