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1. (15 points) Compute each of the following limits if it exists or explain why it doesn’t exist.

(a) (5 points) hm sm( ;) sinz.

(b) (5 points) 101_1;% Vit

(c) (5 points) lir%(cosa:)z%.

Solution:
(a) Method 1
(2 points) -1<sinZ; <1=0<]sin 2| <1=0<|[sinzsin 5| <|sinz|

(2 points) limsinz = 0= lim|sinz| =0 =1im0.
x—0 x—0 z—0

. . . o1 . . 1
(1 point) By Squeeze Theorem, lcli% |sinzsin | =0 = }E% sinxsin — = 0.

Method 2 To find the limit as x approaching 0, only to consider z € (-7, ).
When x>0, -1<sin—3 <1 = -sinx <sinzsin ; <sinx.

lim —sinz =0 = lim sinz.

z—0% z—0%

( )
( )
(1 point) When <0, -1 <sin = <1 = sinz <sinasin - < -sinz.
( )
( )

1 point) lim sinz =0 = lim —sinx.
=0~ =0~

1 point) By Squeeze Theorem, lim sin x sin x—lz =0= hI(I)l sinsin -z 1.

-0+ T—
Hence, hr% sinzsin 5 = 0.
: tanz  _ tanzx x _ 1 =z z (3z)2 _1 1 sinz x (3z)2
(b) (2 pOlntS) 1-cos3z T 1-cos3z (cosac sina:)( |z l—cos(Sm)) “ 3cosz x |z| \ 1-cos(3z)

for = # 0.

tanx _

: : sinz x (350)2 _ 1 _ \/§
(1 pOlIlt) xli%m x‘)0+(3COS$ - H\/m)_§-1-1~1'\/§—T.

: : nx sinz z [/ (32)?
(1 pomt) xll,%l—\/ﬁ =:z: 0_(3C0sx T m 1_(cos23x)):%'1'1'(_1)'\/§=_g-
tanx _ i + \/_

_ _ tanz = lim tanx

1 poin lim = = lim
( po t) z—0+ V1-cos3z 3 3 z—0~ V1-cos 3z r—0 V1-cos3z
doesn’t exist.

(c) Observe that

im 21n(cos(x))/2?
hI%(COS(ZL‘))WxQ — 11I% 621n(cos(x))/x2 — e:}:—>021 (cos(z))/ (1 pt)
Now since
. 2In(cos(x)) ,. 2x-sin(z)/cos(x)
1612% - = £1£% 5 (2 pts)
- lim —sin(x) y 1
=0 cos(x)
=-1(1 pt) x1
=-1 (1 pt),
im 21n(cos(x))/x?
we conclude that hH[l)(COS(JZ))Q/xQ = e o
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2. (10 points)

(a) (5 points) Compute the limit if it exists or explain why it doesn’t exist.

Jim Ve

(b) (5 points) Determine for what values of a, 0 < a < 1, does lim f(x) exist, where

f(x) =+ —/x -2 for x> 1.

Solution:
(a)
lim Vz+ V7 - V1 -7 = lim (2+ Vo) - (- V) (2pts)
T+oo potoo \/x+\/§+\/x
2
= lim Ve = lim
e \/1’+\/5+\/$—\/E o \/1 1 \/_
+ PR —
li 2 (2 pts)
= lim
zem\/ T \/ I \/1+0+\/ =
T+ —— 4y [1-—
= = 1 1 t
1+1 (1 pt)
2x% Zxa_%
(b) f(fl?) T Vareotvazt | Vitzt levlzo ]
ca-1<0  cx*l->0asz—->0
Hence \/1+xa‘1+\/1—;1:a‘1 —>2asx—>0
If a> %, then z° "3 - 00 as z — 0, which implies that lim,_. f(z) = oo
Ifa—2,thenf(x) \/_+\/17_7—>1asx—>oo
If a < 3, then lim, e 2% 2 =0 and .t limye f(2) =0
Therefore, the answer is 0 < a < é .
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3. (15 points) Differentiate the following functions.
(a) (5 points) f(x)= arcsec(e®)

1+x¢

(b) (5 points) f(x) =logy /T + tan™!(z3)
(c) (5 points) f(x) = zeosz.

