1. (32%) Evaluate the following limits.

(a) (8%) wl_i)r_r;(V 22 +x+1x)

1041 EA01-04 B EAch ERE FIFF D R

sin (

; )
Va2+l

(¢) (8%) lim

T—>00

2+2-

T 1
1
i Toeosw 1
(b) (8%) lim (S‘”) (d) (8%) lim [( v ) f] .
z=0\ x z—oo [\ 1+ e
Solution:
(a)
N
lim (V2?2 +z+2)= lim (\/x2+x+:v)w (3)
z——o0 T—-o0 Val+x-x
li x
= lim ———
- \fp2 tp -1
1
= lim ——— (asx <0 5
Jin e <) ()
= lim =
z -1 Im;x -1
1 1
= lim =-= (8)
T—>—00 14 % ] 2
(b) Since
T sinx _q,
z—>0 2
we see that
. 1
im sin( 757)
=0/ 22 +2 -2 -1
. 1
i Sln(m) CoVx2+2+Va2-1
=lim T - lim
x>0 = =0 /22 +1x3
x2+1
-1 x = (+3)
as  — oo. Therefore )
. sin( Va2il ) 2
im =-. (+3)
oo /g2 +2—\a2 -1 3
(¢) Rewrite as
sinx sinx
(——) 7= = exp( In| -
T 1-cosz T
By I'Hopital theorem, we get
T
. 1 sinx sin p zeoszosine
lim In | | = lim —=
z—01-cosx T z—0 sinx
:hmxcosx';sinx (3)
z—=0 rsin®x
. —rsinx
=lim — -
z—0 gin“ x + 2xsinx cosx
I
z—0 sinx + 2x cos x
-1 1
=2 (§)
z—0 3cosx — 2rsinx 3
Since e is continuous (7), we get
hm(sinx)m =e 13, (8)
z—0
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(=) (2)

Torh +In(l+t)

. ( 1
= lim
t-0+\1+1¢

)

1 lim —t+(1+t)In(1+1¢)

2 (L' Hopital)

=— L' Hopital
e t—>0+ t2(1+1¢) ( opital)
1 .. In(1+¢) , )
—g t1_>0+ W (L HOpZt(Zl) (+2)
1 Lo
im = (L' Hopital) (+2)

T is0t 246t 2

(+2)
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1
xasin(—), x>0

B
2. (12%) Let f(x) =10, =0
H B
sin@@) <o
1-cosz

(a) For what values of o and § will f(z) be continuous at = =07
(b) For what values of @ and § will f(x) be differentiable at « = 07

Solution:

(a) f(z) is continuous at x =0

— 0=/(0) = lim _f(z) = lim_f(z) (1 point)
(1) f(0)=0 )
(2) wli_)%{ f(z)= mli_)%a z%sin (ﬁ) (1 point)

since

1
-1<sin(—)<1VgeR
B
and

lim —2%=0= lim 2% if a >0
x—0+ x—0+

hence (by Squeeze theorem) (1 point)
lir& f(2)=0,if >0 (1 point)

ifa<0and <0, then

1 sinz~?
. T Qg4 = af _q; B
IIL%L f(x) = xlggx Sm(xﬂ) zlirga — Oifa=B>0

= B
sin x
lim f(x)= lim ——
z—0- f(z) z—0- 1 —cosx
BaP~tcosz?

- (by 'Hospital’s rule) (1 point)
z—0~ sinz

= lim -33 B’ 2cosz® = 0 if B> 2 (1point)
z-0- sinx
note that if 5 =0, then
. 0 .
S sin 1
lim f(x)= lim RN [
z—0" z—»0-1—-cosx -0~ 1-cosx

it doesn’t converge

Therefore , f(x) is continuous at x =0 if @ >0 and 5> 2
2.(b) f(x) is differentiable at = = 0 iff f'(0*) = f(07) (1 point)

Moreover, f(x) is differentiable at x =0
= f(z) is continuous at t =0 = a >0 and §>2

(1)

oy T 1) Bsin () -0
h—0t h-0 h—0t h

f(0%)
1
= hli%l‘r h‘l’lsinﬁ 1 point

since
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. 1
-1 gsm(ﬁ) <1VBeR
and

lim =A%t =0= lim A tifa-1>0
h—0* h—0*

hence (by Squeeze theorem) (1 point)
F(07)=0if a>1 (1 point)
ifa—1<0and <0, then

- inh?
lim M: lim sinh 7 P L=0ifa-B-1>0

h—0* h-0 h—0+ h—,B
@ B
B) — sin h‘ i hﬁ hﬁ,l
fl(O—) _ hIn f( ) f(O) — hm l-cosh — lm S
h=0~ h-0 R0~ h h—0- hP# 1-cosh
: hlB71 : (ﬂ — 1)h’672 ’ LV B
dm T = hl_}r(r)l_ ik (by 'Hospital’s rule)T’
h
= lim ——(B-1)A"3=01if 3-3>0 (1 point)
h—0- sinh
hence

£/ (07)=0if 8>3 (1 point)

note that if =1, then
o F)-FO)
h-0

)= lim ——
h—0- h—0-1—-cosh

it doesn’t converge
Therefore , f(x) is differentiable at =0 if « > 1 and 8>3
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3. (8%) Let f(x) be a twice differentiable one-to-one function. Suppose that f(2) = 1, f'(2) = 3, f"(2) = e. Find
(1) and 7f (D).

