Chapter 4 :The flow physics from small to large
Reynolds number

Method of solutions :

(1) Exact solutions (very few)
— as the Navier-Stokes equation 1s nonlinear.
(2) Numerical solutions
— CFD - computational fluid dynamics.
(3) Approximate solutions (analytical methods)
— Here 1n this course we study the problems under
condition of either very small or very large Reynolds
number.

(R ETERAE S W A B BT R P
Fluid Mechanics (Spring 2025) — Chapter 4 - U. Lei (% ) (A¥) s metituse of ape ed Mechan ios

e National Taiwan University



Governing equations for
incompressible flow with constant viscosity

V-u=90

Could we reduce these further ?

pu-Vu=-VP+ uV'u
subject to no-slip boundary conditions at solid wall.
Scaling analysis :

velocity scale : U, length scale : L pressure scale : P

S
(depends on Reynolds number)
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Low Reynolds number tflows (1)
(small inertia)

For low Reynolds number, we require

LS Ls2 LS
On setting oy i
"=y XTI V=LV, P-=
: ; ’ MU, /L,

The governing equations:

with Reynolds number: R = PUL,
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Low Reynolds number tflows (2)

Physical meaning of Reynolds number :
U

pU,—
pu-Vu L. NpUSLS_R
uV:u U, u
ﬂLz

As R — 0, the 1nertia force 1s negligible in comparing with the
viscous force, the governing equations become

N

V-u=0 or V-u=0 (called
0=-VP+VZ3i 0=-VP+uViu Stokes equation)
(dimensionless form) (dimensional form)
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Low Reynolds number flows (3)

» Low Reynolds number flow = Stokes flow = creeping flow

» There are three situations for the Reynolds number to be small:
when the characteristic velocity 1s small, when the characteristic
length 1s small, and when the viscosity 1s large.

» Recall that the inertia force 1s identically zero for flows with
parallel streamlines as discussed 1n chapter 3, such parallel
flows together with the low Reynolds number flows are
sometimes called the inertial-free flows (because the inertia
term is neglected) or inertialless flows (in Liggett’s book).

» The governing equations become linear when the inertia term is
neglected, which implies that we can carry out further theoretical
analysis under R <<'1 (see Chapter 5).
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High Reynolds number flows (1)

(large inertia)

For high Reynolds number flows,

U, P
pu-Vu~—-VP 5 pu R

) S LS ’ ’
On setting: ﬁ:UL, g= X ¥ _ LV, P= P _
S Ls pUs
The governing equations are: V .y = ()
ua-Vi=-VP+—V=3i
As R — oo, R
VA V-u=0
V-u=0 or .
P 1 op pu-Vu=-VP (Euler equation)
o, (but cannot satisfy the no-slip condition ? )
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High Reynolds number flows (2)

» In order to satisfy the no-slip

condition (the real situation)

—_—

for flow with large Reynolds 720 on body surfacs

— s

number, we must retain at least @

. - —L >
some part of the viscous term :
in the equation of motion. (@

» Proposed that there exists a thin -
. . O0<<L,

region next to the solid boundary
with thickness O, where the Uso

faviscid main flouwr

viscous force is not negligible ’ 5 oake
R - -
and of the same order as the @”"*

N . inertia force. Such thin region
| is called the boundary layer and (k>
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Summary :

Steady incompressible flow with constant viscosity

V-u=0 (Continuity equation)
2 . ; d
ou-Vu=-VP+ uV-u (Navier-Stokes equation) (2" -order)
% R = pUSLS
10°10*10°10° 10" 1 10" 10° 10° 10* 10° (Reynolds Number) #
- > - >
Low Reynolds number flows (R<<1): High Reynolds number flows (R >>1) : (Two regions)
V-u=0 V-u=0
0~-Vp+ uV’u (Stokes equation) pu-Vu~-Vp (Euler equation) — Inviscid main flow
(2" -order) (1** - order ...... cannot satisfy the no - slip BC)
V.ou=0

0’ : : :
pou-Vur—-Vp+ ya—lzl (parabolized Navier-Stokes equation)