Solution:
(1+z°) e +sec!(e®)-ex®t e 1 1w
/ _ et\/e27_1 _ l+zf+ez®Ve2r—1.sec™! (e7)
(a) f (l‘) B (L1+z¢)? B (1+z€)2Ve2r-1
(b) (Method 1) Simplify f(z) as
1pt
—
1
f(x) = QTnxQ +tan~!(2?)
Then
,___1,& Ipt ,_}RE
fia) = i+ 3
x)=———+32°-
(2In2)z 1+a6
(All correct +1pt.)
(Method 2) Differentiate f(z) directly
1pt 1pt 1pt
[0 P .
x = . I .
(In2)\/z 2z 1+ 26
(All correct +1pt.)
(c¢) (Method 1) Write f(x) as
1pt
—_—
f(l’) — 6cosanlnm
Then differentiate f(x)
1pt Ipt

f(x) = e M%(cosrlnx) = e5* % (~sinxInw +

(All correct +2pts.)
(Method 2) Use logarithmic differentiation. Write f(x) as
1pt

In f(z)=cosxInz

Differentiate
lpt lpt
—
/(@) = (-sinzlnz+ COS%)
f()
Thus,

COST

)

fl(x) =% (-sinzInz +

(All correct +2pts.)

R,

COS T

)

Remark St EHERED 2D, EXEREBIRBAEREIRBH1D, ARBEXBEEREBHTE
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] cos(l) , forx+0
x
0, for x = 0.

(a) (3 points) Is f(x) continuous at z =07

(b) (6 points) Compute f'(x) for = + 0 and f’(0).

(c¢) (3 points) Is f’(z) continuous at z = 07?

4. (12 points) Let f(x) =

Solution:
(a) Because the cosine of any number lies between —1 and 1, we can write.
1
-1 < cos (—) <1
x

Any inequality remains true when multiplied by a positive number. We know that 23 >0
4
for all x and so, multiplying each side of the inequalities by x3, we get

4 1 4
-3 <x3cos|—)<Las

bk

X

We know that \
3

limx% =lim-x3 =0

z—0 z—0

By Squeeze Theorem, we obtain
1
lim 25 cos (—) =0
z—0 €T
Therefore, f(x) is continuous at x = 0.

(b) By definition of differential and pinching theorem,

5cos (L) - 4 cos (L
f’(O):limx cos(x) f(O):hmm COS(:C):limxécos(l):O

z—0 x -0 z—0 €T z—0 x

On the other hand, we consider z # 0. By the Product Rule, f/(z) = (xg),cos(%) +
23 {cos (2)}. Now by Chain Rule, {cos (1)} =sin(2)-%. Therefore, we obtain

T

f(z) = %x cos (i) 22 Sm(l)

X

(c¢) Because limsup f/(z) = oo and lim ionf f'(x) = —o0, lir% f'(x) does not exist. Therefore, we
z—0 = e
can deduce that f’(x) is not continuous at x = 0.

[Remark]
f(w)—g(o)

In question (b), suppose you know the definition of f’(0) = lin% ====_ You can get 2 points.

Suppose you write f/(0) = lir% f'(x). You can not get any point in (b).
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5. (10 points) The figure shows a lamp located 4 units to the right of the y—axis and a shadow created
by the elliptical region 2 + 5y < 6. If the point (-6,0) is on the edge of the shadow, how far above
the r—axis is the lamp located?

y
—M T
- !
I / ?
P /
el o/ 4l
— _6 \ 0 //// 4 X
¥’ +5)2=6 e ///
7

Solution:

