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1. (10%) Evaluate the double integral / / Smydydx + / / Smydydx
1 s oy 2 vz oy

Solution:

2 y2 .
= / f sy dxdy (4pts)
1 Yy Y

2 2
:f ysinydy—/ sin ydy
1 1
2

:—y-cosy|§=1 +f cosydy + cos2 —cos 1

=sin2-sinl - cos2 (6pts)

2. (10%) Find the area of the region in the first quadrant enclosed by the curves zy = a, xy = b, zyt? =cand 2yt = d
where 0 <a<band O<c<d.

Solution:

Let R := {(a:,y):aga:ygb,céxyl‘4 Sd}7
5

uld 2 v\ 3
then define u = zy andv:xyl'4:>x:() andy:(f) .
U

v
So we have R’ := {(u,v):a<u<bc<v<d},
5 5 7 7
—u2y 2 ——u2v 2
| 2 (B B2
and |.J] =| 5 7 5 5 _5 3 |_(4 4 v T
——U 2v2 —U 21}2

2 2
. rdorbs 5 d
Area:/fldA:ﬂ 1x|J|dA :/ / —dudv=—-(b-a)ln—.
R R c a 20 2 c

3. (10%) Find the mass of the solid S bounded by the paraboloid z = 2% + 2y* and the plane z = 2 + 4y if S has density
function p(z,y,z) = |x|.

Solution:

There are two ways:

Method 1: The projection of S onto xy-plane is the ellipse

D {(z,y)le* +2(y - 1)* =4} (2%)

Since D is symmetric with respect to yz-plane, the mass of S is twice of the part in the half space x > 0. Hence

the mass is
m= ff pdV = 2/]/ p dV
s S5>0
2+4y
= 2/[ f x dzdA (3%)
D,>0J xz2+2y?

w/2 1
= 2] ) f 2r cos (4 — 4r2)2v/2 rdrdd
-m/2J0

/2 L, 128
= 32\/5/ cosef (r2 =ty dr = —/2 (2%)
/2 0 15
where we use the change of variables:
x =2rcosf s ™
<r<l,—-—<6<—
{y:1+\/§rsin9 y <<l 2_9_2
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with Jacobian

2cos 6 —2rsinf
V2rsin®  V/2rcosf ‘_ V2 (3%)
Method 2: The mass is given by
1+V2  f2+4y /2292
m= 2[ / f x dxdzdy (3%)
0
1+V2  f2+4y
f L (z-2y*) dzdy (83%)
L+vV2 4 3 2 (7
= 2u° =8y +4y“ +8y+2 d 3
fyﬂ y* - 8y” +4y” + 8y y (3%)
128

f (1%)

4. (10%) Let S be a cone has radius a and height h without base. Evaluate the integral of the distance of the points to

its axis over S.

Solution:

Solution 1. Under Cartesian coordinate system

[[F ds = [[F|rlxry|dA
r=<um, ¥, f\/x2+y >

T

Yy

h2
|7y X1y |= 1+—2

[[F|7"L><ry|dA [[\/m\/1+—dA

Change the above equation from Cartesian coordinate to polar coordinate, and 0 <r <a, 0< 60 <27 .

h2 h2 21 a 2
ff\/x2+y2\/1+—dA=\/1+—f f r? drdf = ~mwa*Va? + h2.
D a? a? Jo Jo 3

Solution 2. Under cylindrical coordinate system

ry =<1, 0,

9\@@\39

ry =<0, 1

h
r=<pcosf, psind, fp >

r, =<cosf, sind,

Ty =< —psinb, pcos@ 0>

[ n2
|7 %7 |=p 1+§

27 Va?+h? 2
Therefore, f f p* dpde = gwaQ\/ a? + h?
o Jo

Solution 3. Under Spherical coordinate system
a a
Let tana = — = o = tan™ ! 7

r =< pcosfsina, psinfsina, cosa >
|7y xrg|=psina

2 VaZ+h? 27 VaZ+h? 2
f f psina psina dp df = f blnaf p* dp= 571'(12\/(1,2+h2
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Grading policies:

(A) 2 points for the corret formula for parametric surface.

