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CHAPTER 1   INTRODUCTION 

 

(I) Fluid Mechanics 
As we have learned from high school physics or chemistry, there are 

three phases of substances, solids, liquids and gases, depending on 
different values of pressure and temperature in the surroundings. The 
density of the solid and liquid are of the same order, and are in general of 
three order greater than that of the gas. However, the response of the 
liquid under the action of an applied shear stress is similar to that of the 
gas, and is fundamentally different from that of the solid. Therefore, the 
liquid and the gas are grouped together as a new category, the fluid. 
 

Consider the case when a piece of substance (called a body) is subject 
to the action of an applied shear stress, as shown in figure 1-1. Unless the 
body is perfectly rigid, the body may deform due to the applied shear 
stress. If the substance is a solid, the deformation angle, γ, is proportional 
to the shear stress, τ. We may write 

γτ G=                       (1-1) 

if the stress is below the proportional limit, where G is the shear modulus 
of elasticity which can be determined from experiment. The deformation 
angle, γ, is determined and stays at a constant value as long as τ remains 
constant (see figure 1-1(b)). However, if the substance is a fluid, it may 
deform continuously (i.e., flow, see figure 1-1(c)) under the action of the 
shear even if τ is kept constant and at a very small value. The deformation 
angle, γ, thus increases continuously with time as long as τ is applied. In 
such a case, we cannot relate τ to γ. Instead, we propose that  

•

∝ γτ ,                      (1-2) 

where 
•

γ  is the time rate of change of γ, the rate of deformation. 

 
 Therefore, a fluid is defined as a substance that deforms continuously 
when subjected to a shear stress, no matter how small that shear stress 
may be.  
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(a) Sketch for a piece of substance subject to a shear stress. 

 
      (b) Response of a solid under shear.  γ is fixed for a given τ. 

 
      (c) Response of a fluid under shear. γ increases continuously 

(from 0 to 1γ  to 2γ  to 3γ  and etc.) as time increases for a 

given τ. 
 
 
 
                          Figure 1-1 
 



 3

 Fluid mechanics is a discipline for the study of the response of 
the fluid under the action of applied forces. The response of the fluid 
includes its translation, rotation and deformation. The applied forces are 
generalized forces associated with all kinds of the driving mechanisms, 
including all kinds of` forces such as that associated with the above shear 
stress, the buoyancy force resulting from an applied temperature contrast, 
the electric and magnetic forces if the fluid is a conductor, and other 
driving mechanisms.   
 

(II) Microscopic versus macroscopic approach   
Any substance, including the fluid, is composed of molecules, which 

is a basic concept in elementary physics or chemistry. However, many 
useful properties of the fluid, including the density, the velocity, the 
pressure and the temperature, are macroscopic properties. For example, if 
we measure the velocity at a location (denoted by a ‘point’ in space) in an 
air stream using a Laser Doppler Anemometry (LDA), we get a value at a 
‘point’. The ‘point’ actually has a finite volume, which is approximately 
the measuring volume of the LDA, an ellipsoid with characteristic lengths 
of order of several hundreds micron (1 micron = 1 µm = m610− ). We may 
have even a larger ‘point’ if the hot-wire anemometry or the Pitot tube is 
employed instead of the LDA. On the other hand, the mean free path, λ, 
of the air at standard condition is about 0.065 µm. The molecules move 
randomly in space with a velocity of order of the sound speed, and collide 
with other molecules in space. The mean free path is defined as the 
average distance traveled by a molecule before two succeeding collisions, 
and is in general of one order greater than the molecular spacing. Thus a 
measuring “point” is actually a very large space for a molecule to 
experience. Let mL  be the characteristic length scale of the measuring 
volume (i.e., the ‘measuring point’), we have 

 4650~ ~ 10
0.065

mL
λ

,   or       
3

12~ 10 .mL
λ

⎛ ⎞
⎜ ⎟
⎝ ⎠

  

There are about 1210  molecules within the above measuring ‘point’ if we 
take 650µm.mL =  The velocity of the fluid at a measuring ‘point’ is 
actually an average value of the velocity of the molecules contained in the 
‘point’.  
  

If we study the fluid mechanics problem from the molecular point of 
view (microscopic approach), we had to study the motion of many 
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molecules governed by the law of dynamics (three degrees of freedom for 
a molecule if it is treated as a point mass). Statistical averaging processes 
are then carried out for obtaining various macroscopic properties based 
on the results of the molecular motion. Although a nonlinear 
integral-differential equation for the time development of the velocity 
distribution function, called the Boltzmann equation, can be derived 
under certain restrictions, the method of solution for the equation is very 
complicated. Here the concept of velocity distribution function is 
introduced to avoid the detailed evaluation of the motion of every 
individual molecule in the Boltzmann equation. One of the good 
references for the theories, the analyses, and the numerical simulations of 
the microscopic approach is the book “Molecular gas dynamics and the 
direct numerical simulation of gas flows” by G. A. Bird (Clarendon Press, 
Oxford, 1994).     
 

Whether the microscopic (molecular) approach is necessary for 
studying fluid mechanics problems depends on the relative magnitude of 
the characteristic length scale of the problem (L) to the characteristic 
length scale of the molecules ( S ). For gas flow, the characteristic length 
scale of the molecules is the mean free path, λ. The Knudsen number, 
Kn , is defined as 

/Kn Lλ= .                     (1-3) 
 

We may ignore the molecular details if Kn  is sufficiently less than unity. 
In practice, the macroscopic approach discussed below may be adopted if 
Kn  is less than 0.1 (see Bird’s book). 
 
 For liquid flow, the molecules are crowded together and constrained 
to move freely, which is different from that in gas flow. The concept of 
the mean free path does not apply for liquid, and thus the appropriate 
characteristic length scale of the molecules for liquid flow is the 
molecular spacing, lS , which is in general of one order less than that for 
gas, gS . 

 
The macroscopic approach is a field approach, or a continuum 

approach. All of the macroscopic properties are considered as field 
variables, which are continuous functions in space and time, such that 
their variations can be studied via differential and integral calculus. A 
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point in the field is called a fluid point, which should contain a 
sufficiently large number of molecules.  
 

Consider a small volume of fluid ∆V containing a large number of 
molecules. Let ∆m be the mass of an individual molecule. The density of 
the fluid under the continuum approach is defined as 

 

⎟
⎠
⎞

⎜
⎝
⎛
∆
Σ∆

→∆
=

V
m

V ε
ρ lim ,                  (1-4) 

  
where ε is a volume which is sufficiently small that 3/1ε  is small 
compared with the smallest significant length scale in the flow field and 
is sufficiently large that it contains a large number of molecules. The 
summation in (1-4) is taken over all the molecules contained within ∆V. 
Thus the continuum approach is valid if the relation 

3 3S Lε<< <<                     (1-5) 

is satisfied. Here S λ=  for gas flow, but lS S=  for liquid flow. 
Figure 1-2 adopted from Batchelor’s book (1967) is employed here for 
illustrating the above idea. If the sensitive volume for measurement of the 
density in the experiment is too small, the number of molecules contained 
within the volume fluctuates rapidly with time as the molecules enter or 
leaves the volume with a large characteristic speed, which is of order of 
the sound speed. The sensitive volume corresponding to the region with 
‘constant’ value is consistent with the condition in (1-5), and the density 
for a continuum is thus defined. For sufficiently large sensitive volume, 
the measured density varies slowly from the constant value, in response 
to the spatial variation with the density. Other macroscopic variables such 
as the velocity, the temperature, and the pressure can be defined in a way 
similar to that in (1-4). For example, the velocity u is defined as 
 

0
lim
V

m
V

ρ
∆ →

⎛ ⎞∆
= ⎜ ⎟∆⎝ ⎠

∑v
u ,               (1-6) 

 
with v the velocity of the molecule. For most fluid mechanics problems, 
the condition for the validity of continuum approach, (1-5), is satisfied, 
and the scope of this course is limited to continuum fluid mechanics. 
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Figure 1-2: A figure for illustrating the condition for validity of 

continuum approach. This figure is adopted from Batchelor 
(1967)  

 
Continuum approach is not valid when )1(OKn ≥  for gas flow, 

which occurs when either λ is large or L is small. Examples for large λ 
can be found from the problem of vacuum pumping, and the flying of 
vehicle at the edge of the outer atmosphere. Examples for small L include 
the flying of the slider carrying the magnetic head above the disk in the 
hard disk drive of the computer system, and the study of the structure of a 
shock wave. For liquid flow, the continuum approach is valid even when 
the smallest characteristic length scale of the problem reaches the order of 
10 nm. However, the problem for such small scale is usually complicated 
by other issues, such as the surface properties of the boundary, the 
electrostatic properties, and some intermolecular and surface forces, 
which are not considered in classical fluid mechanics problem. A good 
reference for the last issue is the book “Intermolecular and surface 
forces”, 2nd ed., by Jacob N. Israelachvili, Academic Press, 1992. 

 

(III) Eulerian and Lagrangian descriptions  

The fluid motion under the continuum approach is governed by the 
conservation laws of mass, momentum and energy. In order to derive 
such conservation equations, a reference frame is required for the 
description of the fluid motion. There are two choices of reference frames, 
the Eulerian coordinates and the Lagrangian coordinates, in continuum 
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fluid mechanics. 
 

The basic element of the fluid under the continuum approach is a 
fluid point (or called a fluid particle), which is a material point composed 
of a large number of molecules. The fluid particles travel in the field as 
the fluid flows. Figure 1-3 shows the trajectories of several fluid particles 
which were at locations ,,, 030201 rrr …... at time t = 0. These particles 
move to locations ,,, 321 rrr …... at a later time, t. The motion of the fluid 
particles can be described by  
 

),t
0

rrr (  =                   (1-7)      
 
such that 

0
rr   =  at t = 0. The function ),t

0
rr(  may be regarded as a 

transformation or a mapping function between the coordinates r  or 
),,( zyx  and 

0
r  or ),,(

000
zyx . Inverse mapping   

 
),trrr (

00
  =                  (1-8) 

 
exists if the mapping is one to one. The Jacobian for the transformation is 
 

)(
),,(det
0,0,00

000

000

000

zyx
zyx

x
x

z
z

y
z

x
z

z
y

y
y

x
y

z
x

y
x

x
x

j

i

∂
∂

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

=

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

≡J .             (1-9) 

 
Physical meaning for the Jacobian is the ratio of an infinitesimal volume 
after (δV) the transformation to that before ( 0Vδ ) the transformation, i.e., 
 

0V
V

δ
δ

=J .                       (1-10) 

 
By term-by-term differentiation, one can find 
 

,J J ud
dt

= ∇⋅                     (1-11) 

 
where u is the local fluid velocity (defined later in (1-15)). Thus the 
physical meaning for u⋅∇  can be interpreted as  
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V

V
dt
d

V
V

dt
d

V
V

dt
d

δ

δ

δ
δ

δ
δ

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==⋅∇

0

01 J
J

u ,           (1-12) 

 
which says that u⋅∇  is the relative rate of change of volume of an 
infinitesimal volume element following the fluid motion. For 
incompressible fluid, 0VV δδ = , J = 1, and thus u⋅∇  = 0. 

 
 
 
Figure 1-3: Trajectories of fluid particles in space. Infinitesimal material 

volume changes its shape and size from 0Vδ  to Vδ  as it 
travels in the flow. 

 
 

The variables r and t, or (x, y, z, t), are called the spatial variables or 
Eulerian variables; and 

0
r  and t, or ),,,(

000
zyx t , are called the 

material variables or Lagrangian variables. The Eulerian and the 
Lagrangian terminology was introduced by Dirichlet in honor of the 
famous scientists Leonard Euler (1707-1783) and Joseph Louis Lagrange 
(1736-1813). However, Dirichlet made a mistake that Euler was actually 
the first to introduce the Lagrangian variables, and Lagrange was the first 
to employ the concept of Eulerian variables (see Ligget’s book, p.40).  
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The macroscopic flow properties, such as the velocity, the pressure 
and the temperature, can be expressed in terms of both the Lagrangian 
and Eulerian variables. Any macroscopic property, F, may be prescribed 
by F(r, t) or F(

0
r , t). The expression F(r, t) gives the value of F seen by 

an observer at a fixed point, r, in space; the observer sees different fluid 
particles at different times, and thus the values of F observed are 
corresponding to different fluid particles. On the other hand, the 
expression F(

0
r , t) gives the value of F seen by an observer riding on 

fluid particle which was at
0

r at t = 0; the observer always sees the value 
of F for the same fluid particle. In most of the experiments, we place a 
sensor at a fixed location in the flow field, and record the macroscopic 
variables, such as the velocity, at different times. Thus such kind of 
experiment is carried out in an Eulerian frame. Both expressions for F in 
terms of the Eulerian and Lagrangian variables can be related by the 
mapping function and the inverse mapping function as 
 

            )F()),(F(F( ,, ttt t)
00

rrr r, == ,              (1-13) 
and 

)F()),(F(F( ,, tttt) rrr ,r
00

== .              (1-14) 
  

The mapping function can be evaluated using the definition of the 
velocity of a fluid particle. Equation (1-6) is an equation relating the fluid 
velocity of a fluid particle to the velocities of the neighboring molecules, 
which is not useful in the continuum approach. The velocity of a fluid 
particle in the flow, )( ,tru , is defined similarly to that of a solid particle 
in rigid body dynamics, i.e.,  
 

fixed
,

0
r|)()( , =∂

∂≡≡ t
tdt

dt
0

rrrru  ,            (1-15) 

 
which is the time rate of change of the position vector of a chosen 
material point at location r and at time t. If the velocity field, )( ,tru , is 
given in spatial variables (i.e., the Eulerian variables), one can determine 
the mapping function r = )( , t

0
rr  by solving 

 

,( ),d t
dt

=r u r                      (1-16) 

 
with initial condition 

0
rr =  at t = 0. The function F expressed in both 

the Eulerian and Lagrangian coordinates in (1-13) and (1-14) can then be 
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related. 
 

There are two kinds of time derivatives for F one can consider, 
 

fixed
, r|)(FF

=∂
∂≡

∂
∂ t

tt
r                 (1-17) 

 
gives the rate of change of F seen by an observer at a fixed position r, and  

  

fixed
,

0
r|)(FF
=∂

∂≡ t
tdt

d
0

r                (1-18) 

 
gives the rate of change of F seen by an observer following the motion of 
a fluid particle (i.e., 0r  = fixed). The latter is usually called the material 
derivative. These two time derivatives for F are related by using the 
mapping function, the chain rule and the definition of velocity, as follows. 
 