1. (Method 1)
By implicit differentiation, we have 2z + 10yy’ = 0, or, ¥’ = -3 (5%)
Suppose the point of tangency is (x,,¥,), then the tangent line is given by y = - (z -
o) + Yo
Plug in (-6,0), we have 0 = —;y"o (=6 —x,) + Yo, Or, T2+ 5y2 = —61,.
Also, 22 + 5y2 =6, so x, = -1, y, = 1(3%)

Then the tangent line is y = %x + g, SO Y

- 2(2%)

=4

2. (Method 2)
Suppose the lamp is located at (4,h). Then the tangent line is given by y = (2 +6)(4%)
Since it’s tangent to the ellipse, the equation

{ y=1—]’6(x+6)

x2+5y% =6

should have only one zero(repeated roots), or equivalently, the discriminant of x? +

5(L(x+ 6))2 =6 sholud be zero.(4%)
Thus, 36h* — (20 + h?)(36Ah% - 120) = 0, we have h =2(2%)

3. (Method 3) Suppose the pint of tangency is (z,,1/ 6?3 ), and the lamp is located at (4, h)

671%

-0 52
Then we have %7?76) = 4f(106), or h= Qif)—+g‘2’(4%)
We can find h by using the condition 4 = 0(why?)(4%)
~10% . (3,+6)-2,/30-5z2-1 5 5
_ —1022-60,-60+10z2

_\/30-5x2
Thus, 0= (zo+6)? T (20+6)2+/30-522
Hence, z, = -1, y, = 1, and h =2(2%)
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6. (10 points) In the engine, a 7-inch connecting rod is fastened to a crank of radius 3 inches. The
crankshaft (¥ #l) rotates counterclockwise at a constant rate of 100 revolutions per minute. Find
the velocity of the piston(;&Z) when 0 = . (Reminder: the angular velocity of a circular motion
at a constant speed of 1 revolution per minute is 27 rad/min.)

istol
Crankshaft Pis {( N
\

]
Connecting rod L

Solution:

First, we know 2 =100 27 = 2007 (1 point)
(Idea I)

T2 =32+22-2-3-xcosf (3 points)

0= Qxfl—f -6 ‘fi’t” cost — xsm@flf

— d@ — dz _ _Gxsinf db :
= (6cosf - 2z) % 6x81n9 % = Femps= 3 (3 points)

When 6 = %, then w=8 = 4= 003, (9 points)
(Idea II)
T?=32+22-2-3-xcosf = 22 -6cosf —40 =0 (3 points)

~x=3cosf +V9cos20 +40 (for x>0) = L = -3sinh% + 1. %ﬁ;f - 49 (3 points)

2 ] -2007 = —%ﬂ (2 points)

when 6 = I, we have % _[_3.(§)__

(Idea III)
rcosf = 32;?;‘72 (:> x =3cosf+V9cos?f +40 (for x> 0)) (3 points)

. . pdp _ 2w6w9E-6(a?-40) 9% :ndf _ z2+40 da :
So—sinf% = T = —-sinf5; = 5= 57 (3 points)

_ de _ i pndd 6z _ 48003 :
When 0 = %, then = 8. = 9 = —sin05; - 5755 = —=32°m. (2 points)

w=8,0:%

(Idea IV)
x =3cosl+ \/49 - (3sinf)>? (z 3cosf +/40 + 9(1 - sin?f) = 3cosf + /9 cos? § +40) (3 points)

=-3 sm@— + 1 -18sinfcosf . d9 3 points
V49-9sin? 0 ( b )

f 1
when 6 = I, we have % = [—3~ (@) 12 ] 2007 = %ﬂ' (2 points)

2 49 27
(Idea V)
7sin¢g = 3sinf = 7cosqz5€fl—t = 30089%
d¢ _ 3cosf df _ 3cosf do _ 3cosf  db

= = = 2 points
dt — Tcos¢ dt |\ /49-49sin? ¢ dt 49-9sinZ ¢ dt ( b )

'.'$:3COS(9+7COS¢(=3C089+7\/1—%SiHQQ230089+7\/49—981n2(9) (1 point)