(B) Another 3 points were given when the Jacobian term is correct.

(C) The other 2 points were given when integrate formula and regions are correct.
(D) The last 3 points were given when integration is correct.

5. (18%) Consider the vector field defined by G(z,y) = (3z% + y)i + (22%y - x)j, (x,y) € R?.
(a) Is G(z,y) conservative?
(b) Find a function p(x) with (1) = 1 such that p(x)G(z,y) is conservative.
(¢) Set F(z,y) to be the conservative vector field in (b). Find the potential function f(z,y) of F with f(1,0) = 3.
(d) Let C be the curve with defining equation in polar coordinate given by

r:sect9+ﬂ9, QE[O,I:I.
T 4

Evaluate the integral /; F-dr.

Solution:

P
(a) Let P =3z%+y, Q=22%y — 2. Since 9Q =4y -1, or =1
Ox dy

~.G(zx,y) is not conservative (2pts)
0 0
(b) - (u(2)-Q) = afy(u(x)P) = p(x)-1
= p' () (22%y - x) + p(x) (doy - 1) = p(x)

)
= u’,(z)(%;yl— fv2) = u(x)(22 —dxy)
M ((E) _ ( B xy) _ - (5ptS)

wz) z(2zy-1) =z
= In|u(z)| = -2Inz + Cy
= [p(x)| = Cra™ (2pts)
Since (1) = 1, then p(z) = 272 (Ipt)

(©) WG () = B+ )i+ (2y- 1) = 9/ (.p) (1p1)
= f(z,y) :3x—%+y2+0 (2pts)
= f(1,0)=3+C=3=>C=0
= f(x,y) =3x—%+y2 (1pt)

@ 1= (V2 ) (eos T sin Ty = (5. 2) (1)
r(0) = (1+0)-(cos0,sin0) = (1,0) (1pt%5 )1

55 15
fCF~d7"=f(Z,1)_f(1,0)=Z_1+176_3=E (2pts)

3 2

Y . Ty .
6. (12%) Let Flr.y) = 55yt~ gz, oyt

(a) Show that F is conservative on the domain D = R? - {(0,y)|y < 0}.

(b) Compute L F - dr, where C is the part of the polar curve r =1 +sinf, 0 < < .

Solution:
3 2

Y -y
@2 and Q(z,y) = g ™ have

(a) For P(z,y) =
OP ~ 3x2y? -yt ~ o0Q

WGy o o
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Since the domain D is simply connected (1%), F' has a potential on D and is conservative.

(b) There are three ways:

Method 1: Since F is conservative on D, for any curve C’ in D with the same starting point and end point of
C, we have

fF.dr: F.dr (3%)
C c’

Take C’ to be the upper half unit circle (cost,sint), 0 <t <, then

fF-dr: F-dr
c cr

= foﬂ(sint):;(—sint) — (costsin®t)(cost) dt (2%)

T, s
= —sin®tdt = —— 1%
[0 s 2 (1%)

Method 2: We find the potential function f with Vf = F.

3 2
Yy - TY
———dr= | ————d
f(x2+y2>2 T @

3 ysect

= —df =ytan6
f 1 40 1(9 sin 26

" J sec20 2 " 4
1 z. 1 Ty

= “tan (D)4 ——— 5
2 ot (y)+2 x2 +y? (5%)

It is easy to see that the function

1 z. 1 Ty
= —tan N+ - ——
f(z,y) = Stan (y) 3 g

satisfies fy(z,y) = Q(z,y) and hence is a potential function. Hence

1 ™

LR = (1.0 - 7(10) = (55 =5 (1%)

Remark 0.1. A potential function of F on D is given by

f(x,y) = folz,y), (v,y)el
f(x,y) = f_(x,y), (x,y) ell

T =0 o), gy e 111
fe(zyy), (x,y) eIV
where 1 Ly 1 oy
f+(x,y):§(§—tan (5))+§-x2+y2,x>0
for) = 3G (D) e 5 =P aco

Method 3: A parametrization of the curve C' is
¥(0) = ((1 +sinf) cosh, (1 +sinfd)sinfh), 0< 6 <,

and vector field F,

(2%)

