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1. (16%) Compute the following integrals.

(a) Cosﬁ—2sin9d0 o [\/1_

+ 22
; : dz.
2cosf +sinf 22

Solution:

1. (Method T)Let u = 2cosf +sin@ = du = cos 6 — 2sin 0df

6 -2sinf 1
ucw:ffdu=ln|u|+c=1n|2cos€+sin¢9|+c
2cosf +sinf u

6 2 2t 1-¢
(Method II) Let ¢t = tan — = df = ——dt, sinf = ——, cosf = ——
2 L 1+t 1+1¢2 1+1¢2
- 2
cos0 - 2sind (55)-2(%) o 2212 8¢
- de:f 142 2\ pdt = 2 2yt
2cos +sinf 2(EL) + (&) 1+t (2+2t-2t2)(1+t?)
112 -4t _At+B+ Ct+D  (At+B)(1+t—-t2)+(Ct+D)(1+¢%)
(1+t—t2)(1+t2)  1+t2  1+t-t2 (1+t—12)(1+12)
C-A=0 A=-2
D_B+A:—]_ - B:O
A+B+C=-4 C=-2
B+D=1 D=1

2 -2t -8t dt—f 2t 2t -1
(2+2t-22)(1+12) 1+62 1+t—t2

1-#2+¢
1+¢2

1-¢2 1( 2t )
c=1In + — +c
1+t2 2\1+¢2

+c=In[2cosf +sinf| - In2+c=1n|2cosf +sinf| +

:—ln|t2+1|+ln|—t2+t+1|+c:ln

=In

1
cos B + §sin9

(Method 11 [ S50 =250 4y i sin(ar - 6)
2cosf +sinf cos(a - 0)

= - f tan(a - 0)d(a - 0) = —In|sec(a - 0)| + c=1In|2cos O +sinb] + ¢’

do = - f tan(a - 0)d(« - ), where tana = %

2. Let x =tanf = dx = seg2 0do
5 ¢
f\/1+x dsc:f seczﬂdezf%dg
x2 tan® 60 sin“ 0 cos 0

1
(Method I) f T f sty
sin“ 6 cos 0 sin“ 0 cos? 0
x

0 1 Lva? 1 1

cos

7d9:/7d:f— ———d
:>-/-sinz€(zoszt9 u?(1-u?) “ 2 1™

Let u=sinf = du =cosfdf = u =

1 1 1 1 1 1+u
:/—2+—(—+ )du:—7+ln‘ +c
u* 2\l1-u 1l+u U 1-u
Vi+a? 1, [V1i+22+z
=- +-ln|——|+¢
x 2 1+22-x
2
Jitz2 1 Vi+aZ+zx N
B g +c:ln|\/1+x2+x|— e
x 2 (1+22)-2a2 x
1 in® 6 + cos? ¢ 1 0
Method 1) [ ————dp = [ 22 Zag - [y S22
sin” 6 cos 0 sin” 6 cos 0 cosf)  sin“0
:fse09+cotﬁcsc9d9:1n|sec€+tan9|—csc€+c
V1t 22
:ln‘x+\/1+x2‘— e
x
1
(Method TIT) f — d0:f050295e09d9:—fsecedcotH:—sec900t9+fsec@tan@cot@
sin“ f cos 0
V1 2
:—CSCG+1n|seCQ+tan9|+c:1n‘a:+\/1+x2‘— e
x
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Method IV) Let x =sinh 6 = dx = cosh 0d6
f V1

2
J;x d;zc:[coth29d9:fcsch29+1d9:—coth9+9+c:
T

('.'Sinh71 T = ln‘x +V1 +z2‘)

2

.11
+sinh™" z +c¢
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2. (16%) Compute the following integrals.

