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1. (14%)

1

T+

(a) (7%) Find the indefinite integrals

of/sec@ de.)

(b) (4%) Find the value of the constant a for which the improper integral

o0
1 a
/ — dx converges.
0 ( 241 T+ 2)

(¢) (3%) Evaluate the improper integral for this a.

dz (5%) and /

2d:v (2%). (You may use the integral formula

|

Solution:
(a)(Tpts)
[part1—(5pts)]

1
——— dx
/ Va?+1
let z = tanf = dax=sec?d df (2pts)
——dx
Va2 +1
sec? 6
= do
/ sec 6

:/sec@ do

=In|secf+tanf |+ ¢

=ln|vVaz+1l+z|+c

[part2—(2pts)]

1
/ dzr
T+ 2

=lnjx+2]|+c¢
(b)(4pts)
° 1 a
— dx
/0 (\/:c2+1 CC+2)
¢ 1 a

=lim

t—oo 0(\/:E2+1 oz +2

consider the indefinite integral

1
/( BRI
2 +1 x4+ 2

=ln|vVa2+1+2| —aln|z+2]|+c¢

)dx
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LetI:/( L%
0

2+1 x+2
o0 1
I:/ ( S )dz
0 2 +1 z+2
¢ 1 a

)dx

:1. -
oo 0( 211 r+2

:tlim (In(vt?+14t) —Inl—aln(t+2)+aln2)
—00

. VE2+1+t
_tlggo In( it 2e )+aln2 (2pts)
ViZ+1+t
Thus we only need to consider lim In v+t
t—00 (t —+ 2)“
VE2+ 1+t
let L= lim In Y2 "1 *7
t—00 (t + 2)‘1
e 1 a
I:/ ( - )dx=In L+1n2
0 241 T+ 2

(casel) a > 1
L=0

I=InL +aln2 — —oo dverges
(case2) a < 1 then L— 0o , and I=In L +aln2 — oo dverges

(casel)and(case2) (1pts)

(cased) a =1

2
L= lim lnt+71+t =2

I=EnL+In2=n2+1n2=2In2

Thus I converges when a=1 (1pts)
(c)(3pts)
When a=1

. 2+1+1¢
L= tli)ngo In Ty 2 - (2pts)
I=Eln L+In2=In2+1n2=2In2 (1pts)
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2. (12%) Find the following indefinite integrals:
32+ t+4
(a) (6%) / St g

3+t

(b) (6%) /cosﬁdw

Solution:

24+t+4 A Bt-l—c(l int)

_— = — —_— o1n
Bt t ey P

= A=4,B=-1,C =1(1 point)

4 —t+1 1
/ -+ —+dt =4Inlt| — B In(t*> + 1) + tan~' ¢ 4 ¢(1 pointt for each)

(a)

t o t2+1
(b) Let v = u,= dx = 2udu.

/cos Vadr = 2/ucos udu(2 points)

= 2/udsin
= 2(usinu — /sin udu)(2 points)

= 2(usinu + cosu) + ¢
= (2/zsin /z + 2 cos /) + ¢(1 point for each)
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3. (12%)
d
(a) (10%) Solve the initial-value problem: d_gtc = (a —x)(b — z), where a > b > 0, for x = z(¢) with z(0) = 0.

(b) (2%) Find tlg(r)lo z(t).

Solution:

@) — &

(a —x)(b—1x) B

dx
(a—@@—x)_/&ﬁ
LI S R RS
b—a a—x b—zx T

1
éTa(—ln|a—x|—|—ln|b—:17|):t—|—C

=
=

b
1 a—x
—1 =t
= a—2>b . b—=x +C
sx(0) =
1 a 1 a
L= ——m|f]=——m]
¢ —b b a—b b
=In Z_i =(a—b)t+1In—
a=T _ 2 (a—b)t
b—z b
= gbel*— 0 (ae(:) Dt — ab — bx
ab(ela=0t — 1)
= xz(t) = PO -
) . ab(ele=bt _ 1) . ab(a —b)ele—0?
(b) tlilgox(t) B tlilgo aele—bt _p tlilgo a(a — b)e(a*b)t =b

T EE
(a) BEDEE 2 5
WK 4 9

O REHEE 2 9
mE O WRE - B2 9
(b) BBEFHED

Page 4 of 10



4. (12%)

a) (10%) Solve the initial-value problem: zy’ —y = z?sinz, with y(7) = 0.
Yy -y Y

(b) (2%) Find lin&M.