[ ]
fixed0

0
r),(FF
=∂

∂≡ t
tdt

d r          (definition of the material derivative) 

[ ] fixed
0

r),(F =∂
∂= t
t

r                  (using the mapping function) 

 
fixedfixedfixed

000
r|

F
r|

F
r|

FF
=∂

∂
∂
∂+=∂

∂
∂
∂+=∂

∂
∂
∂+

∂
∂=

t
z

zt
y

yt
x

xt
   (chain rule) 

FF ∇⋅+
∂
∂= )u(r,t

t
,                                    (1-19) 

 
The material time derivative (the time derivative in the Lagrangian frame), 
dF/dt, equals to the time derivative in the Eulerian frame, ∂F/∂t, plus an 
addition term, F∇⋅)u(r,t . The last term in (1-19) is called the convection 
term, which is associated with the net transport of F to the location of 
interest by the flow. If we take F = u, we have 
 

u)u(r,u ∇⋅+
∂
∂= t

tdt
d u ,                   (1-20) 

 
which is called the Euler’s acceleration formula. The acceleration of the 
fluid particle, du/dt, includes two parts in the Eulerian frame, the 
temporal term, ∂u/∂t, and the convective term, uu ∇⋅ . 
 

A number of fluid particles in the field can be grouped together and 
identified as a fluid element. There are line elements (called material 



 11

lines), surface elements (called material surfaces) and volume elements 
(called material volume) in the study of continuum fluid mechanics. 
Figure 1-4 shows that both the shape and the size of a volume element at 
time t are changed in general from those at its initial position. However, 
the volume element in figure 1-4 is a constant mass (or controlled mass) 
system, which is employed for studying the Newton’s second law 
(conservation of momentum) and the first law of thermodynamics 
(conservation of energy). The constant mass system is related to the 
Lagrangian description, and thus the Lagrangian variables will be 
employed for deriving the governing equations. However, the problem 
can be solved more easily in general in the Eulerian frame, and thus the 
Eulerian variables will be employed for solving the equations. Note also 
that most of the experiments are carried out in the Eulerian frame.  

 
 
         

Figure 1-4: A material volume changes its shape and size as it moves in 
the fluid, but always contains the same fluid particles. 
 

(IV) Calculation of the mapping function ),(
0

trrr =   

 If the velocity field, u(r, t), is given in Eulerian frame, we can 
evaluate the mapping function using (1-15), i.e., to solve  
 

 ),( t
dt
d rur

=                   (1-21) 

 
subject to the initial condition 

0rr =    at     .0=t             (1-22) 
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The result of (1-21) and (1-22) depicts a pathline. An example is given as 
follows. The velocity field, 
 

ikjiu kywvu =++≡ ,              (1-23) 

 
is given in a Cartesian coordinates, with (i, j, k) the unit vectors along the 
corresponding axes, and k a given constant. Equation (1-21) implies 
 

kyu
dt
dx

== ,     with      0xx =     at    0=t ,       (1-24a) 

0== v
dt
dy ,      with      0yy =     at    0=t ,       (1-24b)  

0== w
dt
dw       with      0zz =     at    ,0=t        (1-24c) 

 

where ),,( zyx  and ),,( 000 zyx  are the components of r and 0r , 

respectively. The solutions of (1-24a)-(1-24c) are 

00 xtkyx += ,                                       (1-25a)             

0yy = ,                                           (1-25b) 

0zz = ,                                           (1-25c) 

which are also the mapping functions. The inverse mapping functions are 
obtained by expressing ),,( 000 zyx  in terms of ),,( zyx using (1-25a) – 
(1-25c). They are    

kytxx −=0 ,                                     (1-26a) 

yy =0 ,                                        (1-26b) 

zz =0 .                                         (1-26c) 

The properties between the Lagrangian and the Eulerian coordinates can 
be related using (1-13) or (1-14) once we know the mapping or the 
inverse mapping functions. 
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(V) Reynolds transport theorem 
We have related any flow property, F, and its rate of change with 

respect to time between the Lagrangian and the Eulerian coordinates in 
(1-13) or (1-14) and (1-19), respectively. In order to apply the Newton’s 
second law and the first law of thermodynamics to derive the governing 
equations for fluid mechanics, we also need to consider the time rate of 

change of total F within a material volume, F( , )d t dV
dt ∫∫∫ r

V (t)

, following 

the fluid motion. Here V(t) is the material volume shown in figure (1-4), 
which is a fixed mass system although its magnitude, its shape, and its 
position change with time in general. As V(t) varies with time, the order 
of differentiation and integration cannot be interchanged. Hence, we first 
transform the domain of integration into 0V  (recall the definition for d/dt 
in (1-18)), and then interchange the order of differentiation and 
integration. The procedures are as follows.  

  

0
( )

F( , ) F , ), )
V t

d dt dV t t dV
dt dt

=∫∫∫ ∫∫∫r r r J
0

0
V

( (   (using (1-10) and (1-13))  

       ( )
0

0 0F( , )
V

d t dV
dt

= ∫∫∫ r J      (since 0V  is independent of t) 

0

0

F F
V

d d dV
dt dt

⎛ ⎞= +⎜ ⎟
⎝ ⎠

∫∫∫
JJ                (recall ),(FF 0 tr= ) 

0

F Fd dV
dt

⎛ ⎞= + ∇ ⋅⎜ ⎟
⎝ ⎠

∫∫∫ u J
0V

.                (using (1-11)) 

 
With the application of (1-10) and (1-14), we may transform the domain 
of integration back to V(t), and have 
 

( )

F FF( , ) F (F )
V t

d dt dV dV dV
dt dt t

∂⎛ ⎞ ⎛ ⎞= + ∇ ⋅ = +∇ ⋅⎜ ⎟ ⎜ ⎟∂⎝ ⎠ ⎝ ⎠
∫∫∫ ∫∫∫ ∫∫∫r u u

V(t) V(t)

                

F F
( ) ( )

dV dS
tV t S t

∂
= + ⋅∫∫∫ ∫∫

∂
n u ,                (1-27) 
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where (1-19) and the divergence theorem have been employed for 
deriving (1-27). Here S(t) is the surface enclosing V(t), and n is the unit 
outward normal vector of S(t). All the three forms expressed in (1-27) 
may be employed, and are called the Reynolds Transport theorem. The 
above derivation is according to the lecture notes of Professor T. S. 
Lundgren of the University of Minnesota. A more intuitive derivation of 
(1-27) can be found from Ligget’s book (p.3-7).  
 
 If V(t) is a control volume (same definition as in the undergraduate 
fluid mechanics) fixed in space at time t, (1-27) states that the 
instantaneous time rate of change of total F inside V(t) seen by an 
observer moving with the fluid (i.e., in Lagrangian frame) is expressed in 
two terms in the Eulerian frame, as shown on the right hand side of the 
equation. One is associated with the temporal change of F within the 
control volume, and the other is associated with the net influx of F into 
the control volume.  

 

(VI) Applications of fluid mechanics  

As we live in air and cannot survive without water, it is no doubt for 
the importance of fluid mechanics. In fact, there always exist many 
interesting phenomenon in our daily live. It is suggested that the students 
should try to give some examples and provide discussion. 

 
The rapid development of fluid mechanics in the last twentieth 

century is motivated mainly by two topics, the aeronautical and aerospace 
engineering, and the geophysical fluid dynamics. Recently, some 
interesting fluid mechanics problems in micro-scale appear in the 
microelectromechanical systems (MEMS). Some applications of these 
three topics can be found from the associated powerpoint file of this 
chapter, which is available in the IAM300 server. It is hoped that we can 
find some new areas, and the research in fluid mechanics grows 
continuously in this century.   
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                       Homework 1       
 
(1) Given the velocity field 

          

    
t

xu
+

=
1

,           
t

yv
+

−=
1

,          0=w , 

 
which satisfies 0=⋅∇ u . 
(a) Calculate the mapping function, ),( 0 trrr = , and the inverse 

mapping function, ),(00 trrr = . 
(b) Calculate the Jacobian, J, and show that it is unity. 
(c) Calculate the acceleration in two ways, from Euler’s acceleration 

formula and from the material derivative of u. 
 
(2) Show that uJJ

⋅∇=
dt
d . 

 
(3) The density of the fluid in a pail does not change at any point fixed 

with respect to the pail, and at time t = 0 the density distribution is 
given by 0 0zρ ρ β= − , in which 0ρ  and β  are constants, and 0z  
increases in the direction of the vertical. The coordinates x, y, and z 
are fixed in space. The pail moves with a vertical velocity w = - gt, g 
being the gravitational acceleration. Calculate, at any t > 0, the 
quantities ,/ t∂∂ρ  z∂∂ /ρ  and dtd /ρ . (From Yih’s book, Problem 1 of 
chapter 1) 
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CHAPTER 2   PHYSICAL AND MATHEMATICAL 

FORMULATIONS OF FLUID MECHANICS 

 

(I)  Conservation of mass --- Continuity equation 
The mass of material inside the material volume, V(t), in Figure 1-4 

can be expressed as   

∫∫∫=
)(

),(
tV

dVtm rρ ,                 (2-1) 

where ),( trρ  is the density. Conservation of mass implies that m = 

constant, or 

0       =
dt
dm .                          (2-2) 

 
On substituting (2-1) into (2-2), and applying the Reynolds transport 
theorem, (1-27), we have 

( )

0u
V t

d dV
dt
ρ ρ⎛ ⎞+ ∇⋅ =⎜ ⎟

⎝ ⎠∫∫∫ .               (2-3) 

 
Since V(t) is arbitrary, it is required from (2-3) that 
 

0,=⋅∇+  uρρ
dt
d                   (2-4) 

or 

0,=⋅∇+
∂
∂ u)ρρ (

t
                  (2-5) 

 
if (1-19) is employed. Equation (2-4) or (2-5) expresses the local 
conservation of mass in Eulerian frame, and is called the continuity 
equation in the literature.   
 
 If we replace F(r, t) in (1-27) by ρ(r, t) F(r, t), we have 
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( ) ( ) ( )

( F) FF ( F) F (F ) u
V t V t V t

d d d ddV dV dV
dt dt dt dt

ρ ρρ ρ ρ ρ⎡ ⎤ ⎡ ⎤= + ∇ ⋅ = + + ∇ ⋅⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∫∫∫ ∫∫∫ ∫∫∫u

The sum of the last two terms in the integral is zero according to (2-4), 
the continuity equation. Thus  
 

dV
dt
ddV

dt
d

tV tV
∫∫∫ ∫∫∫=

)( )(

FF ρρ ,                  (2-6) 

 
which is another form of the Reynolds transport theorem, and will be 
employed later in this chapter.  
 

(II)  Conservation of momentum 
The equation for the conservation or momentum is a generalization of 

the Newton’s second law to continuum, and is simply called the 
momentum equation. Consider again the material volume, V(t), in Figure 
(1-4). The linear momentum of material in V(t) is ∫∫∫

)(

),(),(
tV

dVtt rurρ . We 

postulate  
                 dSdVdV

dt
d

tStVtV
∫∫∫∫∫∫∫∫ +=

)()()(

tfu ρρ ,               (2-7) 

 
which express that the rate of change of linear momentum within V(t) 
equals the total force acting on it according to Newton’s second law. Here 

),( trff =  is the force per unit mass of material, called the body force; 
and );,( nrtt t= is the traction force per unit area, called the surface force. 
Examples for the body force are the gravitational force and the 
electromagnetic force. The traction force is the force that the material on 
the outside of V(t) exerts on the fluid inside the volume, which depends 
on the position, r, the time, t, and the orientation of the surface element. 
Here n is the local unit normal of S(t).  
 

It will be shown that t is a linear function of n, i.e.,  
 
                       ),( trTnt ⋅= ,                     (2-8) 

 
where T(r, t) is called the stress tensor, which is a second order tensor. In 
component form, we may write 
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                        jiTjnit = ,                     (2-9) 

 
where ,ti  n j  and jiT (with i, j = 1, 2, 3) are the component of t, n and 

T, respectively. Equation (2-8) or (2-9) is called the Cauchy stress 
principle, which will be derived later in this section. Consider the perfect 
fluid as an example. t = - pn and T = - pI, where p is the thermodynamic 
pressure, and I is the unit tensor. The perfect fluid is an inviscid fluid, 
which is a good approximation of the real fluid for understanding certain 
hydrodynamic and aerodynamic problems.  
 
 With the Reynolds transport theorem, (2-6), and the Cauchy stress 
principle, (2-8), (2-7) becomes 
 

∫∫∫∫∫∫∫∫ ⋅+=
)()()( tStVtV

dVdVd
dS

dt
Tnfu ρρ . 

 
With the application of the divergence theorem, the surface integral in the 
above equation is transformed into a volume integral. Then 
 

               ∫∫∫∫∫∫∫∫∫ ⋅∇+=
)()()( tVtVtV

dVdVdVd Tfu ρρ
dt

.        (2-10) 

 
Since V(t) is arbitrary, (2-10) implies that 
 

Tfu
⋅∇+= ρρ

dt
d ,               (2-11) 

 
or written in index form as 
 

j

ji
i

j

i
j

i

x
T

f
x
u

u
t

u
∂

∂
+=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

+
∂
∂

ρρ ,          (2-12) 

 
where jf  is the component of f. Equation (2-11) or (2-12) is called the 
momentum equation. It is understood that the repeated indices stand for 
summation, and i, j = 1, 2 and 3. For example, the x-component of (2-11) 
in Cartesian coordinates is 

 

z
T

y
T

x
T

f
z
uw

y
uv

x
uu

t
u zxyxxx

x ∂
∂

+
∂

∂
+

∂
∂

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂ ρρ ,   (2-13) 
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where (u, v, w) is the component of u, and xf  is the x-component of f. 
For perfect fluid, we have IT p−= . Thus p−∇=⋅∇ T , and the momentum 
equation becomes 
 
                         p

dt
d

∇−= fu ρρ .                 (2-14) 

 
Equation (2-14) is called the Euler’s equation, which expresses the 
conservation of momentum for the flow of a perfect fluid.  
 
 To show the Cauchy Stress principle in (2-8), we first rewrite (2-7) as 
 
                    ∫∫∫∫∫∫∫∫ +=

S(t)

dSdV tfu

)()( tVtV

dV
dt
d ρρ             (2-15) 

 
by using the Reynolds transport theorem, (2-6). Then apply (2-15) to a 
small material volume with length scale, l, as shown in Figure 2-1(a). The 
volume and surface integral in (2-15) are proportional to 3l  and 2l , 
respectively. Thus the volume integrals are negligible in compare with the 
surface integral, and (2-15) reduces to 
 

0=∫∫
S(t)

dSt                  (2-16) 

 
as 0→l , i.e., the traction t is in static balance for a small material 
volume. Next we apply (2-16) to a tetrahedron shown in Figure 2-1(b). 
The volume of the tetrahedron is sufficiently small such that not only 
(2-16) holds, also , ; , ;t(r n) t(r* n)t t≅ , where r* is the location of the 
center of the tetrahedron. For simplicity, we write , ;t(r* n)t  as t(n) , 
which represents the traction on surface with normal n at position r* at 
time t, in the following derivation. It follows from (2-16) that 
 

[ [ 0At(n) [An i]t(-i) An j]t(-j) An k]t(-k)+ ⋅ + ⋅ + ⋅ = ,      
 
or 
  

        [t(n) [ n i]t(-i) [ n j]t(-j) n k]t(-k)= − ⋅ + − ⋅ + − ⋅      (2-17) 
 
after the area, A, has been divided from both sides. In a similar way, we 
also apply (2-16) to a thin disk as shown in Figure 2-1(c). The thickness 
of the disk is small enough that the side area of the disk is negligible in 
compare with the area of the top and bottom surfaces. Thus 
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0t(n) t( n)+ − = , 
or       

t( n) t(n)− = − .                    (2-18) 
 
With (2-18), (2-17) becomes 
 

         [t(n) [n i]t(i) [n j]t(j) n k]t(k)= ⋅ + ⋅ + ⋅ ,         (2-19) 
 
or written in index form as 
 

               t(n) n e t(e ) n T
k k

= ⋅ ≡ ⋅ ,                 (2-20) 
 
where 

k
e stands for the unit vectors i, j and k, and  

 
( )T e t e

k k
=                        (2-21) 

 
is the stress tensor at the location of interest at time t. The component of 
the stress tensor, ijT , is calculated from 

 
 

 
Figure 2-1: Sketch for illustrating the Cauchy stress principle. 
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       jjikjijiij i e)t(ee)t(ee)t(eeeeTe ⋅=⋅=⋅⋅=⋅⋅=

kkk
T δ ,     (2-22) 

 
which express the thj component of the traction on an element of surface 
having normal in the direction ie . For example, in Cartesian coordinates, 

xyT is the y-component of traction on surface element with normal in the 
x-direction. The traction on the surface with unit vector i can be 
expressed as 
 
                     kjiit xzxyxx TTT ++=)( .                (2-22a) 
 
Note that the traction force and the stress tensor are functions of spatial 
coordinates and time in the Eulerian frame. 
 