((1+sinf)sinf)® - (1 +sind)3sin®6 cos b
F(9) = N ) :
(1+sinf)* (1+sing)*
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Since
7' (6) = (cos? 0 — (1 +sinf) sin b, cosfsinh + (1 +sinf) cos ) (2%)
the line integral is
fF dr—f —sin?0 - sin? 0 cos® 0 db (1%)
= [T -sin20d0=- 1
fo sin 5 (1%)

7. (10%) Let C be the curve formed by the intersection of the plane z = z and the surface z = 22 +y%. C is oriented

counterclockwise when viewed from above. Evaluate jg (zyz + tan™ z)dx + (2% + sinhy)dy + (22 + In 2)dz.
c

Solution:

By Stoke’s Theorem, 55 F.dr- ff cwrlF - dS = ff v x F-dS.

(Method I) Let Sy —{(:c y,z)z2at vyt =

i j k
0 0 0 . .
VxF= % % 5 =(0-0)i+(zy—2)j+ 2z -22)k

zyz+tan 'z 2?+sinhy zz+1nz

f VXF'dS:ﬂ (O,xy—z,Zx—xz)~(—1,0,1)dA:/ 2z — 22dA
S s s

where S7 = {(z,y) 1 2® -2z +y* <0}.

I-1: Then by polar coordinate 2% — z + y?> =0 = r = cos
= S is the region enclosed by the curve r = 0059

cos 6
:>/ f 2rcos9 r? cos 9 rdrdf = [ —r cosG— r cos’ 0
0

™2 ™2 (1 20 1(1+cos20\*
:f fcos49—fc0560d9:f 7(7+COS ) —7(7+C0b ) do
0 3 4 o 3 2 4 2

1
[ ( +2cos 20 + cos> 20) ~ 33 (1 +3cos20 + 3 cos® 20 + cos® 29) do
1

) (f—f)f cos?20d0 = By 2D [T LHcosdl
6 32 96" 960 2

cosf

do

0

(6_32
1B 7

33 11

1
C=T = m=—T
96 96 2 192 64

27 2
I1-2: Let{ rcos¢9+ :>f/ 27 — 22dA = / / ( (rcos@+ ) (7‘(3089+ ) )rdrd@
y=rsinf
27 % 27 %3
:‘[0 ﬁ 2rcos€+1—(r200529+r0089+1)7’drd0:[0 / Zr — 13 cos? Odrdl

3 (1\2 1/1\* r271+cos20 60 w 11
:27r-—-(—) _7(7) f 1rcosal gy Om_m 1o
8 \2 a4\2) Jo 2 32 64 64

(Method II) Let S9 := {(x,y7z) cz=a? vyt 2> x},
=r(u,v) = (u,v, u? +v2) =1, xTy = (1,0,2u) x (0,1, 2v) = (—2u,—2v, 1)
// VxF-dS= f/ (0,uv - (u2 +02) ,2u —u(u2 +1)2)) - (-2u,-2v,1)dA

:f/ —2uv? +2v(u +v )+2u—u(u2+02)dz4:[f 203 — 3uv? + 20’V + 2u — u3dA
s S5

:f —3uv? + 2u - u®,
Sy

where S5 = {(u,v) : u® —u+v? <0}.
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I1-1: Then by polar coordinate u? —u +v?* =0 = r = cos
= S, is the region enclosed by the curve r = cos 6.

cos 6
= [ f (—37’3 cos0sin? 0 + 2r cos 6 — r3 cos® 6) rdrdf
o Jo
T 3 9 1 cos 6
= f —Zr5cosfsin® 0+ =r3cosf — =r° cos® 0 df
0 5 3 5

0

:f —§cosﬁﬂsin29+gcos49—100589d0
o 5 3 5
™ 3 (1+cos20\> 2 (1+cos20\> 2(1+cos20\*
ey ey ey
o 5 2 3 2 5 2

