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1. (8%) Find the limit

—1 o2
lim tan (5i1;(a:c))
=0 tan(sin”™ " (bx))

3

where a and b are constants, and b # 0.

Solution:
By L’Hopital Rule and Chain Rule, we have
arctan(sin(az)) . 71+Sinl2(ax) cos(ax)a a
250 tan(arcsin(bx)) = 250 sec? (arcsin(bz)) ———b D
£/ 1—(bx)?
[Method 2]
By trigonometric function, we know
b
tan(arcsin(bz)) = S
1— (bx)?
So we get
. arctan(sin(ax)) . m cos(az)a g
= lim ———— = lim ==
z—0 bz 2—0 by/1—(bz)2 — —L222 b
V 1—(bx)? 1_([)1)\2/17(@)2
[Method 3]
arctan(sin(axz) arcsin(bz) sin(ax) bz ar a
= lim -z
z—0  sin(az)  tan(arcsin(bxz) ax arcsin(bx) bx b
Policy:
If you completely solve this problem, you can get 8 points.
If you use I’H@pital Rule but you don’t use Chain Rule, you will lose 1 point to 4 points.
If you use L’H@pital Rule wrongly, you will lose 1 point to 3 points.
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2. (10%) Figure 1 shows a circle with radius 1 inscribed in the parabola y = 222, Find the center of the circle C, and
find the tangent points P and Q.

xT

Figure 1: A unit circle is inscribed in the parabola y = 2.

Solution:
First, we set C(0, ¢), P(a,2a?), Q(—a, 2a?), where a > 0. And we can know tangent line of P is y—2a?* = 4a(z—a).
And we know two prependicular slope m; and ms satisfying myms = —1 So
2a% — ¢
X 4a = —1
a—0 “
. So we have
202 —¢c= —~

On the other hand, because the radius of the circle is 1. So we have

a4 (2a°> —c)? =1

so we have

so we get

Therefore we can know

Policy:

If you completely solve this problem, you can get 10 points.

If your answer is correct, but you have no get C or P or Q, you will lose 1 point to 2 points.
If you have calculation error, you will lose 1 to 5 points.

If you have no or have less idea to deal this problem, you will get 0 point to 4 points.
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3. (10%) Student A used some mathematical software to plot a dolphin-like curve as Figure 2.

Figure 2: Dolphin-like curve.

On the dolphin’s back, he considered two functions:

1 2
flx)=—= (z—z> —|—%, 0.7<z<4

g(x) = + b, 4 <x<6.3.

Find constants a and b such that the union of two functions f(z) and g(z) is differentiable on (0.7,6.3).

Solution:

2
f(4)—%1< —g) +%:2 (1 point)

g(4) = xlir2+ glx) = —%a +b (1 point)
f4) =94 = —30 +b=2 ( Because we want f(z) and g(z) to be continuous, we set f(4) = g(4).) (2 points)

L fad) @) 1
6—0*t = 8
gd+9d)—g4) -1

(1 point)

S8, 5 =g @ (Lpoint)

-1 -1

5 -5¢ (Because we want f(x) and g(z) to be differentiable, we set that left limit equal to right limit.) (2 points)
9 19

We solve the simultaneous equations, and we can get a = 3’ b= 3 (2 points)
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4. (10%) A rectangle has vertices (—x,0), (,0), (x,y), (—z,), where y > 0 and where 2 + y* = 1. Suppose that z is
changing with the time ¢ in the way z(t) = t*, -1 < t < 1.

(a) (5%) Find the rate of change of y(t) with respect to ¢.
(b) (5%) Find the rate of change of the area of the rectangle with respect to t.

Solution:

(a)

methodl:

Py =1&z(t) =12

=yt)=v1—-t* (2%)
3

—2t

=9/(t) = 3%
V()= == (3%)
method2:
2?42 =1
dx dy
substitute x(t) = t*, a'(t) = 2t, y(t) = /1 —t4
—2t3
=y'(t) = 2%
(b)
methodl:

area A(t) = 2x(t)y(t) = 26>/ 1 —t4 (2%)

—4t5 4t — 8t°
= A'(t) = 4t\/1 — t4 = 3
(t) +¢L%4 VL%4(%)

method2:
area A(t) = 2x(t)y(t)

d d
@Axm:2£@+2%%(wa

substitute x(t) = t2, 2/(t) = 2t, y(t) = V1 —t4, y/'(t) =

_A4D Qb
= A'(t) =41 -t + A
Vi—tt J1-t4

(2%)
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—2?+3z -1

and reasoning) in the space following. Put None in the blank if the item asked does not exist.