(III) Conservation of angular momentum 
Conservation of angular momentum will not be employed directly for 

solving the fluid mechanics problem in general. However, we may 
employ it to prove that the stress tensor is symmetric, i.e., jiij TT = , 
provided that there exists no body moment. Body moment may exist for 
some special material such as the ferromagnetic fluid. 
 
 Consider again the material volume in Figure 1-4. The angular 
momentum of the total material within V(t) with respect to the origin of 
the coordinates is ∫∫∫ ×

)(

),(),(
tV

dVtt rurr ρ . Conservation of angular 

momentum about the origin is 
 

∫∫∫∫∫∫∫∫ ×+×=×
S(t)

dSdV trfrur
)()( tVtV

dV
dt
d ρρ .              (2-23) 

 
The first and the second terms on the right hand side of (2-23) are the 
moments due to the body and surface forces, respectively. With the 
Reynolds transport theorem, (2-6), the term on the left hand side of (2-23) 
can be written as 

dV
dt
d

dt
ddV

dt
ddV

dt
d

tVtVtV

)()(
)()()(

urururur ×+×=×=× ∫∫∫∫∫∫∫∫∫ ρρρ  

dV
dt
ddV

dt
d

tVtV
∫∫∫∫∫∫ ×=×+×=

)()(

)( uruuur ρρ        
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since 0=×uu . Thus we have 
 

∫∫∫∫∫∫∫∫ ×+×=×
S(t)

dSdV trfrur
)()( tVtV

dV
dt
d ρρ .           (2-24) 

 
As in the derivation of the Cauchy stress principle, (2-24) reduces to 
 

0≅×∫∫
S(t)

dStr ,                   (2-25) 

if the conservation of angular momentum is applied to a sufficiently small 
material volume. Consider a small cubic material volume in Figure 2-2. 
The volume is small enough that both (2-25) holds, and the stress tensor, 

ijT , is approximately constant within the cube. Let’s place the origin of 
the coordinates at the center of the cube in Figure 2-2. Equation (2-25) is 
a vector equation, which can be expressed as three scalar equations. 
Applying the y-component of (2-25) to the cube leads to 
 
                           xzzx TT =                     (2-26a) 
 
if (2-22a) and other similar equations have been employed. Similarly, the 
x- and z-components of (2-25) lead to 
 
                   zyyz TT =   and   yxxy TT = ,             (2-26b) 

 
respectively. A more elegant method for deriving (2-26a) and (2-26b) is 
as follows. On substituting the momentum equation, (2-11), into (2-24), 
we have 

 
Figure 2-2: Sketch for illustrating the conservation of angular momentum. 

The stress components on other five surfaces are not shown for 
clarity. 
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             ∫∫∫∫∫∫∫∫ ×+×=⋅∇+×

S(t)

dSdV trfrTfr
)()(

)(
tVtV

dV ρρ .        

 
The first term on the left hand side equals that on the right hand side, thus 
the above equation reduces to 
 
                    ∫∫∫∫∫ ×=⋅∇×

S(t)

dStrTr dV
tV )(

.              (2-27) 

 
The thi -component of (2-27) is 
 
                  dStxedV

x
Txe kj

tS
ijk

k

tV
jijk ∫∫∫∫∫ =
∂
∂

)()( α

α ,             (2-28) 

 
where ijke is the permutation symbol, jx  or ( ),xα  kTα  and kt  are 
components of r, T and t, respectively. The left hand side of (2-28) can be 
written as 
 

( )
( ) ( )

jk
ijk j ijk j k k

V t V t

xTe x dV e x T T dV
x x x
α

α α
α α α

⎧ ⎫∂⎡ ⎤∂ ∂⎪ ⎪= −⎨ ⎬⎢ ⎥∂ ∂ ∂⎪ ⎪⎣ ⎦⎩ ⎭
∫∫∫ ∫∫∫  

( ) ( )
ijk j k ijk jk

S t V t

e n x T dS e T dVα α= −∫∫ ∫∫∫ , 

 
where the divergence theorem and αα δ jj xx =∂∂ /  have been employed, 
with αn  the component of the unit vector of )(tS , and αδ j  the 
Kronecker delta. Also with (2-9), the right hand side of (2-28) can be 
written as 
 

                dSTnxedStxe kj
tS

ijkkj
tS

ijk )(
)()(

αα∫∫∫∫ = .   

 
By substituting the above two equations into (2-28), we obtain 
 
                         0

)(

=∫∫∫ dVTe jk
tV

ijk .                 (2-29) 

 
As )(tV is arbitrary, (2-29) implies 
 
                          0=jkijkTe ,                      



 24

 
or 
 
                           kjjk TT = .                     (2-30)            
          
Note that there are only six (out of nine) independent components since 
the stress tensor is symmetric.  

  
(IV) Kinematics of deformation 
 

As we learned from elementary Physics, the conservation of energy 
involves the work done and the net heat input into a system with fixed 
mass. The work done on the material volume by the forces always 
induces the deformation of the volume, and the study of the heat input 
involves the knowledge of thermodynamics. Therefore, we will first 
discuss the kinematics of deformation and review thermodynamics in this 
and the next sections, respectively, before we study the conservation of 
energy.  
 
 Consider two neighboring fluid points in space, located at r and r+dr, 
and having velocities u(r, t) and u(r+dr, t), respectively. The velocity 
difference, du may be written as 
 
              urrurruu ∇⋅=−+= dttdd ),(),( ,           (2-31) 

  
where u∇  is the velocity gradient evaluated at r. u∇  is a second order 
tensor having nine components, ij xu ∂∂ /  (with i, j = 1,2,3), and can be 
decomposed as  
                        ΩDu +=∇ ,                   (2-32) 
 
where D  is a symmetric tensor and Ω  is an anti-symmetric (or 
skew-symmetric) tensor. In component form, 
 

              ijij
j

i

i

j

j

i

i

j

i

j D
x
u

x
u

x
u

x
u

x
u

Ω+≡⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

−
∂
∂

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

+
∂
∂

=
∂
∂

2
1

2
1 .      (2-33) 

 
Note that jiij DD =  (symmetric) and jiij Ω−=Ω (anti-symmetric). D  is 
called “the rate of strain tensor” or “deformation tensor”, and Ω is called 
the “vorticity tensor”. 
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(i) Physical meaning of the deformation tensor 
 

(a) Stretching  
 

Consider two neighboring material points located at 1r and )( 12 rrr d+= , 
respectively, as shown in Figure 2-3(a). dr may be regarded as an 
infinitesimal material line element. We have 

urururruuurrr ∇⋅==−+=−=−= dddd
dt
d )()()(( 1212dt

d
) .    (2-34) 

 
Figure 2-3: Sketch for illustrating the deformation of fluid motion. 
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On the other hand, let ds  be the magnitude of dr, i.e., the distance 
between the two material points. We have rr ddds ⋅=2)( . Then  
 

rururrrrrr ddddd
dt
dddd

dt
dds

dt
ddsds

dt
d

⋅∇⋅=∇⋅⋅=⋅=⋅== 2)(2)(2)()(2)( 2 , 

 
where (2-34) has been employed for deriving the fifth equality in the 
above equation. Equating the second and the sixth terms, we have 
 
       

ds
d

ds
d

ds
d

ds
d

ds
d

ds
dds

dt
d

ds
rΩrrDrrur

⋅⋅+⋅⋅=⋅∇⋅=)(
)(

1 ,           (2-35) 

 
where the definition for the tensor decomposition, (2-32), has been 
employed . Let dsd /rn =  be the unit vector along the line element dr. 
The last term on the right hand side of (2-35) can be expanded as 
 

jijijiji nn
ds
d

ds
d

Ω=⋅Ω⋅=⋅⋅ neenrΩr  

        313113132323323212122121 nnnnnnnnnnnn Ω+Ω+Ω+Ω+Ω+Ω=  
            331113132233323211222121 nnnnnnnnnnnn Ω−Ω+Ω−Ω+Ω−Ω=  
            0= ,                                       (2-36) 
 
where ie  and je  are the unit vectors along the i- and j-directions, 
respectively, in  is the component of n along the i-direction, and the 
anti-symmetric condition for Ω, jiij Ω−=Ω , has been employed. Thus 
(2-35) reduces to 
 
                   nDnrDr

⋅⋅=⋅⋅=
ds
d

ds
dds

dt
d

ds
)(

)(
1 .          (2-37)  

 
We call D  the rate of strain tensor because the left hand side of (2-37) 
represents the rate of strain of a material line element, dr. If the line 
element lies along the x-direction with unit vector 1e , then 
               
                 )(1)(

)(
1 1111 dx

dt
d

dx
Dds

dt
d

ds
==⋅⋅= eDe .       (2-37a)        

 
The component 11D  equals the rate of strain of the material line element. 
In the same way, the other diagonal components, 22D  and 33D , show 
similar stretching behavior.    
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(b) Shear 
 

Consider two material line elements, 1rd  and 2rd , with the angle 
between them, θ, as shown in Figure 2-3(b). Let 1ds  and 2ds  be the 
length of 1rd  and 2rd , respectively. We have 

 
)cos()( 2121 θdsds

dt
ddd

dt
d

=⋅ rr  

[ ] [ ]
dt
ddsdsdsdsds

dt
d

ds
dsdsds

dt
d

ds
θθθθ sincos1cos1

21212
2

211
1

−⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛= .  (2-38a) 

 
On the other hand, 
 
 )()()( 122121 rrrrrr d

dt
ddd

dt
dddd

dt
d

⋅+⋅=⋅  

    u)rru)rr 1221 ∇⋅⋅+∇⋅⋅= dddd ((          (using (2-34)) 
          2112 rurrur dddd ⋅∇⋅+⋅∇⋅=  
          2112 rΩDrrΩDr dddd ⋅+⋅+⋅+⋅= )()(      (using (2-32)) 

 12 rDr dd ⋅⋅= 2 ,                                 (2-38b) 
 
where the symmetric property of D and the anti-symmetric property of  
Ω have been employed. By combining (2-38a) and (2-38b), and dividing 
both sides by 21dsds , we obtain  
 

12
2

2
1

1

2sincos1cos1
ds
d

ds
d

dt
dds

dt
d

ds
ds

dt
d

ds
12 rDr

⋅⋅=−⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ θθθθ .   (2-39) 

 
In order to have a more clear physical picture of (2-39), let 11/ er1 =dsd  
and 22/ er2 =dsd , with 21 ee ⊥  instantaneously as shown in Figure 2-3(c), 
then o90=θ , cos θ = 0, and sin θ = 1. Thus (2-39) becomes 
 

2112 22 Dee
dt
d

−=⋅⋅−= Dθ ,   or    
dt
dDD θ

2
1

2112 −== ,    (2-39a) 

 
which represent a pure shear motion. Similarly, we can find the same 
behavior for other off diagonal components, 13D  and 23D . 
 
Example 1: Given the velocity field expressed in component form in 
Cartesian coordinates (see Figure 2-3(d)), 
 
                 kxu =     0v = ,    0=w . 
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The components of the deformation tensor calculated according to (2-33) 
are 
 

                     k
x
u

x
u

x
uD =

∂
∂

=⎟
⎠
⎞

⎜
⎝
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∂
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+
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∂

=
2
1

11 , 

                    03123123322 ===== DDDDD , 
 
which is a pure straining (if k > 0) or shrinking (if k < 0) motion in the 
x-direction. 
 
Example 2 : Given the velocity field expressed in component form in 
Cartesian coordinates (see Figure 2-3(e)), 
 
                      kyu = ,    0=v ,    0=w . 
 
The components of the deformation tensor calculated according to (2-33) 
are 

                  k
y
u

x
v

dt
dDD
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1
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1

2112 =⎟⎟
⎠
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⎝
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∂
∂

+
∂
∂

=−==
θ , 

                    03123332211 ===== DDDDD , 
 
which is a pure shearing motion in the xy-plane. kdtd =− /θ  is called the 
shear rate. The angle, θ, becomes smaller and smaller in figure 2-5(e) as 
time increases for positive value of k. 
 

(c) Principal axes  
 

If 0=D , the motion is called rigid, i.e., the distance between any two 
fluid particles remains unchanged during the fluid motion. An example is 
the steady state fluid motion within a cylindrical tank, which is rotating 
about its principal axis at a constant rate. If 0≠D , it is always possible to 
find three perpendicular directions (at a point) along which there is 
straining and such that the angles between them are instantaneously rigid, 
the axes along these directions are called the principal axes. We want to 
find directions, ,'1e  '2e  and '3e , such that in these coordinates, 0'=ijD  
unless ij = 11, 22 and 33, i.e.,  

 
''''''''' 333322221111 eeeeeeD DDD ++= .           (2-40) 

 
If this is the case, we have 
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  ''' 1111 eeD D=⋅ ,  
  ''' 2222 eeD D=⋅ , 
 ''' 3333 eeD D=⋅ . 

 
Therefore, we are looking for directions e  (stands for ,'1e  '2e  and '3e ) 
such that 
 

                          eeD λ=⋅ ,                   (2-41a) 
 
or                        0=⋅− eI)(D λ ,                (2-41b) 

 
where λ is called the eigenvalue of the tensor D, which is also the 
principal strain rate. Equation (2-41b) consists of three algebraic 
equations for three unknowns, the three components of e. The solution is 
nontrivial if 
 

                    0

332313

232212

131211

=
−

−
−

λ
λ

λ

DDD
DDD
DDD

,           (2-41c) 

 
which is a cubic algebraic equation for λ. As D is a symmetric second 
order tensor, the three roots of (2-41c) are real. For a given root, iλ , we 
may find a corresponding principal direction, 'ie , using (2-41b). Here i  
= 1, 2, and 3. The three axes defined by ,'1e  '2e  and '3e  are 
perpendicular to one another, and are called the principal axes. In the 
principal coordinates, 
 
                   '''''' 333222111 eeeeeeD λλλ ++= .              (2-42) 

 
The readers may review the eigenvalue problem of a square matrix in the 
textbook of undergraduate engineering mathematics for evaluating the 
principal strain rates and the principal axes.    
 