:[ 6(1+2c0520+c05 29) o (1+3c0529+3cos 20 + cos® 20)
0

4 1+4cos29+6(zos 20 + 4 cos® 29+Cos429)d9

(,_7 ) (1_2 6)] cos220d9+—f cos* 2040
6 40 @ 40 6 40 @ 40 10 Jo

™ . 2
:lﬂ+£ 1+cos40d0+7/' (1+c0540) 20
60 120 Jo 2 40 2

11 1
= —T+-— =
60" 120 2" " 160
39 1 7[“14—00589(”_ 27 1 1 55 11
0 160

f 1+ 2cos 46 + cos? 40d0

= —— 4 — 7+ =4+ — T =—T=—7
240 16 160 160 2 320 64
I1- 2 : Let u=rcosf+ o :>f 203 = 3uv? + 2u?v + 2u - uPdA
—rsm@ 55

2m 1\ 5 . » 1 1\3
[ [ (r0059+2)r sin 9+2(rc059+§)—(rcosﬁ+§) rdrdf

2m 3 4 . 9 7 3 5
=f f -3r*cosfsin“ 6 + —r — —r°drdf
0 0 8 2

27 1 3 1 11
:f R A
o 164 8 167 o4

8. (10%) Let S be the surface 22 +y?+22 =1, z,y,z > 0, an eighth of a sphere, and F = z%i+4%j+2°k. Find the outward

flux of F across S.

Solution:

Method 1:
Calculate flux directly.

ffF-ndSZ//-(x27y2722)~(m,y,z)ds:ﬂz3+y3+23ds:3ffzgds By symmetry.
[[z?’ ds:fificos3¢sin¢d¢>d9 (5pts)

7r _cos 4o =
= |0 )= < (5PtS)
Thus [/F~nds:3ﬂzgds: 3%
Method 2:

Use Divergence Theorem.

[[Fonds+[/ F«nds:[/ divF dE (2pts)
S SlUSQUSs

where S; is {(z,y,2) € R3|z =0,y>0,2>0,y°+2%< 1}

Sy and S3 have the same shape as Sy but in y=0and z=0 .

First, take a look at /]S F-nds, F = (0,5%, 2%) while the normal vector is (~1,0,0)
1

We have [S F-nds=0.

For similar reason ﬂ F-nds= ff F-nds=0 (3pts)

Sz S3
Now we have f/;F-nds = f/] divF dE = /I/ 2 +2y+2zdE = 6[[/. zdE by symmetry.
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ff/-sz f f f pCcoseo-p 51n¢dpd¢d9 (2pts)

17rsm

t
|¢ 0~ 16 (3p S)

Thus we have ffF nd5—6/]/sz——

9. (10%) Solve the initial value problem
{y"+y::ceg”+seca:7 Tea<t
2 2
y(0)=1, ¥'(0)=-3.

Solution:
The auxiliary equation is 7% + 1 = 0, whose roots are +i, so the solution of y” +y =0 is

Ye(x) = Crcosx + Cysine  (2pts)

For a particular solution of y" +y = ze®, we try y,, (v) = (Az + B)e”.
Then y,, +yp, = (2A:1: + (24 + QB))e‘T, and then we have
1
A = 5
1

B=--
2

Thus a particular solution is
1 x
pa(@) = 5 (=" (3pts)

For a particular solution of y” +y = secx, we use variation of parameters to seek a solution of the form y,,(z) =
up(x) cosx +us(x)sinw.

. d d .
If we set u! cosz +ubsinz =0, then v} ( — cosz ) + uH( — sinz ) = sec .
1 2 Y 1 d:E 2 dl’

4
u; = —tanx
= 7

U2 =
uy = In(cosx)
Ug =

Then we obtain

Yp,(z) = coszln(cosz) + zsinz (3pts)
Therefore, the general solution of y” +y = ze® + secx is y() = y.(x) + yp, (x) + yp, ().

1 .
= y(x) =Crcosz + Cosinz + 5(3: -1)e” + coszIn(cosx) + xsinx

To satisfy the initial conditions we require that

{mm=a—§:1
y'(0)=Cy=-3

3
= C1:§
Cy==

Thus the required solution of the initial-value problem is

3 1
y(z) = 5 08T — 3sinz + i(m -1)e” + coszln(cosx) + xsinz (2pts)
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