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1. (12 points) Find the limits.

(a) (6 points) lim
n→+∞( n

n2 + 4 ⋅ 12
+ n

n2 + 4 ⋅ 22
+ n

n2 + 4 ⋅ 32
+ . . . + n

5n2
) = lim

n→+∞

n

∑
i=1

n

n2 + 4i2
.

(b) (6 points) lim
h→0

1

h ∫
3√
1+h

1−h

√
1 + t3dt.

Solution:

(a)

lim
n→∞

n

∑
i=1

n

n2 + 4i2
= lim
n→∞

n

∑
i=1

1

1 + 4( in)2
⋅ 1
n

= lim
n→∞

n

∑
i=1

1

1 + 4x2i
⋅∆x

= ∫
1

0

1

1 + 4x2
dx = 1

2
tan−1 2

where we take a = 0, b = 1,∆x = b − a
n

= 1

n
,xi = a + i∆x =

i

n
Another approach:

lim
n→∞

n

∑
i=1

n

n2 + 4i2
= lim
n→∞

n

∑
i=1

1

1 + (2i
n )2
⋅ (1

2
⋅ 2
n
)

= lim
n→∞

n

∑
i=1

1

1 + x2i
⋅ 1
2

∆x

= ∫
2

0

1

1 + x2
⋅ 1
2
dx = 1

2
tan−1 2

where we take a = 0, b = 2,∆x = b − a
n

= 2

n
,xi = a + i∆x =

2i

n

(b) lim
h→0

1

h ∫
3√
1+h

1−h

√
1 + t3 dt

= lim
h→0

1

1

d

dh
[∫

3√
1+h

1−h

√
1 + t3 dt] [0

0
]L’H’ (1 points)

= lim
h→0

√
1 + ( 3

√
1 − h)3 d

dh
[ 3
√

1 + h] −
√

1 + (1 − h)3 d

dh
[1 − h] (2 points)

= lim
h→0

√
1 + ( 3

√
1 − h)3 1

3
[1 + h]−2/3 −

√
1 + (1 − h)3 (−1) (2 points)

=
√

2
1

3
× (1) +

√
2

= 4

3

√
2 (1 points)

Note:

1. If you get one derivative wrong, you will get 1 point in the total of two points.

2. If you integrate ∫
√

1 + t3dt, you will get no point.
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2. (10 points) Evaluate the integrals.

(a) (5 points) ∫ tanx ln(cosx) dx.

(b) (5 points) ∫
sinx − 1

sinx cosx
dx.

Solution:

(a) (Method I)
Let t = cosx⇒ dt = − sinxdx

⇒ ∫ tanx ln(cosx)dx(2pts) = −∫
ln t

t
dt = −1

2
(ln t)2 +C(2pts) = −1

2
(ln(cosx))2 +C (1pt)

(Method II) Let u = ln cosx, dv = tanxdx⇒ du = − tanxdx, v = − ln cosx (2pts)

⇒ ∫ tanx ln(cosx)dx = −(ln cosx)2 − ∫ tanx ln(cosx)dx (2pts)

⇒ ∫ tanx ln(cosx)dx = −1

2
(ln(cosx))2 +C (1pt)

(b) (Method I)

∫
sinx − 1

sinx cosx
dx = ∫

1

cosx
− 1

sinx cosx
dx(2pts) = ∫ secx − 2

sin 2x
dx

= ln ∣ secx + tanx∣ − ∫ 2 csc 2xdx = ln ∣ secx + tanx∣ + ln ∣ csc 2x + cot 2x∣ +C (3pts)

(Method II)

∫
sinx − 1

sinx cosx
dx = ∫

1

cosx
− 1

sinx cosx
dx(2pts) = ∫ secx − sec2 x

tanx
dx

= ln ∣ secx + tanx∣ − ln ∣ tanx∣ +C (3pts)
(Method III)

∫
sinx − 1

sinx cosx
dx = ∫

1

cosx
− 1

sinx cosx
dx (2pts)

= ∫ secx − tanx − cotxdx = ln ∣ secx + tanx∣ + ln ∣ cosx∣ − ln ∣ sinx∣ +C (3pts)