(ii) Vorticity tensor and vorticity vector 
 

The vorticity tensor,  
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has the property 
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where iω  is the component of the vorticity vector, ω, which is defined 
as 

( )uω ×∇= .                   (2-44) 

The three independent components of the vorticity tensor are directly 
related to the three components of the vorticity vector through (2-43). To 
see this further, we dot (2-43) by ilme  from both side, 

iωilmjkijkilm eee =Ω . 

With mjlkmkljijkilmee δδδδ −= , 

            lmmllmjkmjlkmkljilme Ω=Ω−Ω=Ω−= 2)(i δδδδω ,         (2-45) 

or in matrix form, 
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2
1

2
1

2
10

0
0

0

12

13

23

2313

2312

1312

ωω

ωω

ωω

,      (2-46) 

 
which provides a clear relation between the components of the vorticity 
tensor and the vorticity vector. As 
 

ΩrDrurur) ⋅+⋅=∇⋅== ddddd
dt
d ( , 

 
the part of motion associated with Ω is 

 
                   mlmliidxd eeeΩr Ω⋅=⋅  

                       1
2

e e e ei i l i ilm mdx ω= ⋅      (using (2-45)) 

                         milmil edx eω
2
1

=  

                         rω d×=
2
1 , 
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which is a solid body rotating with angular velocity ω
2
1 . 

 
Example 3: Solid body rotation may be described by the velocity field in 
the cylindrical coordinates ),,( zr θ  as v rθ = ∆ , 0=rv , and 0=zv , with ∆ 
the angular speed of the rotation. The vorticity vector 
 

r
1 2

e e e

ω u e

r z

z

r z

r r z
v rv v

θ

θ

θ

∂ ∂ ∂
= ∇× = = ∆

∂ ∂ ∂
, 

and the components of the vorticity tensor, 

r θrθΩ = −Ω = ∆ ,   other components = 0. 

 
 
(iii) The general local motion 
 

We have learned from the above discussion that the rate of strain 
tensor, D, is related to the deformation (stretching and shearing) and the 
vorticity tensor is related to the rotation of the fluid element. The 
instantaneous general local motion of a fluid at time t can be written as  

 
ururru dd +=+ )()(  

urru ∇⋅+= d)(  
ΩrDrru ⋅+⋅+= dd)(  

1 1 2 2 3 3
1( ) ' ' ' ' ' '
2

u r e e e ω rd d d dλ λ λ= + + + + ×1 2 3x x x ,   (2-47) 

which consists of a translation with uniform velocity )(ru , plus a local 
stretching along the principal axes, and a rotation with angular velocity 
ω/2. 
 
(V) A brief review in thermodynamics 
 
 Classical thermodynamics deals with systems in equilibrium states; 
all the processes involved are sufficiently slow processes. Strictly 
speaking, a fluid system is in equilibrium only when it is at rest. 
Therefore, we shall consider first the thermodynamics of a uniform fluid 
at rest.  
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 A fluid cannot withstand shear forces without flowing according to 
its definition. Thus if the fluid is at rest, the traction must be of form 

nrt ),( tp−= , and IT p−= , where p is the thermodynamic pressure. p is 
one of the thermodynamic variables, other important variables include the 
temperature T, the density ρ, the internal energy e, the enthalpy h, the 
entropy s, the specific volume v (= 1/ρ), and etc.. For fluid, the local 
thermodynamic state is fixed by any two of these intensive 
thermodynamic variables, provided there are no chemical reactions. The 
rest variables can be expressed in terms of the specified two variables. 
For example, if we choose ρ and T as independent variables, we may 
write 

                     ),( Tpp ρ= ,                   (2-48a) 
                       ),( Tee ρ= ,                    (2-48b) 
                       ),( Tss ρ= ,                    (2-48c) 

 
and etc., which are called the equations of states. A familiar equation of 
state that we have learned before in elementary Physics and Chemistry is 
 

                        RTp ρ= ,                      (2-49) 
 
which describes the equation of state for a perfect gas, and is regarded as 
a special case of (2-48a). Here R is the gas constant. The variables in the 
above equations are also called the state variables. The plane constructed 
by the two independent variables, say, ρ and T, can be used to describe 
the variations of the thermodynamic states of a system (see Figure 2-4). 
Any point in the plane is referred to a state. The lines joining two points 
in the plane are called the processes. There are two kinds of processes one 
may consider, the reversible process and the irreversible process. An 
example of the reversible process is the infinitesimal work done on a 
compressible fluid by the pressure, and that for the irreversible process is 
the work done by the friction force.  
 
 The changes of state variables are related by the first and second 
law of thermodynamics, which can be written as 
 
                       WQde δδ +=                     (2-50a) 
and 
                       sd

T
Qds i+=
δ ,                   (2-50b) 

 
respectively. Here de and ds are the changes of e and s between two 
neighboring states, Qδ  and Wδ  are the heat addition and the work 
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done, respectively, on the system, and sdi  is the change of entropy 
associated with the irreversible processes.  Note that the heat addition 
and work done processes in general are irreversible. For a reversible 
process, 
 
                        0=sdi ,                      (2-51a) 

and  
                     (1/ )dW pd pd ρ= − = −v .              (2-51b) 
 
Here we use the symbol “dW” instead of “ Wδ ” to represent that the work 
is done for a (particular) reversible process. 
 
 The entropy, s, is a useful parameter in fluid mechanics primary 
because it may be taken as constant in many flows under certain plausible 
assumption. The following is to discuss how to evaluate the entropy. 
Since the entropy is a function of state of the fluid, changes in entropy do 
not depend on the particular process. Therefore, we can use a reversible 
process to find the entropy, and (2-50a) and (2-50b) reduce to 
 
                       )/1( ρδ pdQde −=                 (2-52a) 

and 
                       

T
Qds δ

= ,                       (2-52b) 

 
with the aid of (2-51a) and (2-51b). By combining (2-52a) and (2-52b), 
we can find 

 
Figure 2-4: Sketch for illustrating thermodynamic states and processes. 
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                      )/1( ρpddeTds += ,                (2-53a) 
 
which is called the Gibb’s equation. If we can integrate (2-53a), we can 
obtain ),( ρpss =  (see Example 4 later). As the enthalpy, h, is defined 
through 
                        ρ/peh += , 
then 
                      dppddedh

ρ
ρ 1)/1( ++= , 

 
and the Gibb’s equation may be written in another form as 
 
                        dpdhTds

ρ
1

−= .                 (2-53b) 

 
We may also integrate (2-53b) to express s in terms of other 
thermodynamic variables. In the fluid mechanics problem, the operator 
“ d ” in the Gibb’s equation may stand for the material derivative “ d/dt ”, 
the spatial gradient operator “∇ ”, or the time derivative “ t∂∂ / ”, i.e., the 
Gibb’s equation implies the following equations: 
 

                    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

ρ
1

dt
dp

dt
de

dt
dsT ,                 (2-54a) 

                

                    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∇+∇=∇

ρ
1pesT ,                  (2-54b) 

and 

                    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

=
∂
∂

ρ
1

t
p

t
e

t
sT ,                 (2-54c) 

 
which will be employed later in the text.  
 
 The fluid is in motion for most fluid mechanics problem. One of 
the basic assumptions in fluid mechanics is that the equilibrium 
thermodynamics is locally applicable to fluids in motion. This is valid 
when the time required for a given fluid change associated with 
marcoscopic phenomenon is much greater than the relaxation time 
associated with a distributed quantity to regain its equilibrium value in 
the molecular level (see P. A. Thompson, “Compressible-fluid dynamics,” 
McGraw-Hill, 1972 Chapter 2).  
 
 Three are two types of specific heat that one may consider, the 
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specific heat at constant volume, vC , and the specific heat at constant 
pressure, pC . vC  is the heat added per unit mass per unit temperature 
change during a constant volume process, i.e., 
 

dTCQ v=δ .        (at constant volume) 
 
For a constant volume process, (1/ ) 0pd pdρ = =v , thus  
 
                         TdsQde == δ       (at constant volume) 
 
according to (2-52a) and (2-53a). It follows that 
 

                    v
ρ

eC
T
∂

=
∂

,     with  ),( ρTee = .      (2-55a) 

 
On the other hand, pC  is the heat added per unit mass per unit 
temperature change during a constant pressure process, i.e., 
 
                         dTCQ p=δ .       (at constant pressure) 
 
For a constant pressure process, we have  
 
                        TdsQdh == δ       (at constant pressure) 
 
according to (2-52b) and (2-53b). Thus 
 

                    
p

p T
hC

∂
∂

= ,     with  ),( pThh = .      (2-55b) 

 
 Although ),( ρTee =  in general, we may show that )(Tee =  only 
for a perfect gas (see Example 5). With RTp ρ= , RTepeh +=+= ρ/ , we 
also have )(Thh = . Thus (2-55a) and (2-55b) reduce to 
 
                   

dT
deCv =    and   

dT
dhCp = , 

or          
RCRTe

dT
d

dT
dhC vp +=+== )( .            (2-56a)  

 
for a perfect gas. If we define, 
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v

p

C
C

=γ ,                    (2-56b) 

 
we may obtain 
 
                

1−
=
γ

RCv      and      
1−

=
R

RCp
γ .       (2-56c) 

 
by solving (2-56a) and (2-56b) for vC  and pC . 
 
Example 4:  The entropy for a perfect gas. 
 
We have RTp ρ= , )(Tee =  and dTTCde v )(=  for perfect gas, then the 
Gibb’s equation, (2-53a), gives 
 
                    )/1()( ρρRddT

T
TCds v += . 

Integration gives 
 
                    constant)/1ln()(ln)( ++= ∫ ρRTdTCs v . 
 
If constant)( =TCv , then 
 
                    constant)/1ln(ln ++= ρRTCs v , 
or 
                constant)/1ln()1(ln +−+= ργT

C
s

v

     (using (2-56c)) 

                   constantln 1 +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= −γρ

T  

                   constantln +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

R
p
γρ

           (using RTp ρ= ) 

                   constantlnln +−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= Rp

γρ
 

                   constantln +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= γρ

p .        (R is also a constant) 

 
Therefore, 
      

              γγγ ρρρρ )/(
/lnlnln

R

R

R

R

v

R PPpp
C

ss
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

−            (2-57)   
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for a reference state with the related properties denoted by subscript “R”.  
          
 
Example 5:  Prove that )(Tee =  for perfect gas. 
 
For a perfect gas, Gibb’s equation, (2-53a), gives 
 
                       Tds de pd de RTdρ= + = +v v .         (2-58) 
 
If ( , )e e T= v , then  

                      
T

e ede d dT
T

∂ ∂
= +
∂ ∂ v

v
v

. 

 
By substituting the above equation into (2-58), we have 
 

               1 1
T

e eds R d dT
T T T

ρ
⎛ ⎞∂ ∂

= + +⎜ ⎟∂ ∂⎝ ⎠ v

v
v

.          (2-59a) 

 
On the other hand, for ( , )s s T= v , we have 
 

                     
T

s sds d dT
T

∂ ∂
= +
∂ ∂ v

v
v

.               (2-59b) 

 
By comparing (2-59a) and (2-59b), we obtain 
 

             1
T T

s e R
T

ρ∂ ∂
= +

∂ ∂v v
   and     1s e

T T T
∂ ∂

=
∂ ∂v v

. 

 
After differentiation, we have (recall that the two independent variables 
for s are T and v) 
 

         
2 2

2

1 1s e e
T T T T
∂ ∂ ∂

= − +
∂ ∂ ∂ ∂ ∂v v v

   and    
2 21s e

T T T
∂ ∂

=
∂ ∂ ∂ ∂v v

. 

 
Thus 
                          2

1 0e
T

∂
− =

∂v
, 

 
or ( )e e≠ v , or )(Tee =  alone. 
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(VI) Energy equation 
 
 The first law of thermodynamics states that the rate of increase of 
energy in a closed system (fixed mass) is equal to the rate at which heat is 
added to the system plus the rate at which work is done on the system. 
Consider the material volume in Figure 2-5. The material volume 
contains the same mass all the time, and is thus a closed system. Let q be 
the heat flux vector, which is defined as the energy flux relative to the 
moving material. dSnq ⋅−  is the heat flux through an element of surface 
dS to material inside. The energy of the system is dVe

tV
∫∫∫

)(
0ρ , where 0e  is 

the total energy density (i.e., energy per unit mass), is made up of two 
parts : e and 2/uu ⋅ . e is the internal energy per unit mass, which includes 
the energy of molecules relative to the mean motion and strain energy etc.. 

2/uu ⋅  is the kinetic energy per unit mass, which is a result of the fluid 
motion. By applying the first law of thermodynamics to the material 
volume in Figure 2-5, we have 
 
         dSdVdSdVe

dt
d

tV tStStV
∫∫∫ ∫∫∫∫∫∫∫ ⋅+⋅+⋅−=⋅+

)( )()()(

)
2
1( utufnquu ρρ .  (2-60) 

 
The first, the second and the third terms on the right hand of (2-60) are 
the total heat flux into the system, the rate of work done by the body force, 
and the rate of work done by the surface traction on the system, 
respectively. With the Reynolds transport theorem, the Cauchy stress 
principle and the divergence theorem, (2-60) becomes 
 

 
Figure 2-5: Sketch for illustrating the heat flux vector out of a local 

surface element of a material volume. 
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∫∫∫∫∫∫∫∫∫∫∫∫ ⋅⋅∇+⋅+⋅∇−=⋅+
)()()()(

)()
2
1(

tVtVtVtV

dVdVdVdVe
dt
d uTufquu ρρ .  (2-61) 

 
Since V(t) is arbitrary, (2-61) implies that 
 
             )()

2
1( uTuf  quu ⋅⋅∇+⋅+⋅−∇=⋅+ ρρ e

dt
d ,         (2-62) 

 
which is the direct consequence of the first law of thermodynamics, and 
is called the “total energy equation”. 
 
 On the other hand, we may derive a kinetic (mechanical) energy 
equation as follows. By dotting the momentum equation, (2-11), with u, 
we have 

uT)ufuu
⋅⋅∇+⋅=⋅ (ρρ

dt
d .          (2-63) 

 
The last term can be manipulated using its component form as follows. 
 

  ( ( ) ( -T) u e e e e T u) T uij j
l ij k j ij j ij

l i i i

T u
T u u T u T

x x x x
∂ ∂∂ ∂

∇ ⋅ ⋅ = ⋅ ⋅ = = − = ∇ ⋅ ⋅ : ∇
∂ ∂ ∂ ∂i j k , 

 
where uT ∇:  is the scalar product of two tensors, and can be written 
further as 
                 TDDTΩDTuT :=:=+:=∇: )( ,  
since  
 

333323321331322322221221311321121111 TTTTTTTTT Ω+Ω+Ω+Ω+Ω+Ω+Ω+Ω+Ω=:=: TΩΩT
 

        000 322313313223211213312112 +Ω−Ω+Ω++Ω−Ω−Ω+= TTTTTT  
 
        0= , 
 
by using the conditions that Ω is anti-symmetric and T is symmetric. 
Thus (2-63) finally becomes 
 

               TDu)Tufuu :−⋅⋅∇+⋅=⎟
⎠
⎞

⎜
⎝
⎛ ⋅ (

2
1 ρρ

dt
d

,     (2-64) 

 
which is called the kinetic (mechanical) energy equation. 
 