2

Solution:

1

(a) The linear differential equation is 4’ — —y = xsinz. We multiply the integrating factor
x

of mwde = gmInfel — 51 (BPRFEEHRE 5 D, FHEBERDIE 2 D, )
on both sides of the differential equation and get

1, 1 . d /1 . 1 .
—y — sy=sinx=— |-y | =sinx=—-—y= [ sinzdr =—cosz + C.
dr \z x

x x?
So y(z) = z(—cosz + C). (BENEETE 8 B, ) The initial condition y(7) = 0 implies 0 = 7(1 + C) and
we get C = —1, (BREEIEHBEE 1 D, ) so the solution of the differential equation is

y(z) =z(—cosz —1). (RETENIHERLEBE 13, )

The limit is

ARE, EAMULEEE, Bl —oco /I ABFE I B I WIUEY, § 2 2, EEABUEEREERXET
R, RENERRERI —co ), MAERIT ABFEIDT B 1. ARERBULEEAER, E2F. 28Z8M
DEREOVBR T REE I 8BE 1, UAREERERTER, REHWEMERBUEZNERAERIBIGERE
fiz, BRiaD., BREH 302 HisH, ERABLER, BB BREE 1HE T Loo 1 EERRTUR ERERAY
HR.
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x

1
5. (10%) Evaluate lim = [ (1 — tant)'/*dt.

z—0 T 0

Solution:
[ —tant)T dt

0
First, note that lim is of the form — .

T X
We can use ’'Hospital’s rule to evaluate the limit.
[y (1 —tant)T dt i

lim = lim (1 — tanxz)= By fundamental theorem of calculus. (5 pts)
z—0 x z—0

Then we take log to evaluate the last limit.

lim M is of the form Y
x—0 x 9 0
= lim e T —1 by ’'Hospital’s rule

z—01 — tanx

(5 pts)

Thus we have lim =e "=
x—0 x

Jy@ —tant)rdt | 1
e

J3(1 — tant)* at

# 1'(0)

Note lim
xr— X

where f(z) = / (1—tant)* dt
0

FTCIf f(z) = / g(t)dt for z € [0, a]
0
then f’'(z) = g(z) for z € (0,a) but not for z = 0,a
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6. (12%)

(a) (4%) Show that the area of an ellipse with the semi-major axis of length a and the semi-minor axis of length b
is abw. See Figure 1(a).

(b) (8%) A toothpaste tube is modeled in Figure 1(b).

T
Y

Y
l
/
/
2—0 z =20

(a) (b)

Figure 1: (a) The area of an ellipse is abr. (b) Find the volume of the modeled toothpaste tube.

e One side is flat and is located at —7 <z < m,y =0,z =0.
e The other side is a circle with radius 2, so the equation of the circle is 22 4+ y? = 4, z = 20.

e FEach cross-section for 0 < z < 20 is an ellipse with the semi-major axis of length a and the semi-minor axis
of length b, where

z 1
= 2—7)— d b=—z
a=7+4+( 7T)2O an 107

Find the volume of the modeled toothpaste tube with 0 < z < 20.

Solution:

(a)

72 2 22
Ellipse equation: — + Y _q =, y==2b/1——= (1%)
a? b2 a?

Aera

a 2 4b e
- 4/ b\[1 = Sda (1%)= —/ Va? — 22d
0 a aJ o

= 4ab/2 cos? 0df (let x = asinf, dr = acosfdf) (1%)
0

_ 2ab/§ (14 cos 20)d8 (1%)
0

1 .
= 2ab(6 + isin 20)|¢

= abr (1%)
(b)
Volume
20 2 1
= /0 m(m+ (2 — w)%)ﬁzdz (4%)
B 207 ) sz
_/0 o z 4 m( —7r)2—00 z
2
™, w2 =7) 5 90
(L 2T 2
(557 + —gg 2 o (2%)
20 80
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. (12%)

(a) (3%) Find all intersection points of the two curves 7 = v/2sin 6 and 72 = cos 2 in their polar equations.

Figure 2: (a) Find all intersection points of the two curves. (b)Find the area of the shaded region.

(b) (9%) Find the area of the shaded region in Figure 2.