(a) / V1 -22sin™t zdz. (b) / In(\/r +V1+ax)dx.
Solution:
note :

f udv:uv—/ v du

(a)
(i) Let x =sin6, dx = cosfdf
f\/l—xzsinflx dx
1 52
=f(00829)9 do - f(%”)o do

1 1
= [ S0do+ [ Socos(20) ao
2 2
1
Let u=0;v = 3 sin26. So we can use integration by part to get
1 1 1 1.1 1
/ Ly de+f 2 cos (260) df = 792+7[79Sm(29)—/ ~ sin (26)d6]
2 2 4 272 2
1 1 1 1 1 1
= 192 + 19 sin (26) + g o8 (20)+C = i(sin_1 z)? + i(sin_1 x)sin (2sin~ ) + g cos (2sin'z)+C, CeR
1 1 1 1
= —(sintz)+ =(sintx)avVl-a2- 2P+ O, C'=C+=
4 2 4 8
1 1
(1) f cos? 6 df = 50 *1 sin (26).
1 1
Let u=6; v= 50 + Zsin(Z@). So we can get
f Dcos? 0 df = (20 + 2 sin (20))0 - f Lot Lsin20) do= 202+ Losin(20) + L cos(20)+ €, CeR
24 27 4 44 8 ’
(i73) Let x =sinf. So we can get
1 1 1 1
f V1-22de= /cos29 do = §0+ 13111(20) = i(sinflx) + §mv1—x2.
1 1
Let u =sin"ta;v = i(sirf1 x)+ ixv 1-22

Using integration by part,we can get

[vl—xQSin_lx da::[%(sin_laﬂ—%x\/l—aﬂ)](sin_lx)—f(%(sin_lx)+%x\/1—x2)\/11__562 dz

1 1 1 1 1 1 1
= i(sirf1 z)? + ix\/ 1-a2sin 'z - Z(silf1 r)? - Z:c2 +C= E(Sirf1 z)? + i(sirf1 x)zvV1-a?- ZIQ +C, CeR

(b)
Let = = tan® 6, dz = 2tan 0 sec? 0d6

flog(\/EJr\/ler) dx

= f log (tan @ + secz)2tan fsec? 6 df = / log (tan 6 + sec) d(sec? #)

secftan @ + log (secf + tan §) .
2

1 1 1 1
=(sec? 0 - 5)1og (sec + tanf) — 5sec€tan0 +C = (tan® 6 + 5)log(secﬁ +tanf) - isecﬂtan9+ C

C

=sec” flog (tanf +sec) — f sec® 6 df = sec” flog (tan b + sec) —

:(x+%)log(\/i+\/1+a:)—%\/E\/1+x+0, CeR
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3. (8%) Suppose that f(z) is a polynomial whose coefficients are integers, and

o (C) )
fo (x+1)2(4x2+1)d$—21112+1,

Find f(x).

Solution:

The degree of f(x) must be less or equal than three.
However, if the degree of f(x) equal three, and the value after the integral is divergent. Consequently, the degree
of f(x) =2 by estimation.

By using partial fractions method,
f(x) A B Cz+D

= + + .
(z+1)2(422+1) (xz+1)?2 x+1 422+1
We integrate both sides,

P A r B p D
2In2+1= lim f ———dx + lim dx + lim Cu + dx
p—oo Jo (z+1)2 poooJo x4l p—oo Jo 4a?+1

-A D
Tt Bln|z+1]|+ %1n|4x2+1| + Etan_l(lr)]g (1 points)

(3 points)

= lim [
p—oo T +
By using the limits must be exist, i.e. the natural log term must be equal to 2 In 2 , and we found C' = -4B.

By campring the coefficents with (2ln2 + 1),
We found that A=1,B=-2,C=8 and D =0.
(Because of A, B, C and D are all integers in the problem, the values of A, B, C' and D which we found are correct.)

Therefore,
-2 8x

= + +
J@ =l e Y e
= 1222 + 62 — 1. (4 points)

Ix[(z+1)%(422 + 1)].
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4. (16%) Let M, = Z

i= 1n+\/n(z—f)'

(a) Recognize M,, as the Midpoint approximation of a definite integral and compute I = lim M,,.

n—oo0

(b) Write down the Trapezoidal approximation of the integral, T;,, and the right point approximation, R,,.

(¢) For any value of n, list M, T,,, Ry, and I in increasing order.