.‘.‘fif = —3s1n6’d9 7Sln¢d¢ = —SSde@ SSinﬁ(ﬁa) (3 points)

f 1
when 6 = I, we have 4 = l—?)- (@) -1 ] 2007 = —%W (2 points)

3 dt 2 2 \/49_—2477
(Idea VI)
751(111¢¢ 33Si;ld0;=> 7C(3)sgb;i—t =dijcosﬁ’§f, \2{}162109 I =sing= 31\{1_, cos¢ =15
= U= Teosg dt = N 7 Todi == (2 pomts)
“'sin(W:b—@) 511719 == 75111(;';2)*9) = 7811155191;@ (1 point)
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. dzx 7cos(o9+d>) (Zf Z‘f)sinefcosesin(@ﬂb)?

A = ey L (3 points)
Whenezg,
3E)-(£) (22 2 24 [(E) B2+ ()(32
we have % = 7 Sl 4)][“9‘%(73] =) B s00m
e 7(4) (19) £ - 298] o -7 10 0S5 (5 poins)

That is the velocity of the piston is 4800\/_7r inch/min. with the direction to the left. (1 point)
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7. (10 points) A right circular cone is inscribed in a larger right circular cone so that its vertex is at
the center of the base of the larger one. Denote the height of the large cone by H and the height
of the small one by h. When the large cone is fixed, find h that maximizes the volume of the small
cone and find out this maximum volume in terms of the volume of the large cone. (Hint: The
volume of a right circular cone with height ~ and base radius r is $wr2h.)

Solution:

We denote the radii of the bases of the larger and smaller cones as R and r, respectively. Then
we have the relation

H-h

r
7
This gives us

r= %(H —h). (2 points)

Hence the volume of the small cone is

1
‘/small = §7T72 h

1 R? 9

= gﬂ'h . E(H - h)

for 0<h < H (2 points). In order to compute the maximum of V., we compute
dvtsmall _ mR?

e @(H - h)(H -3h). (2 points)

By setting ©amalt = 0 we have h = H or h = H/3 (2 points). Since
V(0) =0,
V(H) =0,

H. 4
V()= ZxRH >0
(3) =gy >0,

we know that when h = H/3, the maximum of V4 is

4 4
Vsmall = QWRZH = ﬁ‘/lm"gea (2 points)

where Vigrge = %WRZH is the fixed volume of the larger cone.

§t1: h= % and Ve = %Vlame should both be answered. Not answering both of the two will
cost you 2 points.

§t2: Assuming H = 2R will cost you 2 points. O
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8. (18 points) Let f(x) = IHTM, x #+ 0. Answer the following questions by filling each blank below and
give your reasons (including computations). Put None in the blank if the item asked does not
exist.

(a) (3 points) Find all asymptote(s) of the curve y = f(z).
Vertical asymptote(s): .
Horizontal asymptote(s):
Slant saymptote(s):

(b) (4 points) f(z) is increasing on the interval(s)

f(x) is decreasing on the interval(s)

(¢) (2 points) Find all local extreme values of f(x).
Local maximum point(s): (z, f(z)) =

Local minimum point(s): (z, f(z)) =

(d) (4 points) f(z) is concave upward on the interval(s)

f(x) is concave downward on the interval(s)

(e) (2 points) List the inflection point(s) of the curve y = f(z) : (z, f(x)) =

(f) (3 points) Sketch the graph of f, and indicate all asymptotes, extreme values, and inflection
points.

Solution:

(a) 1. Vertical asymptote:
Answer : x =0 (y-axis). Correctness : 0.5 point ; Explanation : 0.5 point.

Solution:

x> 0: lim, o+ f(x) = lim,_ o+ (lny)) == =-00

( means f(x) - —oo when x - 0%).

_ too

x < 0: lim,_o- f(x) = lim,_o- (_¥) 20— oo
( means f(x) - +oco0 when x — 07).
Note: We can’t use L’Hospital’s Rule to solve this question.