. Answer the following questions by filling each blank below. Show your work (computations

(a) The function is increasing on the interval(s) and decreasing on the interval(s)

. (6% total)

The local maximal point(s) (z,y) = . (2%)
The local minimal point(s) (z,y) = . (2%)
Reason:

Solution:

by (2z+3)(a?+1)— (2 + 3z —1)2z  —322+3
) = (22 + 1)2 T @212

(2 points, NFHBILEFEILD)

f(#)=0 2z =41

r<—-1]|-1<z<l|z>1
[ - + -
f hY s p
f is increasing on (—1,1) (2 points)
f is decreasing on (—oo, —1) U (1,00) (2 points)
1
f has local maximum (1, f(1)) = (1, 5) (2 points)
f has local minimum (1, f(—1)) = (-1, _75) (2 points)
(b) The function is concave upward on the interval(s) and concave downward on the
interval(s) . (4% total)
The inflection point(s) (z,y) = . (3%)
Reason:
Solution:
(@) = =3 x 22(2% +1)% — (2% — 1)2(2% + 1)22
@1y
_ 3y 2x(—x® +3)  6x(z? —3)
B (z2+1)2 (22 +1)3

(2 points, NFHBILEFEINLD)

f'2) =0 2=0,4+V3

o< V3| -V3<a<0|0<z<V3|z>V3
= + -+

f concaves up on (—v/3,0) U (V/3, 00) (1 point)
f concaves down on (—oco, —v/3) U (0,v/3) (1 point)

—3v3 -4 3v3 —4
4 V3 ——

inflection points (0, 1), (—V/3, ), (V3, 1 ) (3 points)

(¢) The vertical asymptotes lines of the function are

The horizontal asymptotes lines are . (3% total)

Reason:

Solution:
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vertical asymptote:
Because f is continuous on real line, there is no vertical asymptote.

horizontal asymptote:

. T |
lim ————=-1
T—00 2+ 1
. — 2243z -1
lim —————=-1
xr——00 s + 1
= y = —1 is the horizontal asymptote.

Hp—ENRERERIERKG22, MTHR1ID.

(d) Sketch the graph of the function. Indicate, if any, where it is increasing/decreasing, where it concaves up-
ward/downward, all relative maxima/minima, inflection points and asymptotic line(s) (if any). (4%)

Solution:

horizontal asymptote:

1 point
local maximum and local minimum: total 1 point
A it 52 EER 1 - 2 points
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6. (12%) An elliptic billiard table (#§EfZEIX=K) is shaped by the equation

2

x 2

— =1.

p Y

A billiard ball is located at the Q(1,0). Find all points P on the boundary of the elliptic billiard table such that the
billiard ball will roll from @ to P and bounce back to ) again. (We assume that the angle of incidence is equal to
the angle of bouncing back.)

Solution:
. y-0
Let point P is P(z,y) = The slope of PQ = Y 1= Y T (1 point)
T — T —

2
x
From T +y? = 1, we differentiate both sides with respect to x.

Then, we get % +2y-y' =0.
Therefore, we find that the slope of P is y = ;_:c (3 points)
Y

Case l: x #1,y#0

Then, _¥y . ZF_

r—1 4y
4

= —x=—4xr+4 :>:v:§

—1. (1 point)

4 2
Weput:z::§ backto%—l—yzzl éy:ig .
4 Vb5 4 5
The points are (= £) and (= \/_) (4 points)

373 33
Case 2. £= 1
From % +9yP=1,9y= :I:?. (1 point)
—1
However, under x = 1, the slope ¢y’ = ™ # 0 = Two lines are NOT orthogonal.
Y

Case 3. y =0
2
r 2
From Z—i—y =1, x==2.
PQ = 0, the tangent lines of point P are vertical lines = There are orthogonal to each other.

The points are (2,0) and (—2,0). (2 points)

Points P are (%, g) , (%,—g) , (2,0) and (—2,0).
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7. (14%) A circular cone frustum-shaped lampcover (IEE# &R KMIEE) is made from an annulus piece of paper by
cutting out some part of it and joining the edges AB and C'D as Figure 3. Find the maximum enclosed volume of
such a lampcover.

A C

10 cm

Figure 3: Make a frustum-shaped lampcover, where OA = 10cm and AB = 10 cm.

h
Remark that the volume of a circular cone frustum is V' = %(Tf + 7179 +73), where h is the height of the frustum,

and rq1, ro are the radii of the two bases.

Solution 1. See Figure 4. The similarity tells us that ro = 2r; and 77 + h* = 10%

Figure 4: Find relations between rq, 72, and h.