Solution:

(a). If we solve the equations r = v/2sin# and 2 = cos 26, we get

r? = cos 20

{ r=12sinf

= 2sin?0 = cos20 =1 — 2sin’ 9

N 9771' 57 Tm 11w
676767 6

N 1 1 -1 -1

r:_a_a_a_

V2 V2T V2 V2

We have found two points of intersection:

1 =«
(T79):(7§7E) (lpt)

SE

(r,0) = ( ) (1pt)

1
V2
However, if we plug # = 0 into r = V2sinf and 0 = 7/4 into r? = cos26 ,we can find one more point of
intersection:

A = 2 <%/6(\/§sin9)2d9+%/4 cos29d9> (6pts)
0

us
6

™

= /6(1—cos2t9)dt9—l-/4 cos 26d6
0

jus
6

ol
]

1 1
= <9 ~5 sin 29> ‘ + 3 sin 26 (2pts)

a3
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— — 1
8. (16%) The front door of a school bus is designed as in Figure 3. It is a folding door with AB = BO = 3 The door

is opened or closed by rotating OB about z-axis, while A is moving along y-axis.

z
A

90“00\

-~

V() B

Figure 3: (a) Find the enclosed area by the curve (¢) and two axes. (b) Find the length of the curve ~(t).

The region swept out by the bus door on the zy-plane is enclosed by the two axes and the curve «(¢) parametrized
by

(sin®t, cos® t) ifo<t %

0= @O =9 4 L
—sint,—cost | if — <t< -

2 2 4 2

where 0 <t < g denotes the angle between the positive y-axis and OB.

(a) (10%) Find the area of this region.
(b) (6%) Find the length of the curve ~(t).

Solution:
The curve consists of two parts: a half of a branch of an astroid (for 0 < ¢ < 1 ), and one-eighth of a circle (for
— < t <
4 2 )
(a)
(1) Formulation:
3 1 71 1
/yd:z: = / t)dt + / y(t)' (t)dt = / cos®t - 3sin® t costdt + / 3 cost - 5 €08 tdt
1 0 1

31
=/ 3 cos® t sin? tdt—i—/ Zcos2 tdt
0 S

Or, noting that as y goes from 0 to 1, ¢ varies from g to 0,

/xdy _/ t)dt + /_1 x(t)y' (t)dt

21 )
:/ 3 cos? tsin tdt+/ Zsin tdt
0 1

Alternatively, if polar coordinates are to be used (letting the polar axis be in the +y direction and 6 be in the
sin® ¢

o t) = tan"*(tan®¢), such that

clockwise direction), 6 =t for the circle part, while § = tan™ (

1, 1o d0 /%12
A/ d9—/ P20 S [ S

Ny

3tan? tsec tdt—i—/% 1dt
1+ tanS¢ z 4

71
E(sm t + cos’ t)

T3 71
:/ - 1n2tcos2tdt+/ —dt
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(2) Integration and evaluation:

1 s2t, 1
/cos4 tsin? tdt = /(&)(Z sin? 2t)dt

2
1 1-— 4t
= —/(ﬁ—l-sin2 2t cos 2t)dt
8 2
1 1 1
:E(t—zsin4t+§sin3t)
1 2t 1 1
/COSQtdtZ /(—’—C%)dt = §t+ ZSin?t
T ) 1
Az/yd:vz/ 3 cos® tsin tdt—i—/ Zcosztdt
0 I
1 7 1 17 1 3 1 1 1 5
:3-— ——O — —_ )= — =) = (— —_ —_ —_—) = —
TV UL R Uy L TN T TR
(For your reference, the other methods yields / dx = (3 - i) + (i + i) S and /lr2d9 =
Y ! Y O T T T T A T 2" YT

3 1 .
ea” + 33" = 54" respectively.)

e Grading policy: for the astroid part: 3% for formulation, 3% for integration and 2% for evaluation; 2% in
total for the one-eighth circle part.

(b)

(1) For the astroid part:

L, :/dS:/4 (d—x)2+(@)2dt:/4 \/(3sin2tcost)2—|—(—3c052tsint)2dt (3%)
. Vi dt o

I . ) 1 .o,z 4
= 3|sint cost|Vsin” t + cos? tdt = 3 [7 sin“t]§ = 3 (2%)
0

(2) For the circle part:
3 [ 1 1

Ly = /% \/(5 cost)? + (—5 sint)?dt = /% idt = % (1%)

. 1 1 oL . .
Or directly Lo = 5(2 ST 5) = g since it is one-eighth of a circle.

3
Thus the total length is L = Ly + Lo = 1 +

|3

Page 10 of 10