Solution:
(a)
I = lim M, li Zn: ! !
= lim M,, = lim _—
n—oo n»ooi=11+ /%n

:foll \/_da: (2pt) ( Let \/z = u, dz = 2udu )

:/0 1+u

=2-2In2 (2pt)

=(2u-2In|l + u|)|O

(b)

1 ’VL
T, =

2"% 1 1+\/7 1+\/’T

- Z( ) (4pt)

i=1 1+\/:
(c)

R, <M, <I<T, (4pt)

) (4pt)
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. (8%) A sphere of radius 1 overlaps a smaller shpere of radius r (0 <7 < 1) in such a way that their intersection is a
circle of radius r, i.e. a great circle of the small sphere. Find r so that the volume inside the small sphere and outside
the large sphere is as large as possible.

Solution:

Let C; be a circle with center (0,0) and radius 1,
and let Cy be a circle with center (V1 -1r2,0) and radius r.

Then the desired volume V(r) is equal to the volume of the solid obtained by rotating the region inside Co
and outside C; about the z-axis, so

V(r)=

Q|

1 2
3 _ V1= g2
mr f17r2 7r( 1-=z ) dx (4pts)

N | —

Applying the Fundamental Theorem of Calculus, we can obtain

2
d—v omr? + 1—(\/1—1"2) ~i\/1—r2
dr dr

2 T
= mr2- —— 2pts
( 1) (2pts)

dV 2
The derivative — is 0 when 2 = L, that is, r= —.  (1pt)

dr V1-72 NG

Since ) L
lim V() =0, Jim V() =0, V() =2n(z-3)>0
e have the maxi alue V() 27r( L 1) when r 2 (1pt)
we hav maximum valu ry=2nl—=-= =,
V5 3 VA
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6. (16%) Let a and b be fixed numbers.

(a) Find parametric equations for the curve C' that consists of all possible positions of the point P in the figure
using the angle 6 as the parameter.

y

b P

(b) What are the horizontal asymptotes of the curve C?
(c) Let R be the region bounded by C and its horizontal asymptotes. Find the area of R if it is finite..
(d) The region is R rotated about the y-axis. Find the volume of the resulting solid if it is finite.

Solution:

(a) Q= (bcosh,bsinh) (153)
B = (asec,0) (13)
— P = (asech,bsinf) (253)

T 3T

0 cl0.2n|FBE(T, ) (PBRI)

(b) #EsE—: Use. (g)2 + (%)2 =1 (29) and 2 > oo,y = +b (19)
PESET: y=2by/1- (%)2,|x| > (29) = lim y = +b (1)
fEE=: PHIzEERRasect — oo < 0 — g or 3?71- (23), then yEEE bsind — +b (19)
FEEM: fEE >y = +b (39)
(c) (3Ix%29; EtE3D)
R:4{ab+f b-by /1 (D)2de) (BU3529)
a X

2 — 2 T aZ 2
f /1_(9)2dx:/x72adx“‘ z? 2/ Y du =Va2-a? - atan (Va2 - a2a)
x T

u? +a?
V72 — a2
=4{ab+b(x - V22 - a? +atanfl(u))f} =2mab
a

OR
R:4[ab+f (b y)de] = 2mab (IF25)

a

/2 x/2
f (b—bsin@)atanesecodazab[ (tanfsecd - 6°0)do
0 0
= ab(secl — tan 6 + 9)3/2 = ab(g -1)

(d) (Bt823; &E=292)
b b
T —2 o Volume = 2 f natdy = 2na?b? /
V1-(4)? 0 0

OR
VolumezQwO% a” sec? @b cos Adh = 2a*b / * secfdf = 2a%bIn |sec + tan 9|§ diverges
0

dy
b2 _ y2

diverges
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7. (16%)
(a) Sketch the curve r =1+ 2cos6.

(b) Compute the area of the region that is inside the larger loop of the curve r = 1 + 2cosf and outside the smaller
loop of the curve r =1+ 2cos#.

(¢) Let C be the smaller loop of r = 1+2cosf, and rotate C' about the z-axis. Find the area of the resulting surface.