Solution:
let y = f(x) , then z = f'(y) and when 2 =2, y =1
(1)
dy d.
di dZ 1 (2 points)

implies that

d .4 1
@f (y)_f’(x)
hence
d _ 1 oints
(2)
d dydx, d*y dx Yy2da
%(@@) 793( ) = @dy (710) ay 0 (2 points.)
f"(2) f Y1)+ (f1(2))? 2f’1(1)=0
%+32 N =0

d—Qf_l(l) — (2 points)
dy? To7 P
[another way]

let g(x) = f7(x)
since g(f(z)) =z , we have ¢'(f(x))f'(x) =1 (2 points)

that is ,
1 (2 points)

points
I’ (2) 3

d / / _
L PN @] = ()

= g"(f@))[f'(@)]* +¢'(f(2))f"(x) = 0 (2 points)

1l -
= g"(1) = TR (2 points)

9' (1) =g'(f(2)) =

moreover

[another way]

F(F () = = (2 points)
— Py -1(x> -1

— 5 gy 2o
i 1 = _% (@) oints
— a0~ )Ty (2 pomts)

—f 1) = (2 points) and d—f (1) = o> (2 points)
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4. (8%) Find the value of the number ¢ such that the families of curves y = (2 +a) ™" and y = ¢(x + 8)/? are orthogonal
trajectories, that is, every curve in one family is orthogonal to every curve in the other family.

Solution:
-1

(z+)? (1 pt)
y=c(e+ )" theny' = S(a+B)7 (1pY)
Let point of intersect be (xg,yo)
(wora)? §($0+5)%2 =-1
= c=3(zo+a)(zg + ﬁ)§ (2 pts)

We also have yg = ——— = c(x+5)%
Tyt

y=(x+a)™" then y =

Orthogonal =

c(wora) (z+5)3 (2 pts)

combine with the equation above we have

3

02—2303:330:%(2pts)
c
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5. (8%) Find the nth derivative of the function f(x) = a

1
Solution:
Here are two ways to compute f( ().
First one need to write f(x) = ll = 2ol + 1
l-z 1-2 1-=2
=—(z" 2" 1)+ - (3 pts)
Notle first term becoine zero after n tlimes of differentiation. (1 pt)
(=)= (D g (D=
e
1-x (1—xz)k+1
So we have f(™(z) = L (4 pts)
(1-z)n+t
Second way is to apply Leibniz’s rule.
flz) = 1‘”_7 =at
Then f0)(2) = Sy €7 (") (7)™ (4 pi)
I
-2 OF o' ) e
o e n'(l_‘rT (4 pts)
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6. (8%) Suppose that three points on the parabola y = 22 have the property that their normal lines intersect at a
common point. Show that the sum of their xz-coordinates is 0.

Solution:

Let (z1,27), (x2,23), (23,23) be such three points.

If x1x223 =0, say x3 = 0. Then the common point is on the y-axis.

The normal lines passing (z1,27), (z2,23) are

y-ai=—(z-21), y-a5 = — (v - 22)
211 219

= 0=x=-2x122(x1 + 22)

Since x1x2 # 0, we have x1 + x5 = 0. Hence x1 + x5 + 23 = 0.

Now if 212923 # 0, the normal lines passing (z1,27), (x2,23), (x3,23) are
1 _ _

y—:cf = E(x_xl)a y—z% = 2—@(:1:—@), y—x§ = %(I—%)

=T = —2.%‘1.1‘2(.’171 + 1‘2) = —2.%’2333(31‘2 + 333) = —21‘13?3(.%‘1 + 1‘3)

= x1(x1 + 22) = x3(22 + 23)

= x1(x1 + T2 + 3 —23) = x3(T2 + T3 + T — T1)

= (z1 —x3)(w1 + 22+ x3) =0. Hence x1 + x5 + 3 =0.

HFoELE

BHERSEAMBRBARTE

BHRERN ¢ BIZEEMmD

BE » EEZEMHEMNZR0E=
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7. (12%) A cone-shaped paper drinking cup is to be made to hold 9 em? of water. Find the height and radius of the
cup that will use the smallest amount of paper.

Solution:

1 2
We have §7r7‘2h =9 0= il

Vr2 + h?

1 2mr
= A==-(Vr2+h2)>————— = mrVr2 + h2
2( : V2 + h?