(Method IV)

∫
sinx − 1

sinx cosx
dx = ∫

(sinx − 1) cosx

sinx cos2 x
dx

Let t = sinx⇒ dt = cosxdx

⇒ ∫
t − 1

t(1 − t2)
dt(2pts) = ∫

−1
t(t + 1)

dt = ∫
1

t + 1
− 1

t
dt

= ln ∣t + 1

t
∣ +C(2pts) = ln ∣sinx + 1

sinx
∣ +C (1pt)

(Method V)

Let t = tan
x

2
⇒ dx = 2

1 + t2
dt

⇒ ∫
( 2t
1+t2 ) − 1

( 2t
1+t2 ) (

1−t2
1+t2 )

2

1 + t2
dt(2pts) = ∫

2t − (1 + t2)
t(1 − t2)

dt = ∫
(t − 1)2

t(t + 1)(t − 1)
dt = ∫

2

t + 1
− 1

t
dt

= ln ∣(t + 1)2
t

∣ +C(2pts) = ln

RRRRRRRRRRRR

(tan x
2 + 1)2

tan x
2

RRRRRRRRRRRR
+C (1pt)

(a) ( ln ∣ csc 2x + cot 2x∣ = ln ∣1 + cos 2x∣ − ln ∣ sin 2x∣
= ln ∣2 cos2 x∣ − ln ∣2 sinx cosx∣ = ln ∣ cosx∣ − ln ∣ sinx∣ )

(b) (ln ∣ secx + tanx∣ + ln ∣ cosx∣ − ln ∣ sinx∣ = ln ∣ 1

sinx
+ 1∣ = ln ∣1 + sinx

sinx
∣)

(c)
⎛
⎝

ln

RRRRRRRRRRRR

(tan x
2 + 1)2

tan x
2

RRRRRRRRRRRR
= ln ∣

tan2 x
2 + 2 tan x

2 + 1

tan x
2

∣ = ln ∣ 2

sinx
+ 2∣ = ln ∣1 + sinx

sinx
∣ + ln 2

⎞
⎠
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3. (16 points) Evaluate the integrals.

(a) (8 points) ∫
x dx√

25 − 8x + x2
.

(b) (8 points) ∫
e2x

16 − 8ex + e2x
dx.

Solution:

(a) First notice that

∫
x dx√

25 − 8x + x2
= ∫

(x − 4) dx
√

9 +(x − 4)2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶I1

+∫
4 dx

√
9 +(x − 4)2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶I2

.

To calculate I1, substitute u =(x − 4)2 into the first integral on the right-hand-side to obtain

I1 ∶= ∫
(x − 4) dx

√
9 +(x − 4)2

= ∫
du

2
√

9 + u
=
√

9 + u +C1 =
√

9 +(x − 4)2 +C1

(Method + Answer: 3+1 points)

(-0.5 points for no constant of integration or not expressing the answer in terms of x.)

To calculate I2, let x−4 = 3 tan θ, where θ ∈ [−π
2
,
π

2
], then dx = 3 sec2 θ dθ and sec θ ≥ 0. One

then also has sec θ =
√

1 + tan2 θ =
√

1 +(x − 4

3
)
2

= 1

3

√
25 − 8x + x2. It follows that

I2 ∶= ∫
4 dx

√
9 +(x − 4)2

= 4∫
3 sec2 θ dθ

3
√

1 + tan2 θ

= 4∫ ∣sec θ∣dθ (as sec θ≥0)= 4∫ sec θ dθ

= 4 ln ∣sec θ + tan θ∣ +C ′

= 4 ln ∣
√

25 − 8x + x2 + x − 4∣ +C2 .

where C2 ∶= C ′ − 4 ln 3. (Method + Answer: 3+1 points)

(-0.5 points for no constant of integration or not expressing the answer in terms of x.)

Therefore,

∫
x dx√

25 − 8x + x2
=
√

25 − 8x + x2 + 4 ln ∣
√

25 − 8x + x2 + x − 4∣ +C ,

where C ∶= C1 +C2.

(No deduction even without explaining relation between different constants of integration.)