 By subtracting (2-64) from (2-62), we have 
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                    TD  q :+⋅−∇=

dt
deρ  ,                 (2-65)    

 
which is called the internal energy equation. To see further the physical 
meaning of the term TD : , we decompose the stress tensor as 
 
                        τIT +−= p ,               (2-66) 
then 
  
  τDuτDτDI)DTD :+⋅∇=:+++=:+−:=: -p-p )(( 332211 DDDp    

τD :+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

dt
dp ρ

ρ
1 ,                (2-67) 

 
where the continuity equation has been employed. The term u⋅∇p-  
represents the rate of work done by compression (i.e., the –pdv work in 
(2-51b)), which is the reversible part of the rate of work done by the 
traction force. The rest term, τD : , represents the irreversible part of the 
work, which will be dissipated as heat and is called the dissipation term in 
the literature. With (2-67), the internal energy equation, (2-65), becomes 
 

τD  q :+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−⋅−∇=

dt
dp

dt
de ρ

ρ
ρ 1  .              (2-68)  

 
Recall the Gibb’s equation, (2-54a), we may rewrite (2-65) as 
 

τD  q :+⋅−∇=
dt
dsTρ  ,                 (2-69) 

 
which is another useful form of the internal energy equation, and is 
employed frequency in gas dynamics. 
 
 
(VII) The entropy equation  
 
 The entropy equation derived below is a result of the second law of 
thermodynamics. We shall not employ the entropy equation to solve fluid 
mechanics problem directly, instead, we shall use it to put restriction on 
the constitutive equation discussed later in section (IX) of this chapter. 
 
 For a closed system as that in figure 2-5, the total entropy 
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contained in the material volume is ∫∫∫
)(tV

sdVρ , and has the following 

property, 
 

            dVsdS
T

sdV
dt
d

tV
i

tStV
∫∫∫∫∫∫∫∫

•

+
⋅−

=
)()()(

ρρ nq .              (2-70) 

 
The first term on the right hand side of (2-70) is the reversible part of the 
change of entropy within the material volume due to the heat addition. 
The second term on the right hand side of (2-70) represents the 
irreversible part, which has the characteristics that 0≥

•

is . By using the 
Reynolds transport theorem and the divergence theorem, (2-70) becomes 
 

           dVsdV
dt
ds

tV
i

tVtV
∫∫∫∫∫∫∫∫∫

•

+⎟
⎠
⎞

⎜
⎝
⎛⋅∇−=

)()()( T
ρρ q .               

 
Since V(t) is arbitrary, the above equation implies that 
 

                0≥=⎟
⎠
⎞

⎜
⎝
⎛⋅∇+

•

is
Tdt

ds ρρ q
               (2-71) 

 
By substituting (2-69) into (2-71), we obtain 
 
                 0

T2 ≥=
:

+
∇⋅

−
•

is
T

T ρτDq .                  (2-72)  

 
Equation (2-72) puts a restriction on the forms of q and τ  in the 
constitute equations.    
 
 
(VIII) Summary of equations   
 
 Here we summarize the equations governing the continuum fluid 
mechanics.  
 
(i) Continuity equation (conservation of mass)          
 
                      0=⋅∇+  uρρ

dt
d .                  (2-4) 

 
(ii) Momentum equation (conservation of momentum) 
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                      τ-fu

⋅∇+∇= p
dt
d ρρ ,               (2-11a) 

 
if the stress tensor decomposition, τIT +−= p , is substituted into 
(2-11). 

 
(iii) Energy equation (conservation of energy) 
 

There are three useful forms of the energy equation as follows, and 
either one of them may be employed for solving the fluid mechanics 
problem. 
 

(1) The total energy equation 
 
          )()

2
1( uTuf  quu ⋅⋅∇+⋅+⋅−∇=⋅+ ρρ e

dt
d .         (2-62) 

 
(2) The internal (or thermodynamic, or thermal) energy equation 

 

           τD  q :+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−⋅−∇=

dt
dp

dt
de ρ

ρ
ρ 1  .              (2-68) 

 
(3) The internal energy equation (using the Gibb’s equation) 

 
                 τD  q :+⋅−∇=

dt
dsTρ  .                 (2-69) 

 
(iv) Equations of state 
 
                        ),( Tpp ρ= ,                    (2-48a) 
 

and 
                        ),( Tee ρ= ,                    (2-48b) 

 
if (2-62) or (2-68) is employed, or 

 
                       ),( Tss ρ= ,                     (2-48c) 

 
if (2-69) is employed. 
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(v) The entropy equation 
 
                 0

T2 ≥=
:

+
∇⋅

−
•

is
T

T ρτDq ,                  (2-72)  

 
provides a restriction on the forms of q and τ  in the constitute 
equations. It is not employed directly for solving the problem.    

 
 Now we have totally seven scalar equations: one from (2-4), three 
from (2-11a), one from (2-62), (2-68) or (2-69), one from (2-48a), and 
one from (2-48b) or (2-48c), but we have sixteen unknowns: ρ , u (3 
components), p, τ (6 components), e or s, q (3 components) and T, 
provided that the body force, f, is specified. In order to make the number 
of unknowns equal the number of equations, we had to postulate certain 
relationships (9 scalar equations) for τ and q in terms of the deformation 
tensors, D, and temperature gradient, T∇ , respectively. Such relationships 
are called the constitutive equations; they vary for different materials 
(fluids), and are required to satisfy (2-72). 
 
 
(IX) The constitutive equations 
 
 We have different constitute equations for different materials (fluids). 
Here we consider several kinds of fluids of interest. 
 
(i) Perfect fluid (i.e., non-conductive and inviscid fluid) 
 

The constitute equations are  
 
              0=q        and         0=τ ,          (2-73) 
 
which implies that 
 
                        0=

•

is                     (2-74) 
 
according to (2-72). All the dissipation mechanisms are neglected, and 
every process is reversible for the flow of a perfect fluid, i.e., the lower 
bound (equal sign) of the condition imposed by (2-72) is satisfied. 
With (2-73), the governing equations become 
 

                   0=⋅∇+  uρρ
dt
d ,                    (2-75a) 
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                  p

dt
d

∇= -fu ρρ ,     (Euler equation)   (2-75b) 

 

        ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

dt
dp

dt
de ρ

ρ
ρ 1     or 0  =

dt
dsTρ ,             (2-75c) 

 
                    ),( Tpp ρ= ,                        (2-75d) 
 

and 
              ),( Tee ρ=    or   ),( Tss ρ= .               (2-75e) 

 
There are seven scalar equations for seven unknowns: ρ , u (3 
components), p, e or s, and T, for given f. The perfect fluid is a good 
approximation for studying certain high-speed flow of gases, i.e., the 
gas dynamics problems.  

 
(ii) Ideal fluid (i.e., incompressible and inviscid fluid) 
 

The nomenclature of this fluid is adopted from Currie’s book. 
The incompressible condition implies that 

 
                      constant=ρ ,                    (2-76) 
 
which may be regarded as an equation of state. The constitutive 
equation is 
                         0=τ .                      (2-77) 
 
With (2-76) and (2-77), the continuity and momentum equations 
become 
 

                          0=⋅∇  u ,                    (2-78a) 
  and 
 

                  p
dt
d

∇= -fu ρρ ,     (Euler equation)   (2-78b) 

 
which are four scalar equations for four unknowns : u (3 components) 
and p, with known f and ρ. Here the energy equation is not required 
for solving u and p, and the constitutive equation for q is irrelevant if 
we do not consider the problem of heat transfer. The assumption of 
ideal fluid can be applied to study certain hydrodynamics problems.  
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(iii) Newtonian fluid (compressible and viscous fluid, called the “real”      

fluid in some texts) 
 

Real fluids are compressible and have certain viscosity in general. 
The simplest model for the constitutive equation of a real fluid is the 
Newtonian fluid, which is a special case of the so-called Stokesian 
fluid. A Stokesian fluid is one for which the component of τ can be 
expressed as 

 
                     ),,( TpDklijij ττ = ,                  (2-79) 
 

where klD  is the component of the deformation tensor. A Newtonian 
fluid is a special case of a Stokesian fluid in which (1) τ is a linear 
function of the components of D, and (2) there are no preferred 
direction properties (i.e., isotropy).  

 
The most general linear function is 

 
                        klijklij Dβτ = ,                   (2-80) 
 

where ijklβ  is a fourth order tensor having 81 components, whose 
values depend on the two chosen independent thermodynamic 
variables, say, for example, the pressure, p, and the temperature, T. 
According to the theory of Cartesian tensor, the most general fourth 
order isotropic tensor can be written in terms of Kronecker delta as 
(see H. Jeffreys, “Cartesian tensors,” Cambridge Univ. Press, 1984; 
or Y. C. Fung, “A first course in continuum mechanics,” 
Prentice-Hall, 1969) 

 
                  ijkl ij kl ik jl il jkβ αδ δ βδ δ γδ δ= + + ,            (2-81) 

 
where α , β  and γ  are functions of thermodynamic state, i.e., 
they depend on the two chosen independent thermodynamic 
variables. By substituting (2-81) into (2-80), one obtains 

 
                 kljkiljlikklijij D)( δγδδβδδαδτ ++= ,  

                     jiijkkij DDD γβαδ ++=  
                     ijkkij DD )( γβαδ ++=        (since jiij DD = ) 
                     ijij Dµλδ 2+⋅∇= u ,                   (2-82a) 
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where  
αλ ≡       and     2/)( γβµ +=  

 
are called the second viscosity and the dynamic viscosity, which are 
determined experimentally in general. They are functions of 
temperature and pressure in principle, but depend mainly on 
temperature in practice. By substituting (2-82a) into the component 
form of (2-66), we have 

 
                ijijijij DpT µλδδ 2+⋅∇+−= u .               (2-82b) 
 

Equation (2-82a) or (2-82b) relates the stress tensor to the 
deformation tensor, which is the constitutive equation for a 
Newtonian fluid. The vector forms of (2-82a) and (2-82b) are 
 
                      DuIτ µλ 2+⋅∇= ,              (2-82c) 
and  

  
                  DuIIT µλ 2+⋅∇+−= p ,             (2-82d) 
 
respectively. 

 
   The constitutive equation for the heat flux vector, q, is as 

follows. It is proposed that q is linearly proportional to the gradient 
of the temperature field according to the experimental observation. 
In component form, we write 

 
                         

j
iji x

TKq
∂
∂

= ,                  (2-83) 

 
where ijK  is a second order tensor. Equation (2-83) can be 
simplified further by requiring that the conduction of heat in a fluid is 
isotropic. The most general form of a second order isotropic tensor 
can be written as (see Jeffrey or Fung’s books as mentioned before) 

 
                           ijij kK δ−= ,                 (2-84) 
 

where k is function of thermodynamic state, called the thermal 
conductivity. By substituting (2-84) into (2-83), we have 
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i
i x

Tkq
∂
∂

−= ,                  (2-85a) 

or in vector form as 
                        Tk∇−=q .                   (2-85b) 
 

Equation (2-85a) or (2-85b) is called the Fourier’s law. The minus 
sign in the equations is used to represent the fact that the heat is 
transferred from a location at a higher temperature to that at a lower 
temperature.   

         
By substituting (2-82c) and (2-85b) into (2-72), we found that 

the second law of thermodynamics implies that 
 

02 ≥
Φ

+
∇⋅∇

TT
TTk .               (2-86) 

 
 Here the energy dissipation, Φ , is defined as 
 
    DD)uIDττD :+⋅∇=:=:≡Φ µλ 2(  
                  DDDu)I :+:⋅∇= µλ 2(  
 DDu)2 :+⋅∇= µλ 2(  

2
13

2
12

2
11

2
332211 (2)( DDDDDD +++++= µλ  

                    )2
33

2
32

2
31

2
23

2
22

2
21 DDDDDD ++++++      

2
3322

2
2211

2
332211 )()[(

3
2))(

3
2( DDDDDDD −+−++++= µµλ

                   )(4])( 2
31

2
23

2
12

2
1133 DDDDD +++−+ µ ,       (2-87) 

 
where the symmetric condition for D has been employed. By 
substituting (2-87) into (2-86), we found 
 
        0≥k ,    0≥µ     and    0

3
2

≥+≡ µλκ ,        (2-88) 

 
as the absolute temperature, T, is always greater than zero. Here κ  
is called bulk viscosity, which is sometimes employed instead of the 
second viscosity, λ . Equation (2-88) put restrictions on the values of 
k, µ and λ, provided that the second law of thermodynamics is 
satisfied. These three material constants are determined by 
experiments in general, and are functions mainly of temperature in 
practice. 
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Example 6 : Interpretation of µ, the viscosity coefficient. 
 

Consider simple shear flow in Cartesian coordinates (x, y, z) : 
 

)(yuu = ,    0=v ,    0=w . 
 

The flow is incompressible since 0=⋅∇ u . The components of the 
stress tensor 

 
                   ijijijij DpT µλδδ 2+⋅∇+−= u               

                  ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

+
∂
∂

+−=
j

i

i

j
ij x

u
x
u

p µδ , 

or in tensor form 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−= jiijIT

dy
du

dy
dup µ .       

 
The traction (force) on a surface element with normal j is  

 
                   ijTjjt

dy
dup µ+−=⋅=)( , 

 
which consists a normal part –pj and a shearing part i

dy
duµ . In 

general cases, the traction is  
 
            kjiTjjt yzyyyx TTT ++=⋅=)(  
                   kjui yzyyxy DDpD µµλµ 2)2(2 ++⋅∇+−+= . 
 
The shearing forces along the i and k directions are ixyDµ2  and 

yzDµ2 k, respectively. The normal force includes the pressure part –pj 
and an addition part j)2( yyDu µλ +⋅∇ , which is absent in the above 
example for simple shear flow.  
 

 The interpretation of the second viscosity, λ, or the bulk viscosity, 
)

3
2( µλκ +≡ , is as follows. The average pressure, p , can be evaluated as 

    ( ) [ ])(233
3
1

3
1

3
1

332211332211 DDDpTTTTp ii +++⋅∇+−=++=≡− µλ u  

                        [ ]u⋅∇++−= )23(3
3
1 µλp .        (2-89a) 
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Thus the difference between the thermodynamic and the average 
(mechanical) pressure 
 
        u⋅∇+=− )

3
2( µλpp  

       u⋅∇= κ         (using definition of κ) 

            ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

dt
dρ

ρ
κ 1       (using continuity) 

           1 d
dt

κ ⎛ ⎞= ⎜ ⎟
⎝ ⎠

v
v

.        (with 1/ ρ=v )             (2-89b) 

 
The term ( / ) /d dtv v  is the rate of change of specific volume. The 
thermodynamic pressure equals the average (mechanical) pressure only 
when the fluid is incompressible. If p, p  and ( / ) /d dtv v  are measurable, 
we can use (2-89b) to determine κ. However, it is hard to measure since it 
requires large value of u⋅∇  so that the measured data are sufficiently 
greater than the experimental errors. 
 