So A(r) = wr\/r2 + (2—72)2 = 7r\/r4 + 72292
r w2

3 1458

T 2,3
= A'(r) =m(———==
()= (e

m2r2

1458 3
x2r3 "= o2

27 2
ﬂ—( 6\/27r2) g

These are answer since for r <

Let A'(r) =0 = 4r° -

3 / 3 /
W,A(T)<Oandforr> W,A(T)>O.
ADIRE
JIHEERRARINEM D
BEEBRARURF¥ESE—2
SIHFTEKRNEENFTE—2 BRE—B8HBE—2
HEBRNF MDY critical number EM2
XK r Ml h &—2
RARMRENMERMD
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8. (12%)

(a) Suppose that f(z) and g(z) are differentiable on open interval containing [a,b] and f(a) > g(a), f(b) > g(b).
Show that if the equation f(z) = g(«) has exactly one solution on [a,b] then at the solution zg € [a,b], f(x)
and g(z) have the same tangent line.

(Hint: Consider h(z) = f(x) — g(x). Show that h(x) >0 for all x € [a,b].)

(b) For >0, if the equation e® = kz® has exact one solution on [0, 00), solve k in terms of a.

(a)

Solution:

h(z) = f(z) - g(z) is diff on [a,b]. h(a) >0, h(b) >0

If h(Z) < 0 for some Z € (a,b) ((+2): Correct assumption to start with.),

then by the intermediate value thm, there are some z1 € [a,Z] and zg € [Z,b] s.t. h(z1) = 0 = h(z2) ie.
f(x) = g(x) has at least two solution z1, x5 € [a,b]. ((+2): Use IVT.)

Sh(z) >0V xefa,b]if f(z) = g(z) has exactly one solution on [a,b] -«

Suppose that rq is the only root for f(z) = g(z), ro € [a,b]. Then h(rg) is a local minimum value. ((+2):
See local minimum),

“+ h(z) is diff on [a,b] =~ h'(ro) =0 = f'(ro) = ¢'(r0). ((+2): Use Rolle’s Theorem to conclude.)

flx)=¢€", g(x) = kx®.
forx=0, f(0)=1>g(0)=0
for x large enough f(z) > g(x).
Hence if e® = kz® has exactly one solution on [0, c0) then at the root x = g, f(x) and g(z) have the same
tangent line.
ie. if f(20) = g(xo) then f'(z0) = ¢'(z0). ((+2): Apply part (a)),
e = kxg -(1)
€™ = kazs™t —(2)

(1) = e =ka®, k= (E)O‘. ((+2): Find correct answer).
o

= kxl = kazd™ = 20 =
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9. (20%) Let f(z) = (z® +22)1/3.
(a) Find all asymptotes of f(z).
(b) Find the intervals of increase or decrease.
(

(c¢) Find the intervals of concavity.

(e) Find the inflection points.
(f) Sketch the graph of y = f(z).

)
)
d) Find the local maximum and minimum values.
)
)

Solution:

asymptotes. However, since

is defined at these points.

2, V4. . . -
= f(—g) =5 Is the local maximum (1%) and f(0) = 0 is the local minimum (1%).
(e) f"(x) changes sign only across z = -1 and f is continuous at that point.

= f(-1) =0 is the only inflection point (1%).

x 1 -3 0
() X + 0 - X +
) X - - X -
f) | 0 « 3% RO r

(a) Since f(«) is finite for any finite € R and f(z) — o0 as x — +oo, it does not have any vertical or horizontal

TR G, (1+1)F=1 (2%)
r—too o T—+00 xT
and
3., .2y_ .3
lim (f(z)-1-z)= lim (12: ro)ow .
T>$00 koo (13 4 12)5 + (23 + 22) 5 + 22
1
= lim
sz (L4 D)3 4 (14 1)3 41
1
=3 (2%)
f has a slant asymptote y = + 3
(b)
fla) = (a* +a?)s
’ 1 3 2\—2 2 3.’13 +2
)==(z°+2°)"33z" +22) = —/——— 2%
P = 5 ety Gt o) = (2%)
/ 2 / 2
f'(x)>0 for x e (—oo,—g) or (0,00), and f'(z) <0 for z € (—5,0).
= f(x) is increasing on (—oo,—g) and (0, 00), decreasing on (—5,0). (3%)
()
% Lo 2 3 2y-3.0 2 2 3, ,.2\-2 2
f(x)==[-2(="+2°) 382" +22)* + (z° +2°) 3 (62 +2) ] = ———— (2%)
3° 3 9x3(z+1)3
f"(z) >0 for x € (—o0,-1), and f"(x) <0 for x € (-1,0) or (0,00).
= f(x) is concave upward on (—oco,-1) , concave downward on (-1,0) and (0, o). (3%)
2
(d) f'(x) goes from positive to negative across z = 3 and from negative to positive across « = 0, and f(x)
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y = f(x)
*  cxfrema
A infl. pt. :
: ; —==asym.y=x+ 13|
2 15 1 05 0 05 1 15 2
X
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