(b) Let u = ex, then du = exdx. It follows that

∫
e2x dx

16 − 8ex + e2x
= ∫

u du

16 − 8u + u2
= ∫

(u − 4) + 4 du

(u − 4)2
= ∫

du

u − 4
+ ∫

4 du

(u − 4)2

= ln ∣u − 4∣ − 4

u − 4
+C = ln ∣ex − 4∣ − 4

ex − 4
+C .

(Method (substitution + partial fraction decomposition): 3+3 points)

(Answer (2 antiderivatives): 1+1 points)

(-0.5 points for no constant of integration or not expressing the answer in terms of x.)
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4. (10 points) Find the value of the constant c for which the integral

∫
∞

0

x2 + 8

x3 + 8
− c√

x2 + 1
dx converges.

Evaluate the integral for this value of c.

Solution:

(2 pts)
x2 + 8

x3 + 8
= 1

x + 2
+ 2

x2 − 2x + 4

(1 pts) ∫
2

x2 − 2x + 4
dx = 2√

3
tan−1 (x − 1√

3
) +C1

(1 pts) ∫
1√
x2 + 1

dx = ln ∣
√
x2 + 1 + x∣ +C2

(1 pts) ∫
b

0

x2 + 8

x3 + 8
− c√

x2 + 1
dx = ln ∣b + 2∣ − ln 2 + 2√

3
tan−1 (b − 1√

3
) + π

3
√

3
− c ln ∣

√
b2 + 1 + b∣

(1 pts) ∫
∞

0
f(x)dx = lim

b→∞∫
b

0
f(x)dx

(1 pts) ∫
∞

0

x2 + 8

x3 + 8
− c√

x2 + 1
dx = 4π

3
√

3
− ln 2 + lim

b→∞
ln

RRRRRRRRRRRR

b + 2

(
√
b2 + 1 + b)

c

RRRRRRRRRRRR
(2 pts) The integral converges only if c = 1.

(1 pts) lim
b→∞

∣ b + 2√
b2 + 1 + b

∣ = − ln 2, the value of the integral is
4π

3
√

3
− 2 ln 2.

Students, who correctly discuss the value of c making the integral converges only, get 2 points.
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5. (18 points) Let R be the region bounded above by the curve y = tan2 x, left by x = 0, below by
y = 0, and right by x = π/4. Let R̃ be the region bounded above by the curve y = tanp x, left by
x = 0, below by y = 0, and right by x = π/2, where p > 0 is a constant.

(a) (6 points) Rotate R about the x-axis. Find the resulting volume.

(b) (6 points) Rotate R about the y-axis. Find the resulting volume.

(c) (6 points) Rotate R̃ about the x-axis. Find the values of p such that the resulting volume is

finite. (Hint: You may use the inequality (π
2
− x) ⋅ tanx < 2, for

π

4
≤ x < π

2
.)

Solution:

(a) Volume V = ∫
π
4

0
πy2dx = π∫

π
4

0
tan4 xdx

∫ (tanx)4dx = ∫ (sec2 x − 1) tan2 xdx = ∫ sec2 x tan2 xdx − ∫ tan2 xdx (1)

For first integral in (1), let u = tanx, du = sec2 xdx. Then

∫ sec2 x tan2 xdx = ∫ u2du = 1

3
u3 +C = 1

3
tan3 x +C (2)

And for second integral in (1)

∫ tan2 xdx = ∫ (sec2 x − 1)dx = tanx − x +C (3)

Substitute (2) and (3) into (1) we get

∫ (tanx)4dx = 1

3
tan3 x − tanx + x +C

Hence the volumn V is

V = π[1

3
tan3 x − tanx + x]

π
4

0
= π(1

3
tan3 π

4
− tan

π

4
+ π

4
)

= π
3
− π + π

2

4

= −2π

3
+ π

2

4

Grading criteria:

� Write down the formula of volumn V (either cylinder method or shell method) get 2
points.

� There are two part in the integration of tan4 x, get 3 points if you calculate both part
correctly, get 1 points if you calculate only one of those correctly.