So the volume of a circular cone frustum is

h h
V(h) = %(T% +rirg +13) = %(r% + 71 -2r + (2r1)?)
Th _ o Tm 9 9 T 3
= = —h(10° — h?) = —(100h — h
T3 = SUR(10° — B2) = (100 — 1),
where h € [0,10]. In order to find the maximum volume of V(h), we compute

7T 10
V'(h) = —(100 —3h3) =0=h = —.
(h) 3( ) 73

We compare the following values:
V(0) =0, V(10) = 10, Vv (_> =3 7 (102 _

140007,
9v3 '
Solution 2. See Figure 5. The similarity tells us that ro = 2r1 and 7] + h? = 10> = h = \/1()2 —r? = \/100 -7

102) 140007
3 ) 93

Hence the maximum volume is

So the volume of a circular cone frustum is

7h

T
V(r) = ?(r% +rirg +13) = g1/100 —7r2(r? +1r1(2r1) + (2r1)?)

7
Sriy/100 12,
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Figure 5: Find relations between rq, 72, and h.

where r1 € [0,10]. In order to find the maximum volume of V(r1), we compute

s —2r
V'(r) = — | 2r14/100 = r} 4+ 1] - ———
(r1) 3( ! PN 9 /100 — 2

_Tr <2r1(100—r%)—r§> _Tr <r1(—3r§+200)> 0

3 /100 — 72 3 /100 — 72

. . 200 10 .

then we get the critical points are r1 =0 and r; = = = 3\/6 We compare the following values:
10 7w 200 200 140007
V(0)=0 V(10) =0 V{—=v6)=—-—4/100— — = .
=0 vao=o. v (FVe)= T 20 - I - E0
14
Hence the maximum volume is w cm?®.
9v3

V202 —r3 /400 — 13
5 :

1
Solution 3. See Figure 6. The similarity tells us that r = 372 and r3 +(2h)? = 20> = h = >

Figure 6: Find relations between 71,73, and h.

So the volume of a circular cone frustum is

h VA0 —72 (/1 \? 1
V(rg) = W_(rf +1rire +r§) — il i 7702 ((—7‘2) + (—r2> T +7‘§>

3 3 2 2 2
/ _ 2 2
:Z.M.EZE@‘MOO_T%,
3 2 4 24

where 72 € [0,20]. In order to find the maximum volume of V(rg), we compute

s —279
V'(rg) = — | 2r91/400 — 72 4+ 12 . ———=
(r2) 24( ? P29 /400 — 2

Tm [ 2r(400 — r3)—ry\ E r2(—3r3 + 800)
JA00 12 24\~ /100 _ 12

)

24
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800 20
then we get the critical points are ro = 0 and ro = = = 3\/6 We compare the following values:
20 7 800 800 140007
V(0)=0 V(20) =0 V{i—Vv6)=—-—1/400 — — = .
0)=0, V(0)=0, <3f> o S a0 - 50— 18
Hence the maximum volume is 140007 em?®.

9v3
Solution 4. See Figure 7. Let 6 be the angle of the annulus papers, then we know that
50
2rim =100 = r; = —,
T

106
27‘27T= 200 = ro = —,
™

2501 5
h2+rf:102:>h:\/102—rf=\/EZ—V‘“T_W'
™ ™

Figure 7: Find relations between 0,71, 72, and h.

So the volume of a circular cone frustum is
h 5
V(o) = %(r% +rirg +13) = g S Z\/An2 — 02 T}
T
2 2
= % S <5—9) _ 8 e,
T

T 32

where 6 € [0,27]. In order to find the maximum volume of V(6), we compute

_ 2 _p2y _ p3
Vi(9) glz (29\/m+92. 20 ) 875 (29(4w 62) — 9 )
Y

2V/472 — 92 3m? VAn? — 62
_ 875 —0(30% — 87%) _0
- 32 Var? — 92 -
. . 8 2 .
then we get the critical points are # = 0, and 0 = §7T2 = 5\/67T We compare the following values:

V(0)=0,  V(20) =0,
2 875 8 8 875-8 27 14000
v(\/aw):_._z sr— S _ 87528 21 ™

3 3r2 3" V3T 9 V3 93
Hence the maximum volume is w cm?®.
9v3
Solution 5. See Figure 8. Let ¢ be the cutting angle of the annulus paper, then we know that
527 — 0 5
%1 = 10(2m — ¢) = 11 = L:5(2—?> —10- 22,
T T T
10(2r — 0 10
Irom = 20(27 — @) = 1y = L:m(z—f) _ 90— 102
T T T
2.2 2 [1h2 .2 56\° 5 5
h*+rf =10 = h=,/102 —7r{ =4/100 — | 10 — — | = —+/47wp — ¢2.
T T
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Figure 8: Find relations between ¢, ry,rs, and h.

So the volume of a circular cone frustum is

2
V(p) = 7T—h(rf +rire +15) = g : %\/Mgb— ®? -7 (2(277— ¢))

3
= SoVas = P2n - 0)? = S /ITe— P 2m - ),

where 6 € [0,27]. In order to find the maximum volume of V(6), we compute

i) < 570 (1 dm — 2¢

2
=33 §m(2w—¢) + 47T¢—¢2(—47T+2¢)>
_8m5 ()

37 fing — ¢
_ 875 (27— ¢) 2 2
W e (47* — 127¢ + 3¢7) .