 Stokes proposed that  
 
            0=κ ,        or            µλ

3
2

−= .        (2-90) 

 
Equation (2-90) is called the Stokes relation, which is true for monotonic 
gasses according to the kinetic theory and experiment. In general, 0≠κ , 
and is of the same order as µ.  
 
 With the constitutive equations (2-82d) and (2-85b) for Newtonian 
fluid, the governing equations become 
 

0=⋅∇+  uρρ
dt
d ,                     (2-91a) 

 
               D)u-fu µλρρ 2)-(p

dt
d (⋅∇+⋅∇∇= ,            (2-91b) 

 
Φ+⋅∇−∇⋅∇= u ) ( p

dt
de

Tkρ  ,                (2-91c) 

 
      ),( ρpTT = ,                        (2-91d) 

and 
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                    ),( ρpee = ,                         (2-91e) 
 
if the internal energy e is chosen for solving the problem (one may 
choose the entropy, s, instead of e). The energy dissipation function 
 

DDu)(τD :+⋅∇=:=Φ µλ 22  

            
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

+
∂
∂

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

+
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

=
j

i

i

j

j

i

i

j

i

i

x
u

x
u

x
u

x
u

x
u

2
1

2
12

2

µλ .       (2-92) 

 
Equations (2-91a)-(2-91e) describes a set of seven scalar equations, 
which are solved for the seven unknown, ρ, u (3 components), p, T and e, 
provided the material parameters, µ, λ and k, are specified. These 
material parameters are expressed as functions of temperature in practice. 
Note that the two most common fluids, air and water, are well described 
as Newtonian fluid. Equation (2-91b) is known as the Navier-Stokes 
equation. 
 
 
(iv) Incompressible fluid 
 

The definition for incompressible fluid is  
 
                     constant=ρ ,                    (2-93) 
 
which may be regarded as an equation of state. The continuity 
equation implies 0=⋅∇ u . The constitutive equation, (2-82d), then 
becomes  
            
                    DIT µ2+−= p .                   (2-94)              
 
The second viscosity disappears automatically in (2-94) since 

0u =⋅∇ , which is good news since the second viscosity is difficult to 
measure. The incompressible fluid described by (2-94) is an 
incompressible, viscous fluid, which is different from that of the ideal 
fluid (incompressible, and also inviscid) discussed before. Although 
all the fluids experience certain compressibility, many liquid and gas 
flow (at low Mach number) occur in nature and practice can be 
approximated as incompressible flow. A good discussion for the 
criteria for incompressibility can be found from Thompson’s book (P. 
A. Thompson, “Compressible-fluid dynamics,” McGraw-Hill, 1972, 
Chapter 3). Also for incompressible fluid, the equation of state, 

),( Tee ρ= , becomes )(Tee = . Thus  
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                         TCe v= .                   (2-95) 
 
if the definition of the specific heat at constant volume is employed. 
With (2-93), (2-94), (2-95) and (2-85b), the governing equations 
become 

0=⋅∇  u ,                      (2-96a) 
 
                 D)-fu µρρ 2p

dt
d (⋅∇+∇= ,                (2-96b) 

   and 
 

Φ+∇⋅∇=  ) ( Tk
dt
dTCvρ  ,                (2-96c) 

  
which describe five scalar equations for five unknowns : u(3 
components), p and T, for given µ and k. The viscosity µ and the 
thermal conductivity k are functions of temperature T in practice. 
Thus equations (2-96b) and (2-96c) are coupled through the 
temperature dependence of the viscosity coefficient, )(Tµ . If the 
temperature variation is sufficiently small so that µ and k can be 
approximated as constant, then we can solve (2-96a) and (2-96b) for 
u(3 components) and p first, and then calculate T from (2-96c) with u 
as known variable. Equation (2-96b) is called the incompressible 
Navier-Stokes equation.  

 
 
(X) Boundary and initial conditions 
 
 In order to solve the governing equations of the continuum fluid 
mechanics in the last section, we need to impose appropriate boundary 
and initial conditions for a given problem.  
 
(i) Boundary conditions 

 
Since there exist spatial derivative terms in the governing 

equations, it is required to specify certain values of the flow quantities 
on the boundaries of the fluid domain of interest. There are different 
kinds of boundary conditions as follows. 

 
(a) At solid boundaries 
  



 52

Experimentally, it is found that the fluid adheres to the 
boundary surface, i.e., 

Buu = ,                 (2-97a) 
 

where Bu  is the velocity of the solid boundary. Equation (2-97a) 
is called the no slip boundary condition, which is valid for fluid 
with nonzero viscosity. Thus (2-97a) is appropriate for the 
Navier-Stokes equation, i.e., the governing equations of the 
Newtonian fluid in (2-91b) and of the incompressible Newtonian 
fluid in (2-96b). If we put the coordinates on the solid boundary, 
or the boundary is stationary, 0== Buu , which is a special case of 
(2-97a).   
    For inviscid fluid, such as the perfect fluid and the ideal fluid 
discussed before, (2-97a) is too strong to satisfy since the Euler 
equation (i.e., (2-75b) and (2-78b)) is of one order less than the 
Navier-Stokes equation (i.e., (2-91b) or (2-96b)). Therefore, we 
had to modify (2-97a) as 
 
                    nunu ⋅=⋅ B ,                 (2-97b) 
 
where n is the local unit normal vector of the solid boundary. 
Equation (2-97b) states that the fluid cannot penetrate the solid 
boundary, but we do allow the fluid to slip on the solid surface. 
Equation (2-97b) is thus called the slip boundary condition, or the 
no cross flow boundary condition. Physically, the fluid adheres to 
the solid boundary because of its viscous property. If the viscosity 
is turned off, the fluid can certainly slip on the solid surface.  
 
    For the energy equation, it is assumed that there is no 
temperature jump at solid boundaries, i.e., 
 
                       BTT = ,                   (2-98) 
 
for both viscous and inviscid fluid, where BT  is the temperature 
of the solid surface.  
 
    There is a little comment on the no slip boundary condition 
in (2-97a). Recall from chapter 1 that the Knudsen number is a 
measure of whether we should employ the continuum or the 
molecular approach to describe the fluid mechanics problem. The 
continuum assumption is valid when the Knudsen number is 
sufficiently less than unity. As the Knudsen number increases up 
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to a certain value, say, 0.2, the fluid may slip partially on the solid 
surface, which accounts for certain molecular effect (see the text 
in Rarefied gas dynamics or Molecular fluid dynamics). 
 
    In some engineering applications such as those in the field of 
flow control in aerodynamics, the solid boundary may be porous 
so that the fluid may flow across the boundary. In such cases, the 
suction/blowing velocity which is normal to the boundary with 
magnitude Bv  is given, and the boundary condition is (consider 
stationary boundary for example) 
   
          Bnu v=⋅ ,  0nu t1 =⋅ ,   0nu t2 =⋅ ,           (2-99)  
where t1n  and t2n  are the two local perpendicular tangential unit 
vectors on the surface.  

  
(b) Far field conditions 
 

    For external flows, the velocity and the temperature far from 
the body are specified in general, i.e., 
 

∞= uu    and    ∞= TT .          (2-100) 
 

However, for flow with finite inertia, a wake is formed in the 
downstream region behind the body, and (2-100) cannot be 
applied in the wake region. The wake problem will be discussed 
later in chapter 7. 

 
(c) Inlet and/or outlet conditions 
 

For some internal flows, the velocity and temperature and/or 
their spatial normal derivatives at the inlet and outlet are specified. 
Details of these conditions are always discussed in the course of 
computational fluid dynamics. 

 
(d) At free surface or interface 
 

A free surface is the boundary between the liquid and the air. 
An interface is the boundary between two different liquids. We 
may deal with such kind of boundary for many fluid mechanics 
problems, such as the motion of water waves, which is an 
important topic in ocean engineering and geophysical fluid 
dynamics. As the displacement of the free/interface is varying with 
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time during the fluid motion, it is also an unknown, which had to 
be solved together with the governing equations. Therefore, a 
double condition (kinematic and dynamic) is imposed on the 
free/interface. We shall not study this kind of boundary condition 
in this course because of the tight schedule. Details of the condition 
can be found from chapter 6 of the book by Currie. 

 
(ii) Initial conditions 
 

If the flow is not steady, then it is necessary to specify the flow 
quantities having time derivatives at some specified time. 

 
  

(XI) The vorticity equation 
 

 Recall that the vorticity (vector), ω, is a measure of the rotation 
of an infinitesimal fluid element, having its definition as u×∇ . The 
flow is called irrotational if 0=ω . In many of the flows of interest, a 
large region of the flow domain is irrotational. Therefore, it may have 
certain advantage to study the flow in terms of vorticity. First, lets 
derive an equation governing the evolution of the vorticity field. 
Consider the Newtonian fluid with conservative body force, i.e., the 
body force can be represented by a scalar function, φ, through φ∇=f . 
The momentum equation, (2-11a), then becomes 
                                                                    
               τ-uuu

⋅∇+
∇

∇=∇⋅+
∂
∂

ρρ
φ 1p

t
.            (2-101) 

 
By taking curl operation of the above equation, and using the vector 
identity 

               uωuuuu ×+⎟
⎠
⎞

⎜
⎝
⎛ ⋅

∇=∇⋅
2 ,  

we obtain 
 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅∇
×∇+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ ∇
×∇∇×∇=××∇+⎟

⎠
⎞

⎜
⎝
⎛ ⋅

∇×∇+
∂
∂

ρρ
φ τ-u)ωuuω p(

2t
.  (2-102) 

 
The second term on the left hand side and the first term on the right 
hand side of (2-102) are identity zero because the curl of the gradient 
of any scalar function is zero. The third term on the left hand side, 
 

     ωu-uωuωωuu)ω ⋅∇⋅∇+∇⋅−∇⋅=××∇ (  
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              uωuωωu ⋅∇+∇⋅−∇⋅= , 
 
    since ω u 0∇⋅ = ∇ ⋅∇× =  according to the vector identity. The second 

term on the right hand side of (2-102), 
 

              22
1

ρ
ρ

ρ
ρ

ρρ
∇×∇

−=
∇×∇

−∇×∇−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∇
×∇

pppp-  

 
    using again the fact that the curl of the gradient of a scalar function 

is zero. Finally, (2-102) becomes 
 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅∇
×∇+

∇×∇
−⋅∇−∇⋅=∇⋅+

∂
∂

=
ρρ

ρ τuωuωωuωω
2

p
t

d
dt

,   (2-103) 

 
    which is called the Helmoltz equation. The equation says that the 

rate of change of vorticity following the fluid motion, dtd /ω , is due 
to the four mechanisms shown by the four terms on the right hand 
side of (2-103), namely, the vortex stretching term, the compression 
term, the baroclinic term, and the viscous (or diffusion) term, 
respectively. These mechanisms are illustrated as follows. 

 
  The vortex stretching term uω ∇⋅  can be expressed as 
 
            DωωωDωΩωDωuω ⋅=×+⋅=⋅+⋅=∇⋅

2
1    

               
γ

γ
γγ

β

β
ββ

α

α
αα ωωω

x
u

x
u

x
u

∂
∂

+
∂
∂

+
∂
∂

= eee ,            (2-104a) 

 
 which implies that the stretching/or shrinking along the principal 

axes, ( αe , βe , γe ), of the deformation tensor D, can increase/or 
decrease the vorticity. This mechanism is important in studying 
vortex dynamics and turbulence. For two-dimensional flow, the 
velocity jiu vu +=  and the vorticity kω ω= , then uω ∇⊥  or 

0uω =∇⋅ . There is no vortex stretching in two-dimensional flow. 
 
  The compression term uω ⋅∇− can be written as 
 
                      

dt
dρ

ρ
ωuω =⋅∇−  

 
 using continuity, which implies that the vorticity can be increased 
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by compression ( )0/ >dtdρ  or decreased by expansion ( )0/ <dtdρ . 
 
    The baroclinic term 2/)( ρρ∇×∇− p  is zero when p = constant,  

ρ = constant, and p∇  parallel to ρ∇ . Otherwise, it is not zero and 
can generate vorticity.  
 
 The viscous (or diffusion) term implies that the vorticity can be 
diffused within the flow field due to the viscous effect of the fluid. 
Consider the case when both ρ and µ are taken as constants. The 
viscous term can be written as  
 

( ) ( ) ( ) 22 ,τ D u u ων ν ν ν
ρ

⎛ ⎞∇ ⋅
∇× = ∇× ∇⋅ = ∇× ∇⋅∇ = ∇⋅∇ ∇× = ∇⎡ ⎤⎜ ⎟ ⎣ ⎦

⎝ ⎠
 

(2-104b) 
 
which indeed in the form of a diffusion term, with the kinematic 
viscosity, ν , as the diffusion coefficient. Here ν = µ /ρ.  
 
 For incompressible fluid, ρ = constant; both the compression and 
the baroclinic terms are identically zero, and the vorticity equation, 
(2-103), becomes 
 

ωuωωuωω 2∇+∇⋅=∇⋅+
∂
∂

= ν
t

d
dt

,        (2-104c) 

 
 if the viscosity is taken to be constant.  
 

As discussed before, the baroclinic term can be regarded as the 
source term of vorticity. Vorticity can also be generated when there 
exists “discontinuity” of velocity, such as the encounter of two 
streams with different velocities. However, the most common 
vorticity source is associated with the no slip condition at the solid 
boundary. For viscous fluid, the velocity u = 0 at solid boundary, but 
not the vorticity. As the vorticity is generated at the solid wall, it is 
diffused away into the flow through the diffusion term. The detailed 
evolution of vorticity then follows (2-103).   

 
 
(XII) Bernoulli’s equation  
 

For inviscid fluid, including both the perfect fluid and ideal fluid 
discussed before, we can use the so-called Bernoulli’s equation (an 
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algebraic equation) to relate the velocity and the pressure field, instead of 
using the momentum equation (the Euler’s equation), which is a partial 
differential equation. We have different forms of the Bernoulli’s equation. 
 
(i) Steady flow of a prefect fluid with conservative body force 
 

The flow is not necessarily barotropic or irrotational, which are special 
cases of perfect fluid, but must have the condition of conservative body 
force. The flow is called barotropic if the pressure can be expressed as 

)(ρpp = , which may be regarded as a special equation of state. Under the 
conditions of perfect fluid ( 0=q , 0=τ ), steady flow ( 0/)( =∂⋅∂ t ), 
conservative body force ( φ∇=f ), the momentum equation becomes 

 
                       

ρ
φ p∇

∇=∇⋅ -uu .               (2-105)             

 
By dotting both sides of (2-105) by u, and using the vector identity 
 
                     )()(

2
1 uuuuuu ×∇×−⋅∇=∇⋅ ,         (2-105a) 

 
we have 
           

 φ
ρ

∇⋅+
∇⋅

−=×∇×⋅−
⋅

∇⋅ uuuuu
2
uuu p)()( .      (2-106) 

 
The second term in (2-106) is zero because the vector u  is perpendicular 
to the vector )( uu ×∇× . Recall the Gibb’s equation, we have 
 
                      phsT ∇−∇=∇

ρ
1 .                   