� If both part of integration are wrong, you can get 1 points if you try to simplify the
integration of tan4 x

� Write down answer correctly get 1 points.

(b)
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24

0

2 2

5.

(b)

     By the shell method, the resulting volume is

                    2 tan .

     Setting       

                    ,         tan (sec 1) ,

     we have    

                  

RV x xdx

u x dv xdx x dx





   



 

 

4

4

4
0 0

2

0

2 3

  ,     tan .

     Therefore,

                   2 (tan ) tan

                  2 ta

(1 pt: volume form

n ln sec
2

  
                  = ln 2

2 6

ula

1

R

du dx v x x

V x x x x xdx

x
x x x x











 


  

 
    

 

  
     

  

 



2 2

0

(c)

    The volume of the given solid of revolution is given by t

.)

(2 pts: integration by part.)

(2 pts: process.).

(1 pt: right volum

he improper integral.

             

e

          tan

     

.)

  

pV xdx


 

2

4

42

2

0( )

2 2

0 ( )

                   lim tan

                          tan lim tan .

     Note that the volume is finite if and only if the latter integral is convergent

    (1.5

.

p

p p

xdx

xdx xdx

















 











 



 

2

2

2

The inequality  tan 2 for 
2 4 2

    implies that 

2
                       0 tan  for 

4 2

 pts: correct impretation of the improper integral and convergence criterion.)

    

p

p

x x x

x x
x

  

 

 
    

 

 
    

 

2

4 42

2 2

2 2
( )

2 2

.

    Since,

2 2
                       lim

( ) ( )

p p

p p
dx xdx

x x



 



  


  

  

(c)

24

0

2 2

5.

(b)

     By the shell method, the resulting volume is

                    2 tan .

     Setting       

                    ,         tan (sec 1) ,

     we have    

                  

RV x xdx

u x dv xdx x dx





   



 

 

4

4

4
0 0

2

0

2 3

  ,     tan .

     Therefore,

                   2 (tan ) tan

                  2 ta

(1 pt: volume form

n ln sec
2

  
                  = ln 2

2 6

ula

1

R

du dx v x x

V x x x x xdx

x
x x x x











 


  

 
    

 

  
     

  

 



2 2

0

(c)

    The volume of the given solid of revolution is given by t

.)

(2 pts: integration by part.)

(2 pts: process.).

(1 pt: right volum

he improper integral.

             

e

          tan

     

.)

  

pV xdx


 

2

4

42

2

0( )

2 2

0 ( )

                   lim tan

                          tan lim tan .

     Note that the volume is finite if and only if the latter integral is convergent

    (1.5

.

p

p p

xdx

xdx xdx

















 











 



 

2

2

2

The inequality  tan 2 for 
2 4 2

    implies that 

2
                       0 tan  for 

4 2

 pts: correct impretation of the improper integral and convergence criterion.)

    

p

p

x x x

x x
x

  

 

 
    

 

 
    

 

2

4 42

2 2

2 2
( )

2 2

.

    Since,

2 2
                       lim

( ) ( )

p p

p p
dx xdx

x x



 



  


  
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2

2

2 1
( )

2
4

2 1
2 12

1 2

1
                        = lim 2

(2 1)( )

1 1
                       

(2 1)( ) (2 1)( )
4

1 1
( )     when   

4 1 2 2
                       

               

p

p

p
p

p

p x

p p

p
p





 

 



 







 
 

  

 
 

  
  

 








2 2

0

.
1

       when   
2

1
    It follows by the comparison test that tan  is convergent when 

1
    (2 pts: showing that volume is convergent when  .)

.
2

1
Note also that, when ,  

2

 

2

  

  

 

  

 

p

p

x p

p

p

xd





 










2

2 2

4

42

0 0( ) ( ) 4

2 2

0 ( )

1
(1 pt: showing that volume is divergent when  .

                  tan lim tan lim ln sec

   

1
   when ,  the volume is

2

    tan lim

)

t

2

anp p

V xdx xdx x

p

V x x

p

d x



 





 


 







 

 



 



       









 

 
4

42
0 ( )

2

tan lim tan

   Since tan tan   for ,
4 2

   the comparision test then assumes that the volume in question is finite if and only if 

1
   

(1.5 pts: showing that volu

0 .
2

   

p

dx xdx xdx

x x x

p








 

 


 

  

 

 

1
me is divergent when  .)