2. Horizontal asymptote:
Answer : y =0 (x-axis). Correctness : 0.5 point ; Explanation : 0.5 point.

Solution:
: ERE In(z)\ _1: % 0 _
z>0: limg 1o f(:E) = lim, 100 ( x ) = limg e 1) 717 0
( =2 type, use L'Hospital’s Rule.)
( means f(x) - 0 when z — +00).
2 <0 lim . o f(2) = lim, o (-252) = Tim, . . (T) =9=0

( =2 type, use L'Hospital’s Rule.)
( means f(x) - 0 when x — —00).

3. Slant asymptote:
Answer : None. Correctness : 0.5 point ; Explanation : 0.5 point.

Solutionl:

If a slant asymptote exists, the slope of a slant asymptote can be expressed as
f(z)

limx%ioo T
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1
x>0 limy o f(wx) =limy o0 (lnaff)) =limy o0 (ﬁ) = %o =0

1= type, use L’'Hospital’s Rule.)
ThlS result is in contradiction, therefore a slant asymptote doesn’t exist).

1
s limy, o @ =limg,_ o (lni—;x)) =limg,_ o (M) — =0
( = type, use L’Hospital’s Rule.)
(This result is in contradiction, therefore a slant asymptote doesn’t exist).
Solution2:

A slant asymptote of f(x) only occurs when z — +oo, but lim, . f(z) = 0 from
the above, therefore a slant asymptote doesn’t exist.

(b) Answer : increasing interval:(0,e) U (—e,0), decreasing interval:(e, +00) U (—o0, —¢).
Correctness : 1 point per question;
Determine f/(x) (1 point) + Ilustrate f’(z) >0 and f’(z) <0 (1 point).

Solution:
x>0: f(z)= ln(x) fi(z) == ln(x) (from the Quotient Rule).
f'(x)>0: 1 ln(x)>0:>ln(:c)<1:>O<x<e
~ (increasing interval).
f(z)<0: 1-In(z)<0=In(x)>1=x>e€
(decreasing interval).
<0 f(z)=-2C2 x) fi(x) = & ln( *) (from the Quotient Rule).
fi(x)>0: 1- ln( :1:)>0:>1n( r)<l=-e<z<0
~ (increasing interval).
f(z)<0: 1-In(-z)<0=In(-z)>1=>x<-c
(decreasing interval).

(¢) Answer : local maximum point:(e, <), local minimum point:(-e, =).

Correctness : 0.5 point per question; Explanation : 1 point.

Solution:

Local maximum: Because f(x) is increasing in (0,e) and decreasing in (e, +00),
local maximum point occurs at (e, f(e)) = (e, 1) (f'(e) =0).

Local minimum: Because f(x) is decreasing in (—o0,—¢) and increasing in (-¢,0),
local minimum point occurs at (e, f(-€)) = (e, =) (f'(-¢) =0).

(d) (4 points) f(z) is concave upward on the interval(s) (—e2,0)U(e?, 00).

f(x) is concave downward on the interval(s) (0,¢2)J(~o0, —¢2).

() =2>0,=> = St (o) o 3421n0)
f”(x) —r< 0 - zr —(1 In(-z))2z m( 3+21n( 2)) (1)

z4 4

f"(x) >0 = (concave upward)

3+21
M>0 z>0= 3+21n:17>0:>1na:>—:>:p>e2 =>ch0096x>62

z(~ 3+iln( x>)>0;13<0=> -3+ 2In(- ;U)<():>ln( :1;)> =1>-es (2)
— choose —e3 < x < ()
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f"(z) <0 = (concave downward)

z(-3+2Inx)
:E4
3
= choose 0 < x < e2 )
~3+21In(~
w>0,x<0='—3+21n(—x)<O='1n(—x)>%$x>—e
3
= choose x < —e2

3
>0,m>0=>—3+21nz>0:>1na7>%:>x>e§

3
2

score: answer 0.5 point separately, right concept 2 points. ( notify: if the graph of f lies
above all of its tangents on an interval I, then called concave upward. ex: f”(z) >0 =
concave upward)

if U write M lose 0.5 point

Y
e
~
—~
|
Q)
wlw
|
e
N

(e) (2 points) List the inflection point(s) of the curve y = f(x) : (z, f(z)) = (e2, =

fi(x)=0=>2=e2 and z = —e2

fr(e?) = %6_73 and f"(-e3) = —%6_73

score: answer 0.5 points separately, right concept 1 points. ( notify f”(x) =0,z = —e3
-3

and e?)