Solution:

-1 2r 4
(a)O:1+20089=>0089=—:>9:—7r,—77
2 373

N

[ \

ofs | \
l|.'|. — \
\l \\,l

f 0.5 /II_IJ 1.5

||' | -

Figure: (2 points)
The figure for r =1+ 2cos¥.

i@ fromOto 27)
2.0 3
|

/

(]

_|||ﬁ:
(b)A = Atotal - Ainner circle

a,\;
—I.ﬁ\
_|.5E
1

2 1
:2[§f ’ (1+2cosh)?do - iﬂ (1+2cosh)?dd)] (4 points)
0 5

2w

:/T(1+4c059+400529)d9 - ﬁ (1+4cosf +4cos®0)d
0 x

= (30 +4sin@+sin20) |7~ (30+4sin0 +sin20) |5
3

3V3 3V3 )

3
@me =)= (==~

7+ 3V/3. (3points)

(c) A= f27ryds
b
= 27Tf rsinOVr2 + 12 df (2 points)

4 2r
There are two ranges could describe this figure, i.e. from 7 to 3 or from 3 to .
2
However, if we choose from ?W to m, and the area would be negative because of rsinf < 0. Therefore, we choose

4
the range which is from 7 to Eﬂ-

A:27r[?(1+2c059)sin9\/(1+200$9)2+(2$in9)2 de
:QWfT(l+2COS€)Sin9\/5+4COSQ de

Let u =cosf, and du =—sin@ df.

0 from 7 to 41 = wu from -1 to -0.5.
-0.5
=27 f (1+2u)V5+4u (-du). (2 points)
-1

Then, Let t =5 + 4u, and dt = 4du
u from -1 to -0.5 = ¢ from 1 to 3.

3 t-5 1
:iwfl (1+2- —2)VE (-7t
= 3(3\/3—2) (3 points)
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8. (16%) A candle is located at the origin O, a bug, P, crawls on the plane so that the angle between its velocity and
the vector PO is always %
(a) Suppose that the bug crawls at a curve with polar equation r = f(0). Derive the differential equation that f(8)
satisfies.
(b) If the Cartesian coordinates for the bug’s initial position are (1,0), solve for the curve r = f(6).
(¢) Compute the arc length function s(#) and find 91220 s(0).

Solution:
(a) (8pts)

Let ¢ be the angle between the tangent line at P and the z-axis.

Then

dy
t —tanf =4 —tanf
stan— = tan(¢ - 0) = ang —tanf dxd

6 1+tan¢tand 1+ 9% tand

r’sinf+rcosf _ sinf
r/ cos O—rsin O cos 6

_ (r'sinf +rcosf)cos — (r'cosf —rsinf)sind

1 4 Lsinb+srcosf sinb — (p/ cosf) — rsin@) cosf + (r'sin@ + rcosf)sind 1’
r’cos@-rsinf cos6

. { 1(0) = V3£ (0)
1(0) = ~/37(0)

(b) Case 1. If f'(0) = V/3f(0), then

5

=>In|f| = V30+C

f /306

and so

F(0)=C"eV*  (2pts)
Since y(1) =0 = f(0) = 1, we have

1=f(0)=CeV30 =’
Therefore, the solution is

F(@) =" (1pt)

Case 2. If f'(0) = —/3f(6), then, similarly, the solution is
10) = e

(c) Case 1. If f(0) = e\/§97 then

s(9)

foe \/(f(t))2 + (%f(t)fdt (2pts)
0 R >
fo \/(6\/3’5) +(£€\/§t) dt

2

V3

(e\/?ie - 1) (2pts)

Therefore,
elim s(0) =00 (1pt)

Case 2. If f(0) = e—\/§,97 then

s(0) = %(1 —ef‘/go), lim s(0) =

6— o0

S
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9. (8%) Solve the differential equation
a2y —y=2ae"x, y(1)=1.

Solution:

22y —y=210eF

I(z) = B e (1pt)
1
y(z) = @[/ I(z)r(x)dz + c]

1 1 1
:e_f[f ew2ze = dx + c]

=e 7 (22 +¢)(2pt)
and y(1) =1
=1=e'(l+c)
=c=e-1 (1pt)
cy=eF(xX+e—1) (2pt)

Page 10 of 10