2
p 
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6. (12 points) Consider the differential equation

y′′(t) + 2y′(t) + 10y(t) = f(t), y(0) = 0, y′(0) = 1,

where f(t) = {
0, 0 ≤ t < π
13 sin 2t, t ≥ π.

(a) (2 points) Write down the general solution of its related homogeneous equation.

(b) (5 points) Derive the algebraic equation that Y (s), the Laplace transform of the solution y(t),
satisfies.

(c) (5 points) Solve this differential equation.

(Hint: L{f(t − a)U(t − a)} = e−asL{f(t)}, where U(t) is the unit step function.)

Solution:6. 

(a)  

𝑚2 + 2𝑚 + 10 = 0 → 𝑚 = −1 ± 𝑖3 

𝑒−𝑡(𝑐1 sin 3𝑡 + 𝑐2 cos 3𝑡) 

 

(b) 

[𝑠2Y(s) − s ∙ y(0) − y′(0)] − 2[Y(s) − 0] + 10Y(s) = 13 ∙
2

𝑠2 + 4
𝑒−𝜋𝑠 

→ Y(s) =
26

(𝑠2 + 4)(𝑠2 + 2𝑠 + 10)
𝑒−𝜋𝑠 +

1

𝑠2 + 2𝑠 + 10
 

 

(c) 

Y(s) =
26

(𝑠2 + 4)(𝑠2 + 2𝑠 + 10)
𝑒−𝜋𝑠 +

1

𝑠2 + 2𝑠 + 10
 

= [
−𝑠 + 3

(𝑠2 + 4)
+

s − 1

(𝑠2 + 2𝑠 + 10)
] 𝑒−𝜋𝑠 + [

1

𝑠2 + 2𝑠 + 10
] 

= [−
𝑠

𝑠2 + 22
+
3

2
∙

2

𝑠2 + 22
+

𝑠 + 1

(𝑠 + 1)2 + 32
−
2

3
∙

3

(𝑠 + 1)2 + 32
] 𝑒−𝜋𝑠

+ [
1

𝑠2 + 2𝑠 + 10
] 

→ y(t) = {− cos 2(𝑡 − 𝜋) +
3

2
sin 2(𝑡 − 𝜋)

+ 𝑒−(𝑡−𝜋) [sin 3(𝑡 − 𝜋) −
2

3
cos 3(𝑡 − 𝜋)]} U(𝑡 − 𝜋) +

1

3
𝑒−𝑡 sin 3𝑡 
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7. (10 points) The curve C ∶ r = 1+2 cos θ and its two tangent lines, L1 and L2, at the pole are shown
in the graph.

(a) (6 points) Find the area of the shaded region.

(b) (4 points) Now consider another curve C̃ ∶ r = −1 − 2 cos(θ − π
6
). How is the curve C̃ related

to the curve C?

Solution:

(a) L1 ∶ θ =
2π

3
(1%), L2 ∶ θ =

4π

3
(1%).

Area = 2

⎡⎢⎢⎢⎢⎢⎢⎣
∫

π
3

0
(1%)

1

2
(1 + 2 cos θ)2

(1%)

dθ − ∫
π

2π
3

(1%)

1

2
(1 + 2 cos θ)2dθ

⎤⎥⎥⎥⎥⎥⎥⎦
(or 2 [∫

2π

5π
3

1

2
(1 + 2 cos θ)2dθ − ∫

4π
3

π

1

2
(1 + 2 cos θ)2dθ])

= 4
√

3(1%)

(b) Reflect through the pole (2%) and rotate
π

6
(rad) counter-clockwise(2%).
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8. (12 points)

(a) (4 points) There are two polar curves C1 and C2 with equations r = r1(θ) and r = r2(θ).
Suppose that they intersect orthogonally at the point with polar coordinates (r0, θ0). Show

that r′1(θ0) ⋅ r′2(θ0) = −r20 which means that ( 1

r1

dr1
dθ

) ⋅ ( 1

r2

dr2
dθ

) ∣
θ=θ0

= −1.