(f) (3 points) Plot the f(x) and indicate asymptote, local point and infection point.
G

4

-
[=]
3
=
=]
=]

vertical asymptote 0.5point, horiaontal asymptote 0.5point, infection points 0.5point sep-
arately, local points 0.5point spearately.

only mark points(all points must be correct) get 1 point.

only draw image (image must be correct) get 1.5 points
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9. (10 points) f(z) is a differentiable function defined on R. Let g(z) = f(z) - |f(x)|.
(a) (3 points) Find the domain of ¢’(z) and compute ¢’(z). (Hint: To compute ¢’'(x¢) you may
need to discuss the cases f(xzg) >0, f(zo) <0, and f(zo) = 0 seperately.)
(b) (4 points) Suppose that f’(z) > 0 on the interval (a,b). Show that g(z) has at most one
critical point on (a,b).

(c) (3 points) Suppose that f’(x) > 0 on the interval (a,b). Show that g(z;) < g(x2) for all
a<xy<x9<h.

(a)

Solution:

For xy s.t. f(zo) > 0, because f(x) is continuous so that there is some open interval I
containing xy s.t. f(z) >0 on I.

Hence, g(x) = £(2) | £(2) |= f2(x) on I

g'(x) =2f(x)- f'(x) on I g'(x0) = 2f (x0) - f'(20).-

For xg s.t. f(x9) <0, g(x)=-f?(x).
g'(z) ==2f(z) f'(x) on I.  g'(xo) = -2f (o) f'(z0).

For zg s.t. f(w9) =0, g(w) =
g' (o) = lim,_ 4, 2 o(2)-g(z0) _ llmzﬂo f@If @) _ = limy .y, | f(z) | L&)

T—xQ T—xQ r—xQ

—| f(xo) | f'(29) =0

| f(zo)| - f(x) is continous.
f'(xo) - f'(xg) is differentiable.
Therefore, ¢’(z) is defined on R, and ¢'(z) = 2| f(z) | f'(x).

Other Sol. )
g(x) = f(2)(f(x))Z when f(z) =0
g'(x) = f'(x) | f(@) | +f (@) LS = 2| f(2) | f/(x) when f(z) #0

Because g is differentiable on (a,b). Hence the critical numbers of g are numbers on ¢’ = 0.
Suppose that f’(z) >0 on (a,b).

Then on (a,b),

g'(x)=2|f(x)[-f'(z) =0 = [f(z) =0 (.f'(z)>0 on(a,b)).

Assume that g has more than one critical point on (a,b).

Then 3¢y, ¢ € (a,b) s.t. g'(¢1) = ¢'(c2) = 0.

g'(c1) =0~ f(e1) =0

9'(c2) =0~ f(e2) =0

-+ f is continuous on [¢1, 2], f is also differentiable on (¢1,¢2), and f(¢1) = f(¢2)

. By Rolle’s Theorem, 3 some ¢ € (¢1,¢2) ¢ (a,b) =, which is contradiction the above
assumption.

Other sol.

~f"(x) >0 on (a,b).

~.f(z) is strictly increasing on (a, b) (, and it is 1-to-1).
Therefore, there is at most one point on (a,b) s.t. f(¢) = 0.

Case 1: g has no critical point on (a,b). (1 point)

The /() = 2| f(x) | f/(x) > 0 on (a.b).
By the Incresing Test, g(z1) < g(x2), V<o, 271,72 € (a,b).
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Case 2: g has one critical point ¢ on (a,b). (1 point)
Discuss g(z1) < g(c¢) < g(x2) at different boundaries. (1 point)
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