 
As s is constant, or 0=∇s  for steady flow, the above equation implies 
 
  
                      h∇⋅=

∇⋅ uu
ρ

p .         

 
Thus (2-106) becomes 
 

 0=⎟
⎠
⎞

⎜
⎝
⎛ −+

⋅
∇⋅ φh

2
uuu ,              (2-107a) 
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or 

                   constant=−+
⋅ φh
2
uu              (2-107b) 

 
on a given streamline. The constant in (2-107b) is called the Bernoulli’s 
constant. One may have different constants for different streamlines. If 
the body force is due to gravity, gz−=φ , where g is the gravitational 
acceleration, and z is the vertical coordinate. In general, the body force 
can be neglected, and (2-107b) reduces to 
 
                     constant

2
1

0 =⋅+≡ uuhh             (2-107c) 

 
on a given streamline. 
 
 Consider the special case for incompressible fluid flows,  
 

                          ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∇=

∇
ρρ
pp . 

 
Equation (2-106) then becomes (without using the Gibb’s equation) 
 

    0=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

⋅
∇⋅ φ

ρ
p

2
uuu ,           (2-108a) 

 
which implies that 
 
                         constant=−+

⋅ φ
ρ
p

2
uu          (2-108b) 

 
on a given streamline. By comparing (2-107b) and (2-108b), and using 
the definition ρ/peh += , we obtain 
 
                             constant=e             (2-108c) 

 
on a given streamline for an incompressible flow.  
                                          
 
(ii) Unsteady flow of an irrotational, incompressible, perfect fluid with 

conservative body force 
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For irrotational ( 0=×∇≡ uω , thus ϕ∇=u  according to the vector 
identity 0=∇×∇ ϕ ), incompressible ( constant=ρ ), perfect fluid ( 0=q , 

0=τ ) with gravity as the conservative body force ( gz−∇=f ), the 
momentum equation becomes 
 

                 gzp
∇−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
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⎠
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ϕ

2
uu

t
)( ,           

   
with the application of the vector identity, (2-105a). The above equation 
can be rearrange as 
 

                  0=⎟⎟
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⎜⎜
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++

⋅
+
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∇ gzp
ρ

ϕ
2
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,             

or 
                     )(tfgzp
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⋅

+
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∂

ρ
ϕ

2
uu

t
,             (2-109) 

 
where )(tf  is an arbitrary function of time. Equation (2-109) applies for 
all the points in the flow field, not necessarily for points along a given 
streamline. If a point in the flow is steady, then constant)( =tf . 
 
 
(XIII) The Croccos’s equation 
 
 For steady inviscid flow with conservative body force, the 
momentum equation becomes 
 
               φ

ρ
∇+

∇
−=×−⋅∇=∇⋅

pωuuuuu )(
2
1 .           (2-110) 

 
Here the fluid of interest need not be the perfect fluid, and we may have 

0≠∇s . For example, we are considering the flow through a shock wave, 
the fluid on both sides of the shock can be treated as perfect fluid, but the 
entropy on the downstream side is greater than that on the upstream side. 
By using the Gibb’s equation, 
 

                     phsT ∇−∇=∇
ρ
1

,  

 
equation (2-110) becomes 
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                    sTh ∇+×=⎟
⎠
⎞

⎜
⎝
⎛ −+

⋅
∇ ωu

2
uu φ ,           (2-111) 

 
which is called the Crocco’s equation. It states that both the rotational 
effect (i.e., 0≠ω ) and the non-isentropic effect (i.e., constant≠s ) can 
make the “Bernoulli constant” (in (2-107b)) not constant along a given 
streamline.  
 
 
(XIV) Equations in a non-inertial frame  
 
 The governing equations of continuum fluid mechanics that we have 
discussed before is for the problem in an inertial frame. For some 
practical problems, it is better or necessary to study the problem in a 
non-inertial frame. The continuity equation, the energy equation, and the 
equations of state remain unchanged in a non-inertial frame. All we had 
to do is to modify the acceleration term of the momentum equation, since 
the Newton’s second law applies only in an inertial frame. Recall from 

particle dynamics, the acceleration of a particle in an inertial frame, 
Idt

du , 

can be expressed in terms of the quantities in a non-inertial frame as 
  

            
dt
d

dt
d

dt
d

dt
d c

I

urΩrΩΩuΩuu
+×+××+×+= )(2 ,       (2-112) 

 
where r and u are the position and velocity vector, respectively, in the 
non-inertial coordinates, )(tcu  is the translating velocity and Ω  is 
angular velocity of the non-inertial frame. Here Ω is rotating about an 
arbitrary axis passing through the origin of the non-inertial coordinates. 

As a material fluid point can be identified as a particle, the term 
Idt

du  in 

(2-112) will be employed to replace the term 
dt
du  in the momentum 

equation (for example, the Euler’s equation in (2-75b) and the 
Navier-Stokes equation in (2-91b)), if the equation is studied in a 
non-inertial coordinates. The second and the third terms on the right hand 
side of (2-112) are called the Coriolis acceleration and the centrifugal 
acceleration, respectively. 
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Appendix – some useful vector identities (from Currie’s book) 
 

In the following formulas, φ is any scalar and a, b and c are any 
vectors. 

 
0=∇×∇ φ  

 
φφφ ∇⋅+⋅∇=⋅∇ aaa)(  

 
( ) ( )aaa ×∇+×∇=×∇ φφφ  

 
( ) 0=×∇⋅∇ a  

 
( ) ( ) ( )aaaaaa ×∇×−⋅∇=∇⋅

2
1  

 
( ) ( ) aaa 2∇−⋅∇∇=×∇×∇  

 
( ) ( ) ( ) ( ) ( )abbaabbaba ∇⋅+∇⋅−⋅∇−⋅∇=××∇  

 
( ) ( ) ( )baabba ×∇⋅−×∇⋅=×⋅∇  

 
( ) ( ) ( ) ( ) ( )abbaabbaba ∇⋅+∇⋅+×∇×+×∇×=⋅∇  
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          Homework           
  
(1) Carry out the detailed derivations of equation (2-104a) and (2-104b). 
 
(2) Write down the equations governing the velocity and pressure in the steady, 

two-dimensional flow of an inviscid, incompressible fluid in which gravity may 
be neglected. If the fluid is stratified, the density ρ will depend, in general, on 
both x and y coordinates. Show that the transformation 

 uu 0/* ρρ= , vv 0/* ρρ= , 

in which 0ρ  is a constant reference density, transforms these governing equations 
into those of a constant density fluid whose velocity components are *u  and *v . 
(from Currie’s book, problem 1.1) 

 
(3) Derive the total energy equation when there is a volume source of heat, h(r, t), per 

unit volume in addition to the heat flux vector. Assume both the Reynolds 
transport theorem and the Cauchy stress principle hold. 

 
(4) Derive the continuity equation in spherical coordinates in two ways. (i) Starting 

from first principles using an infinitesimal control volume, which is fixed in space. 
To do this, set up a small elemental control volume in the spherical coordinate 
system, and identify the rates of inflow through each face of the control volume; 
setting the net inflow equal to the rate of mass accumulation in the element. (ii) 
Starting from the vector form of the continuity equation derived in the course note 
and using the divergence and/or gradient operators for spherical coordinates.  

 
(5) Assume slug flow (i.e., )( tx,uu = alone) in the constant area tube shown below. 

Also assume that the flow is irrotational, inviscid and incompressible. Use the 
unsteady Bernoulli’s equation to determine the differential equation for )(t∆ , 
where t is the time. What is the frequency of the oscillation? What is the 
distribution of pressure in the tube? 
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CHAPTER 3: EXACT SOLUTIONS OF THE 

GOVERNING EQUATIONS 
  

The governing equations for continuum fluid mechanics derived in 
chapter 2 are sets of coupled nonlinear partial differential equations, 
which cannot be solved analytically in general. Actually, we have only 
limited number of analytical solutions of the governing equations under 
restricted conditions. Such analytical solutions are called the exact 
solutions. 
 
 Exact solutions, however simple and restricted, are essential because 
(1) it can disclose indisputable important features, and provide insight for 
construction of approximate solution, and (2) it can serve as test cases for 
plausible approximate and numerical method.  
 
 We shall consider here the incompressible viscous flow with constant 
viscosity since most of the exact solutions belong to this group. The 
governing equations are the Continuity and the Navier-Stokes equations,  
 
                          0=⋅∇ u ,                     (3-1a) 
and 

                    guuuu
+∇+

∇
−=∇⋅+

∂
∂ 2ν

ρ
p

t
,          (3-1b) 

 
where ρµν /=  is the kinematic viscosity of the fluid, which is taken to 
be constant in this chapter, and g is the gravitational acceleration. Here 
the gravitational force is taken to be the body force. Such body force can 
be removed from the governing equations if the modified pressure (or 
called the dynamic pressure) is employed, and the derivation is as follows. 
Consider first the hydrostatics problem. When u = 0, we set HSpp = , and 
(3-1b) becomes 
 
                        gρ+−∇= HSp0 . 
 
The hydrostatic pressure, HSp , can be solved, and the result is 
 
                       rg ⋅+= ρ0ppHS , 
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where 0p  is a constant, and r is the position vector. On setting 
 
                          P+= HSpp , 
 
where P is called the modified pressure, or the dynamics pressure, 
equations (3-1a) and (3-1b) become 
 
                          0=⋅∇ u ,                     (3-2a) 

and 

                    uuuu 2P
∇+

∇
−=∇⋅+

∂
∂ ν

ρt
.              (3-2b)             

 
The body force is absorbed into the pressure term. The above concept of 
modified pressure can be employed only under the following conditions: 
(1) constant=ρ  and the body force f = g, and (2) the boundary 
conditions involve u alone. This will always be so when the fluid under 
discussion is gas; but may not be so for liquid. For example, if there 
exists a free surface or interface, g re-enters the problem through the 
dynamic boundary condition at the interface (see Chapter 6 of Currie’s 
book). The rest of this chapter is to find solutions of equations (3-2a) and 
(3-2b) under certain restricted conditions. The terms in (3-2b) are called 
the unsteady term, the convection term, the pressure term and the viscous 
(or diffusion) term, respectively.  
 
(I) Flow with parallel streamlines 
 

The major difficulty of solving the problem arises from the nonlinear 
convection term, uu ∇⋅ , which can be written as 
 
                        )( sqq euu

s∂
∂

=∇⋅ ,                 (3-3) 

 
in a natural coordinates system shown in Figure 3-1. The natural 
coordinates system is a local Cartesian coordinates with unit vectors se , 

1ne  and 2ne , where se  is parallel to the local velocity, and s is the 
coordinate along the streamline. The local velocity, u, can be expressed as 

sqeu = (the components in other directions are zero), and equation (3-3) is 
thus derived. If the magnitude of u, q, is not zero, then 0uu =∇⋅  when 
both 
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                   0=
∂
∂

s
q    and     0=

∂
∂

s
se .              (3-4) 

     
Figure 3-1: The natural coordinates system. The surface of the tube is a 

stream-surface, which is constructed by streamlines.  
 
 
With the application of the integral form of the continuity equation of 
incompressible flow and the definition of streamline, the first equality in 
(3-4) implies that the stream tube in figure 2-1 does not change its cross 
section. The second equality in (3-4) implies that the streamline does not 
change its direction, except at q = 0 (the flow may reverse there). If the 
streamlines of the flow are parallel, both conditions in (3-4) are satisfied. 
Thus if the x-axis of the Cartesian coordinates is taken to be parallel to 
the streamlines, the velocity in (3-2a) and (3-2b) can be written as 
 
                        iu ),,( tzyu= .                     (3-5) 
 
It follows that the continuity equation, (3-2a), is satisfied automatically 
by (3-5), and the momentum equation, (3-2b), becomes 
 

                    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

−=
∂
∂

2

2

2

21
z
u

y
u

x
P

t
u ν

ρ
,             (3-6a) 

 
                     

y
P
∂
∂

−=
ρ
10 ,                        (3-6b)    

and 

                     
z
P
∂
∂

−=
ρ
10 .                        (3-6c) 

 
Equations (3-6b) and (3-6c) imply that    
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                         ),( txPP = ,                        

and thus 

    ),(1
1 txf

x
P
=

∂
∂

−
ρ

.                   (3-7a) 

 
On the other hand, with the functional form of u in (3-5), equation (3-6a) 
implies that  

                       ),,(1
2 tzyf

x
P
=

∂
∂

−
ρ

.                 (3-7b) 

Thus we have  

                        )(1 tf
x
P
=

∂
∂

−
ρ

                   (3-7c) 

 
according to (3-7a) and (3-7b), and 

                       )()( tPtxfP o+−= ρ ,                  (3-8) 

where f(t) and )(tPo  are arbitrary functions of time. Finally, the rest 
unknown, u(y,z,t), of the problem, is governed by 
 

                      ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+=
∂
∂

2

2

2

2

)(
z
u

y
utf

t
u ν               (3-9) 

 
according to (3-6a) and (3-7c). Equation (3-9) is in the form of the heat 
equation with a time-dependent heat source. The solution of the steady 
and unsteady problem will be discussed separately. A collection of 
solutions of (3-9) for different geometries and boundary conditions can be 
found from the book “Conduction of heat in solids” by H. S. Carslaw and 
J. C. Jaeger (Second edition, Oxford University Press, 1959). 
 
(i) Steady flow 
 

When the flow is steady, u = u(y, z), f(t) = C = constant, and (3-9) 
becomes  

                    
ν
Cu −=∇2 ,                      (3-10) 

 
where 2∇  is the Laplacian operator in the plane perpendicular to the 
flow. For example, 
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       2

2

2

2
2

zy ∂
∂

+
∂
∂

=∇        and       2

2

22

2
2 11

θ∂
∂

+
∂
∂

+
∂
∂

=∇
rrrr

 

 
for Cartesian coordinates and cylindrical coordinates, respectively. 
Equation (3-10) is a Poisson equation, which is solved subject to Dirichlet 
boundary conditions. The general procedure is to write 
 

21 uuu += , 
such that 
                       

ν
Cu −=∇ 1

2                       (3-10a) 

 
subject to the homogeneous boundary conditions, and 
 
                        02

2 =∇ u                       (3-10b) 
 
subject to the inhomgeneous boundary conditions. The driving 
mechanism of the problem described by Equation (3-10) is the applied 
constant pressure gradient, C, which is balanced by the viscous effect. 
 

Consider the steady flow through a long straight pipe of constant 
arbitrary cross section with contour D(y,z) = 0 as shown in Figure 3-2. 
The flow is driven by an imposed constant negative pressure gradient 
along the x-direction. For region sufficiently far from the inlet, the 
velocity profile can be assumed as parallel to the pipe wall and is 
independent of x, i.e., the flow is fully developed. It follows that the 
velocity is of the form ( , )u y z=u i , and u(y,z) is governed by (3-10). The 
associated boundary condition is the no-slip condition at the wall, i.e., u = 
0 on D(x,y) = 0.  