(Hint: Compute the slopes of the tangent lines of C1 and C2 at the intersection.)

(b) (3 points) Consider the family of cardioids r = rc(θ) = c (1 + cos θ), where c is an arbitrary
constant. Derive the differential equation that rc(θ) satisfies for all c.

(c) (5 points) Find the orthogonal trajectories of the family of cardioids r = c (1 + cos θ).

Solution:

(a) (1 pts)
dy

dx
= dy/dθ
dx/dθ

=
dr
dθ sin θ + r cos θ
dr
dθ cos θ − r sin θ

(1 pts) ∵ ⊥ at (r0, θ0), ∴
dy1
dx1
⋅ dy2
dx2

= −1 at (r0, θ0).

(1 pts)
r′1 sin θ0 + r1 cos θ0
r′1 cos θ0 − r1 sin θ0

⋅ r
′
2 sin θ0 + r2 cos θ0
r′2 cos θ0 − r2 sin θ0

= −1

Ô⇒ r′1r
′
2 sin2 θ0 + (r′1r2 + r′2r1) cos θ0 sin θ0 + r1r2 cos2 θ0

r′1r
′
2 cos2 θ0 − (r′1r2 + r′2r1) cos θ0 sin θ0 + r1r2 sin2 θ0

= −1

(1 pts) Ô⇒ r′1r
′
2 (sin2 θ0 + cos2 θ0) = −r1r2 (cos2 θ0 + sin2 θ0) Ô⇒ r′1(θ0)r′2(θ0) = −r20.

(b)

 

8. 

 

(b)  

𝑟𝑐
′(𝜃) = −𝑐 sin 𝜃 , c =

𝑟𝑐
1 + cos 𝜃

→
𝑟′𝑐
𝑟𝑐

=
−sin 𝜃

1 + cos 𝜃
 

(c) 

𝑟′𝑇
𝑟𝑇

=
1 + cos 𝜃

sin 𝜃
→ ln 𝑟𝑇 = ∫

1 + cos 𝜃

sin 𝜃
𝑑𝜃 = ∫csc 𝜃 + cot 𝜃 𝑑𝜃 

→ ∫csc 𝜃 + cot 𝜃 𝑑𝜃 = ln | csc 𝜃 − cot 𝜃 | + ln | sin 𝜃 | + 𝐶 → 𝑟𝑇 = 𝐴(1 − cos 𝜃) 

或 

→ ∫csc 𝜃 + cot 𝜃 𝑑𝜃 = − ln|csc 𝜃 + cot 𝜃| + ln|sin 𝜃| + 𝐶 → 𝑟𝑇 = 𝐴
𝑠𝑖𝑛2𝜃

cos 𝜃 + 1
 

A ∈ constant 

(c)

 

8. 

 

(b)  

𝑟𝑐
′(𝜃) = −𝑐 sin 𝜃 , c =

𝑟𝑐
1 + cos 𝜃

→
𝑟′𝑐
𝑟𝑐

=
−sin 𝜃

1 + cos 𝜃
 

(c) 

𝑟′𝑇
𝑟𝑇

=
1 + cos 𝜃

sin 𝜃
→ ln 𝑟𝑇 = ∫

1 + cos 𝜃

sin 𝜃
𝑑𝜃 = ∫csc 𝜃 + cot 𝜃 𝑑𝜃 

→ ∫csc 𝜃 + cot 𝜃 𝑑𝜃 = ln | csc 𝜃 − cot 𝜃 | + ln | sin 𝜃 | + 𝐶 → 𝑟𝑇 = 𝐴(1 − cos 𝜃) 

或 

→ ∫csc 𝜃 + cot 𝜃 𝑑𝜃 = − ln|csc 𝜃 + cot 𝜃| + ln|sin 𝜃| + 𝐶 → 𝑟𝑇 = 𝐴
𝑠𝑖𝑛2𝜃

cos 𝜃 + 1
 

A ∈ constant 
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