127 — /14472 — 4872
6

(27— ¢)* = 2(47¢ — ¢7))

2
then we get the critical point is ¢ = =27 — 5\/6 We compare the following values:

V(0)=0, V(20)=0,
v (gﬁ _ 2\/6) - %\/@w _ gmf) (gﬁ + gm) (gﬂ) _ 1‘;(132”.

140007
93 '

Hence the maximum volume is

A EE

Let 6 = ZAOC be the angle of the major sector and ¢ = 27 — 6.
Let a be the angle between AB and the base of the lampcover.

a. [4pt] Relationship between r1, 75 and h

50 100 ) 10
(a) 2pt] ro=2rporry = —,ro=—orr; = —(27r — ¢),ro = — (27 — ¢) or r; = 10cosa, 19 = 20 cos
T T T T
(b) [2pt] h? + (r2 —r1)*> =10% or h = E\/zw —02or h= §\/47r¢ —¢2or h=10sina
T T

b. [2pt] Form the target function V'

7

(a) V= ?W 100 —r3 - 72
7

(b) V = 2—;: 400 — 2 - 72
7

(¢) V= %h(lOO— h2)

8756% | 02
(d) V= 3 4- 2

(&) V=0 fing— g2 - (2 — ¢)?

T 3x2
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) V= 70007

(sina — sin® a)

c. [3pt] Take derivative

dVv  Tm —r3

(a) o —(7;2 + 2r14/100 — 72)
dV o 77T _7'2

(b) e 24( o0 + 2r54/400 — r3)

av  Tr

(c) 3 — (100 — 3h?)

(@ dv 8750 8m%—30°
df  3m2 An2 — 02
dv. _ 875 (2m — ¢)(3¢* — 12m¢ + 47°)

dp — 3m2 V2nh — 2

AV 70007 i
() o= 3 (cos @ — 3sin” acos )
d. [2pt] Solve V' =0
10
(a) r = ? 6
20
(b) To = ? 6
(c) h= 13—0\/§
(d) 6= gﬂ'

(e) ¢=2m(1— \/g)
(f) a =sin* \/g

e. [2pt] Check: volume=max
140007

9v3

Note: If 7 = 10 is assumed (which is wrong, of course), one can get 7points at most.

f. [1pt] Calculate: Viap =
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8. (12%) An object at rest with mass m is dragged along a horizontal plane by a force acting along a rope attached to
the object so that the object remains at rest as Figure 9.

Figure 9: Drag an object with 0 < 4 <

STE

3

If the rope makes an angle 6 with a plane, where 0 < 6 < 5 then the magnitude of the force F' will satisfy the

equation
pu(mg — Fsinf) = F cosb,

where p is a positive constant called the coeflicient of static friction and g is the gravitational constant. For what
value of 6 is F' smallest?

Solution:

Solution 1. Since F = F(0), we implicit differentiation the equation with respect to 6 and get
pu(—F'(0)sinf — F(6) cos ) = F'(0) cosf — F(6)sinf. (4 points) (1)
We will solve 6 such that F'(#) = 0, which means
w(—F(0)cosf) = —F(0)sinf = F(0)(—pcosb + sinf) = 0.
Since F(6) # 0, we have pcosf = sinf = tan = y = 0 = tan”* . (5 points)
From (1), we get

F(6)(sin® — pcosb) .

/ . _ . _ Y2 —
F'(0)(cos O + psinf) = F(0)(sinf — pcosh) = F'(6) cos0 1 jrsind

<1 0
o If < tan"' y4, then tanf = bme < p=sinf — pcosf < 0. From (2), we know that F'(6) < 0.
T cos
<1 0
o If > tan ' sy, then tanf = bme > = sinf — pcosf > 0. From (2), we know that F'(6) > 0.
—_— cos

Hence 6 = tan™' ; will attain the local (and hence global) minimum value of F (). (3 points)

Solution 2. Since p(mg — Fsinf) = Fcosf = F(usinf + cosf) = pmg, we know that

nmg .
F)=——— (4 t
() usinf + cosd (4 points)
We compute
Fl(0) = ———"9 _ (jcos — sind).

(usin + cos 6)2
We solve F'(6) = 0 and get tanf = = 6 = tan" ' yu. (5 points)

in 0
o If § < tan"! i, then tanf = St

sl < p = pcosf —sinf > 0. We know that F'(0) < 0.
S

sin 6

o If § > tan"' yu, then tanf = > = pcosf —sinf < 0. We know that F'(6) > 0.

cos

Hence § = tan~! u will attain the local (and hence global) minimum value of F(0). (3 points)

EE: MRBERARMO = tan ' 4 RENEHNWD
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