(2nd-order equation) — Boundary layer

(y 1s 1n the direction across the boundary layer)
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High Reynolds number flow (3)

Different length scales in different directions :

x (streamwise) direction — L
y (cross streamwise) direction — O
z (spanwise) direction — [

We require : O << L_~ L_ ~ L_inside the boundary layer. (see later)

The viscous term 1n the streamwise momentum equation :
UV = U d°u +82u +82u o U, U, U, NﬂUS
ox>  dy> 9z’ L> 6 L° 5’

T

dominated term, should be retained under R >> 1
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High Reynolds number tlow (4)

By balancing such viscous term with the inertia term,

Uu U, o /7
PUSLS /152 ﬁL—N\/pUSLS—ﬁﬁ 0 << L as R —o

» Thus there are two regions (one with length 0 and one with L))
having different characteristics for the flow field at large R.

» Most of the region is essentially inviscid, and is called the
inviscid main flow (theme of Chapter 6).

» The viscous effect is confined in a thin region next to the wall,
called the boundary layer (theme of chapter 7).

» The thickness of the boundary layer (length scale in “y-direction’) is
much less than its stream-wise extent (length scale along the “x-direction”,
which 1s of the same order as the length scale of the inviscid main flow.

(6<<L) oA sk s B
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Discussion - High Reynolds number flow (1)

» Mathematically, the boundary layer is inserted for satisfying
the no-slip boundary condition.

» Vorticity is generated at the wall associated with the no-slip
condition, and swept downstream by the flow. The diffusion of
the vorticity by the viscous effect across the stream 1s relatively
small in comparing with the streamwise convective effect due to
the imposed flow at large Reynolds number, and thus the
boundary layer 1s kept thin although its thickness 1s evolving
slowly downstream.

& Wake 1s also a kind of boundary layer. It contains mainly the
relatively high vorticity fluid generated inside the boundary
layers upstream, and 1s fundamentally different from that in the
inviscid main flow (see Chapter 7). Ui

s waka
— @_i—
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Discussion - High Reynolds number tflow (2)

» The boundary layer region contains
(1) the boundary layer next to the solid wall
(2) the wake (and other free shear flows such as jet and mixing layer)
(Boundary layer flow without solid boundary!)

» The boundary layer region has two main characteristics:

(1) 1t 1s a slender region, and thus the spatial variation of
the flow properties across the flow 1s much greater
than that along the flow, and

(2) viscous effect 1s important in this region.

» When the Reynolds number is large enough, the flows inside
the boundary layer region are turbulent, and the thickness of
the boundary layer region becomes larger in comparing with
that 1n laminar case. However, the main characteristics

remain unchanged. | - ,
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Discussion - High Reynolds number flow (3)

» If the flow inside the boundary layer experiences a sufficiently
severe adverse pressure gradient, 1t may separate from the
body surface, and the boundary layer grows rapidly. The
boundary layer assumption § << L_~ L_~ L_ 1s not valid locally
where the boundary layer separates. Also the boundary layer
assumption fails in the wake region near the body (called the
near wake). Numerical solution of the continuity and Navier-
Stokes equations 1s required for understanding the local
detailed features of such cases.

» However, the structure of the inviscid main flow can still be
analyzed using the continuity and Euler equations, but the
shape of the body for inviscid calculation should be modified
(in principle).
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Discussion - High Reynolds number flow (4)

» Therefore, in case with high Reynolds number, we may replace
“the original problem governed by the continuity and Navier
-Stokes equations subject to the no-slip boundary condition at
solid surface as in Figure 4-1(a)” by “the problem with two
regions governed separately by simpler equations as in Figure
4-1(b)”. The whole flow domain is separated into two parts in
Figure 4-1(b), the inviscid main flow and the thin boundary layer
region. The latter includes the boundary layer next to the solid
surface and the wake region in the downstream of the body.

U U
fnviscid in fés
N . aviscid main flour
U =0 on body surface 5 waka
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Discussion - High Reynolds number flow (5)

» The inviscid main flow includes most of the flow region of the
original problem, and 1s governed by the continuity and the
Euler equations (with slip boundary condition).

» The flow in the boundary layer region is governed by the
so-called boundary layer equations (will be derived later),
which include the continuity and a “simplified” (parabolized)
form of the Navier-Stokes equation.

» For the boundary layer next to the solid surface, the boundary
layer equations are solved subject to the no-slip condition at the
solid boundary and the matching condition at the outer edge of
the boundary layer.
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Discussion - High Reynolds number flow (6)

» The matching condition enforces that the flow fields obtained
in both the inviscid main flow region and the boundary layer
region obtained from different sets of governing equations to
be matched smoothly in a common region.

» The wake region sufficiently far downstream from the body
(1.e., the far wake) can also be approximated as a thin
boundary layer (without solid boundary), which 1s also

governed by the boundary layer equations.
(Near wake - governed by the Continuity and Navier-Stokes equations)

U;a U
lnviscid main “"“"far Wake

L=0 on body surface 5 wa

—t

e — e
Loﬂhd rJ gﬂy.‘r
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Derivation of the boundary layer equation (1)

Consider the two-dimensional planar flow over a wedge at large
Reynolds number.

U (x) : the velocity on the wedge surface of the inviscid flow
= the velocity at the outer edge of the boundary layer under R >> 1
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Derivation of the boundary layer equation (2)

ou av —_0 & USNVS = VNiU (V,<<U, as d<< L )
0x ay L,

5
v 9v_10P (82\/ a%j
+V +

2 2
ax ay 0 dy ox~ dy
2 5 & 16 1
v USIL (g 5y USIL 1 pUL USIL UL g O 0 4 10,
— ; 5 5 5 L’ 5 L’ L RL’® R

= B_P ~0  Then B_P _ dp, P =P (x): s.urf.acej' pressure of the
inviscid main flow

(the pressure gradient along the x-direction inside the boundary layer
can be evaluated using the flow outside the boundary layer)
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Derivation of the boundary layer equation (3)

Ut Ve = ———— +
ox dy 0 ox x> 9y’
T

1 0P 1 dP d -
ob __14dF _ v 4Y «— pu-Vu =-VP (Euler equation)

ou  Ou 1 P Viazu 82uj

pox  pde ° dx

three possibilities

J
U U L~
tV—=+V— & 1+1~1+ L, <
L o R R

1
0°u
ox’
(be neglected
as R >>1)

V
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Derivation of the boundary layer equation (4)

() If (6/L,)* = 0 slowerthan 1 /R — 0 as R — oo, the
diffusion term (v 9’u/9dy* ) is negligible and the streamwise
Navier-Stokes equation reduces to the x-component of the
Euler equation. The no-slip condition cannot be satisfied, and this
1s not a correct possibility.

(i) If (6/L_)* — 0 faster than 1 / R — 0 as R — oo, the
diffusion term (v 0°,/0y° ) dominates and the streamwise
Navier-Stokes equation reduces to d°u /dy> = 0. Its solution
subject to the no-slip condition is a linear profile, u = ¢y, which
cannot be matched smoothly (the velocity 1s continuous but not its
derivates) with the “external” inviscid main flow. Therefore,
this 1s also not a correct possibility:.
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Derivation of the boundary layer equation (5)

(iii) If (6 / L,)* — 0 is of the same order as 1 / R — 0 as R — oo, the
cross-streamwise diffusion term (v 9*x/0y” ) is of the same order as the
inertia and pressure term, and the streamwise Navier-Stokes equation
reduces to

au Bu 1 OP 0 u
S A

E)x By 0 Ox dy

Note that the above equation 1s a “parabolic” type partial
differential equation, which 1s simpler than the “elliptic”
Navier-Stokes equation.
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Boundary layer equations over a planar wedge

ou av 0
ox ay
Ju  du dU 0°u
u—+v—=U,—+v—;
0x dy dx dy
subjectto u=v=0 at y=0
u=U_(x) as Yy —>

and a suitable condition at a specified x.
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Boundary layer equations over a planar
curved surface

Under the boundary layer assumptions, we obtain the same
equations as those in planar wedge for the boundary layer flow
over a curved surface, provided that the boundary layer thickness
1s much less than the local radius of curvature of the body.

N T A
| P
s
% 4 y
X
(X=0)
bodg
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Unsteady planar boundary layer equations

For unsteady flow, the surface velocity of the inviscid flow is
function of both x and ¢, 1.e., U (x,1).

ou Jv

—+—=0

ox dy

Ju du du JU. BU 82u
—tu—+tv—=—"—+U —

ot ox dy  Of ax 8y2

= Subject to both the no-slip and matching boundary conditions

= Two dimensionless governing parameters: the Reynolds
number and the Strouhal number (the ratio of the unsteady
term to the convection term).
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Unsteady and three-dimensional
boundary layer flows

» For those who are interest in the problems of
unsteady boundary layers, please read the books
by Schlichting (Chapter 15) and by Rosenhead
(Chapter 7).

» In a similar way, the boundary layer theory above
can also be extended to boundary layer flows over
axial-symmetric and general three-dimensional
bodies (see Schlichting, Chapter 11 and Rosenhead,
Chapter 8)

L. Rosenhead, “Laminar Boundary layer,” Oxford University Press 1963.
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Cases for intermediate Reynolds numbers

When the Reynolds number, R, 1s of intermediate value,
say, for R = 0O(1) — O(100), the 1nertia, the pressure and
the viscous terms in the Navier-Stokes equation are of

the same order, and the governing equations cannot be
simplified. Note that the range for R = O(1) — O(100)
corresponds to 6/L_= O(1) — O(10). For moderate

Reynolds number, the problem can be studied via
numerical method

(see Chapter 14 of Panton’s book, 2013 electronic version).
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Flow over a circular cylinder —

an example for 1llustrating the

flow physics from small to large

Reynolds number

= Detailed calculation procedures
and results can be found from
Chapter 14 of Panton’s book.

= Essential flow physics can be
summarized and sketched in
the right Figure.

& It 1s interesting to note that the
flow 1s unsteady at intermediate
Reynolds number as the Karman
vortex street sets on although the
approaching flow is constant and
the cylinder is fixed.

Fluid Mechanics (Spring 2025) — Chapter 4 -

{c) 4 < Rec < 40, attached vortices; (d) 40 < Re < 60-100, Karman vortex st
60-100 < Re < 200, alternate shedding; () 200 < Re < 400, vortices unstable to
spanwise bending;
lent at birth: (h) Re < 3 < 10°, laminar boundary layer separates at 80%: (i) 3 =< 10° <
Re < 3 x 10°, separated region becomes turbulent. reattaches. and separates again at
120°; () 3 x 10° < Re. turbulent boundary layer begins on front and separates on

N T
Re=0 0<Re<4
/"’_’—_‘\_
- T e 4<Re<40
— >>—=

.—\__\/_V '
40 <Re <60 -100

60 - 100 <Re <200

LT o

Re < 300000

/—‘-y

\\_/'_——"

/% .
__Qw/ 3000000 < Re

—(_-

-Flow regimes for a cylinder: (a) Re = 0, symmetrical: (b) 0 < Re < 4:
reet; (e)

(g) 400 < Re, vortices turbu-



Steady incompressible flow with constant viscosity
V-u=0 (Continuity equation)
pu-Vu=-VP+ uV'u (Navier-Stokes equation) (2" -order)

7,
10°10*10° 102 10" 1 10" 10> 10° 10* 10’ (Reynolds Number)
- > - >
Low Reynolds number flows (R<<1): ‘me High Reynolds number flows (R>>1) :
V-u=0 Vau=0
(2™ -order) ’ (Euler equation)
: fl
Matching (Inviscid main flow and Boundary layer)
U
V-u=0
2
pu-Vu= pU, v, +ﬂ8_121 — Boundary layer
Codx oy

(Parabolized Navier-Stokes equation)
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