 
Figure 3-2: A long straight pipe of constant arbitrary cross section with 

contour D(y,z) = 0.  
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(a) Hagen-Poiseuille flow  
 
Consider the special case when the cross section is circular, i.e., the 

steady fully developed flow through a circular straight pipe. This problem 
was first studied by Hagen (1839) and Poiseuille (1840), and was called 
the Hagen-Poiseuille flow. As the shape of the contour is circular, it is 
better to study the problem in polar coordinates, (r, θ ). Equation (3-10) 
then becomes 

 

                  
νθ
Cu

rr
u

rr
u

−=
∂
∂

+
∂
∂

+
∂
∂

2

2

22

2 11 ,             (3-11) 

 
which is solved subject to  

0),( =θau ,                 (3-11a) 

where a is the radius of the pipe. As the driving mechanism, i.e., the 
imposed constant pressure gradient, is independent of θ, and both the 
geometry of the pipe and the boundary condition are also axial symmetric, 
it is reasonable to expect that the velocity profile is axial symmetric, and 
takes the form u(r). Thus (3-11) reduces to 
 

                 ν
C

dr
dur

dr
d

rdr
du

rdr
ud

−=⎟
⎠
⎞

⎜
⎝
⎛=+

11
2

2

,        (3-12) 

 
which has general solution 
 

                     BrACru ++⎟
⎠
⎞

⎜
⎝
⎛−= ln

4
1 2

ν
. 

 
The constant of integration, A equals zero since u is bounded at r = 0. The 
other constant, B, is determined by the no slip condition as described in 
(3-11a), and )/)(4/( 2 νCaB = . Thus 
 

                      ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟

⎠
⎞

⎜
⎝
⎛= 2

2
2 1

4
1

a
rCau

ν
.               (3-13a) 

 
The centerline velocity, CLu , is related to the applied constant pressure 
gradient through 
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Equation (3-13a) may then be written as 
 

                       2

2

1
a
r

u
u
CL

−= ,                    (3-13b) 

 
which shows that the normalized velocity profile is parabolic. The shear 
stress at the wall,              
 

                 
dx
dPa

a
u

r
u CL

ar
rzw 2

2
−==

∂
∂

−=−≡
=

µµττ . 

 
This is expected since it may be written as 
 
                        

dx
dPaaw

2)2( ππτ −= , 

 
which is a direct consequence of the force balance of the flow in a 
cylindrical control volume with radius a and an infinitesimal axial length 
dx. If P, r, u and τ are normalized by 2

CLuρ , a, CLu  and 2
CLuρ , 

respectively, we found the normalized pressure gradient  
 

                      
Raxd

uPd CL 4
)/(

)/( 2

−=
ρ ,                 (3-14a) 

 
and the shear stress coefficient 
 
                       

Ru
C

CL

w
f

4

2
1 2

=≡
ρ

τ ,                (2-14b) 

 
where µρ /auR CL=  is the Reynolds number. The volume flow rate, Q, 
and the average velocity, avu , are defined through 
 

                      ∫≡≡
a

av drrruauQ
0

2 )(2ππ .              (3-15) 

 
With (3-13b), we found 
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dx
dPauaQ CL µ

ππ
4

2

8
1

2
1

−==             (3-15a)   

and    

CLav uu
2
1

= .                   (3-15b) 

 
If Q and dP/dx are measurable, we can use (3-15a) to determine µ, which 
is the basis of one of the methods for determining the viscosity of the 
fluid. Flow in an annular pipe driven by an imposed axial pressure 
gradient can also be studied in a similar manner except the boundary 
condition is different.  
 
(b) Flows through pipes with other cross sectional areas  

 
Consider the elliptical cross section with major axes 2a and 2b. The 

boundary of the pipe in the yz-plane can be described by 1// 2222 =+ bzay . 
The governing equation according to (3-10) is 
 

             constant1
2

2

2
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=
∂
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=−=
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+
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z
u

y
u

µν
,             (3-16a) 

 
which is solved subject to  
 

               0=u     on   12

2

2

2

=+
b
z

a
y .                (3-16b) 

 
According to the boundary condition, (3-16b), one may seek solution of 
form 
 

                     ⎟⎟
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a
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which satisfies (3-16b) automatically. The constant A is determined by 
substituting (3-16c) into (3-16a), it follows that 
 

                     ⎟
⎠
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⎜
⎝
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−= 22 /1/1
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bax
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µ
.      

 
The solution for steady fully developed flows through pipes with other 
cross sectional areas, such as triangular pipes and square pipes, can be 
found in a similar way (see Problem 1 of the Homework).     
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Figure 3-3: Illustration for plane Poiseuille flow. The flow is of infinite 
extent in the y-direction.  

 
 
(c) Plane Poiseuille flow  

 
This is the fully-developed flow in a two-dimensional channel with 

width 2h as shown in figure 3-3. The flow is driven by an applied 
constant negative pressure gradient along the x-direction. The flow is of 
infinite extent in the y-direction, and thus the velocity profile is 
independent of y, i.e., u = u(z) only. The governing equation according to 
(3-10) becomes 
  

              constant1
2

2

=
∂
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=−=
x
PC

dz
ud

µν
,              (3-17a) 

 
which is solved subject to 
 
                  0=u    at    hz ±= .                 (3-17b) 
 
The solution is 
       

                       
2

1 ⎟
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u
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,                   (3-17c) 

 
which is also parabolic as that in the Hagen-Poiseuille flow in example 1. 
The centerline velocity, CLu , is related to the applied pressure gradient 
through  

x
PhuCL ∂
∂

−=
µ2

2

. 
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However, CLav uu )3/2(= , which is different from (3-15b) in Example 1. 
             

Figure 3-4: Illustration for the plane Couette flow. The figure on the right   
shows an experimental apparatus for generating a local 
Couette flow if the moving belt mechanism is immersed in a 
tank with sufficiently large extent in the x-direction.  

 
 
(d) Plane Couette flow 
 

 The flow in the above three examples are driven by imposed axial 
pressure gradients. However, flows in channels/pipes can also be driven 
by the shear associated with the motion of the solid boundary. The 
simplest example is the so-called Couette flow, which is illustrated in 
Figure 3-4. Fluid is contained in a two-dimensional channel with width h. 
There is no imposed pressure contrast, and the flow is driven solely by 
the motion of the upper plate, which is translating with a constant speed 
U along its own plane in the x-direction. The governing equation for u(z) 
according to (3-10) is 
 

                          02

2

=
dz

ud ,                    (3-18a) 

 
which is solved subject to 
 

                    0=u       at    0=y ,            (3-18b) 
and 
                    Uu =       at    hy = .            (3-18c) 

 
The solution is 
 
                             

h
z

U
u
= ,                  (3-19d) 
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which is a linear profile. One may combine Example 3 and 4 to study the 
case when the two-dimensional fluid motion between two parallel plates 
driven by both the above mechanisms: the imposed pressure gradient and 
the shear associated with the motion of the upper plate. The resulting 
flow is called the Poiseuille-Couette flow, which forms the basis of the 
theory of lubrication.            
 
(ii) Unsteady flow 
 

The flow is unsteady because the driving mechanism is unsteady. 
There are two main types of unsteady problems, the transient problem 
and the quasi-steady problem associated with a periodic driving 
mechanism, which will be discussed later in this section. Similar as 
before, the driving mechanisms for the present unsteady flows with 
parallel streamlines include the imposed pressure gradient and the shear 
associated with the motion of the boundary in its own plane.   

 
(a) Fluid motion above an infinite flat plate driven by the motion of 
the plate in its own plane   

 
Consider the motion of the fluid above an infinite flat plate, which moves 
in its own plane as shown in Figure 3-5. The Cartesian coordinates in 
Figure 3-5 are chosen such that the plate is on the xz-plane and moves 
along the x-direction with arbitrary time varying speed U(t). The flow is 
driven solely by the shear associated with the motion of the plate, and 
there exists no imposed pressure gradient. According to the nature of the 
driving mechanism and the geometry of the flow domain, we may seek 
solution of form 
       

                    ),( tyuu = .                    (3-20) 
 
The governing equation according to (3-10) becomes 
 

                          2

2

y
u

t
u

∂
∂

=
∂
∂ ν ,                   (3-21) 

 
which is solved subject to the boundary conditions,  
 

                  )(tUu =        at      0=y ,         (3-21a) 
and 
                  u is bounded   as      ∞→y ,        (3-21b) 
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Figure 3-5: Fluid motion in the upper half space driven by the imposed 

motion of the boundary at y=0.     
 
together with an initial condition 
 
                  )(0 yUu =       at       0=t .         (3-21c) 

 
The above equation set can be solved by using the method of Laplace 
transform. The Laplace transform is defined as 
 

                     ∫
∞

−=
0

),()( dttyueyu st , 

 
which transforms ),( tyu  into )(yu , with s as a parameter. By multiplying 
(3-21) by ste− , and integrating both side from t = 0 to ∞ , we have 
 

                     2

2

0 )(
dy

udusyU ν=+− ,                 (3-22) 

 
which is an ordinary differential equation for )(yu  subject to the 
boundary conditions 
 



 75

                    known)()0(
0

== ∫
∞

dttUeu st ,              (3-22a) 

and 
                    )(yu  is bounded as ∞→y .           (3-22b) 
 
Once )(yu  is obtained, one may employ the inverse Laplace transform to 
obtain ),( tyu . 
 
(1) Stokes’ first problem 

 
The simplest case is  
 
         0)(0 =yU      and    constant)( == CUtU ,       (3-23) 

 
for the initial and boundary conditions, respectively, which is called the 
Stokes’ first problem. Physically, both the fluid and the plate are rest 
initially, then the infinite plate at y = 0 suddenly starts moving with 
constant velocity iCU  at its own plane. The problem is to find the 
transient response of the fluid motion due to the motion of the plate. 
Under the condition of (3-23), (3-22) becomes 
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y
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2

2

.                     (3-24) 

 
The associated boundary conditions are 
 
                      

s
Uu C=     at    0=y ,           (3-24a) 

and  
                      0→u     as    ∞→y ,           (3-24b) 
 
according to (3-22a) and (3-22b) together with the initial nature of the 
problem. The general solution of (3-24) is 
 

                   
ysys

BeAeu νν +=
−

.              (3-25) 
 
The constant B is zero by applying (3-24b). The constant A equals to U/s 
according to (3-24a). Thus (3-25) becomes 
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By looking up in the table of Laplace inverse transform, we found 
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where 

                      η
π

η dexerf
x

∫ −≡
0

22)(                (3-27) 

 
is the error function, which increases rapidly to unity as x increases. By 
looking up at the mathematical handbook, we found 995.0)2( =erf , and 
practically, 1)3( =erf . The resulting normalized velocity profile according 
to (3-26) is sketched in Figure 3-6. The thickness of the fluid layer, Ly , 
dragged by the plate is (define Lyy =  when 0.005 Cu U= ; u is essentially 
zero outside the fluid layer)  
                          2

2
≅

t
yL

ν
, 

or 
                          tyL ν4≅ .                   (3-28a) 

 
The length scale of the fluid layer is tν , which increases with both the 
kinematic viscosity (ν) and the time (t), and is independent of the 
coordinate (x). The shear stress at the wall can be calculated as 
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where the Leibniz rule has been employed for the derivation.  
 
Remark: The Leibniz rule is as follows. 
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Figure 3-6: Sketch of the velocity profiles for the Stokes’ first problem. 

The profiles at different times collapse into one if they are 
plotted in terms of the dimensionless variable, )2/( ty ν , as 
shown on the right figure.                  
 
 

(2) Method of similarity transformation  
 
 An alternative method, called the method of similarity transformation, 
will be introduced here for solving the above Stokes’ first problem. 
Although the method of similarity transformation finds no obvious 
advantage for solving the present linear problem, it may be employed to 
solve nonlinear problem under restricted conditions, and will be 
employed later in this chapter.  
 

The Stokes’ first problem is governed by 
 

                          2

2

y
u

t
u

∂
∂

=
∂
∂ ν ,                   (3-29) 

with boundary conditions,   
 
                   Uu =         at      0=y ,         (3-29a) 

and 
                   0→u         as      ∞→y ,        (3-29b) 
 
together with an initial condition 
 
                   0=u          at       0=t .        (3-29c) 

 
Before we start to solve the problem, lets estimate the terms in the 
governing equation, (3-29). If we take the velocity scale of the problem to 
be CU , the time scale to be t since we are studying the transient response 
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of the fluid motion, and set the length scale as sy , we may estimate  
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and thus (3-29) implies 
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It follows that  

tys ν~ ,                    (3-29d) 
 
which is actually the length scale discussed before in (3-28a). The 
achievement of the above crude analysis (called the scaling analysis) is 
remarkable since we have obtained the correct length scale of the 
problem without actually solving the differential equation. The scaling 
analysis is quite useful in the research work.    
 
 The nature of the length scale in (3-29) suggests that we may try to 
seek solution of dimensionless form as 
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By using the chain rule for differentiation, we have 
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and thus the partial differential equation, (3-29), becomes 
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2

2 ξξ
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d
Fd

d
dF

=− ,                    (3-31) 

 
which is an ordinary differential equation. Furthermore, the boundary 
condition, (3-29a), becomes 
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                        1)0( =F ,                     (3-31a) 
 
and both the boundary condition, (3-39b), and the initial condition, 
(3-29c), imply 
 
                        0)( =∞F .                     (3-31b) 

 
 After integration, the general solution of (3-31) is  
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∫ ζξ
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ξ 2

4
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)( ,                 

where C and D are the integration constants, and ζ is the dummy variable 
for integration. By applying the boundary conditions (3-31a) and (3-31b), 
we found 
              1=D        and     

π
1

−=Ce , 

respectively. Thus the solution is 
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which is the same as that in (3-26) as expected. 
 
 In summary, the transformation described by (3-30) transforms the 
partial differential equation (3-29) with three conditions (3-29a-c) into an 
ordinary differential equation (3-31) with two conditions (3-31a-b). The 
type of the transformation described by (3-30) is called the similarity 
transformation, ξ is called the similarity variable, and the solution of the 
ordinary differential equation (3-31) subject to (3-31a) and (3-31b) is 
called the similarity solution. Although the solution procedure of an 
ordinary differential equation in general is much simpler than that of a 
partial differential equation, there are strict limitations on the method of 
similarity transformation. Mathematically, it is required that: (1) the 
partial differential equation transforms into an ordinary differential 
equation, and (2) the boundary and initial conditions transform into 
appropriate boundary conditions, including the situation that two 
conditions can collapse into one condition after the similarity 
transformation. Physically, it is required that there exists no imposed 
length (or time) scale in the flow.       
 
(3) Solution for general plate motion 
 
 If both the fluid and the plate are rest initially, and the plate starts to 
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move with an arbitrary velocity U(t)i when 0≥t  (see Figure 3-7), we 
may use the method of superposition (with the solution of the Stokes’ first 
problem as the basic solution; denoted the basic solution here in 
dimensionless form by ),( tyub ) to build up the solution since the 
governing equation is linear. The result is 

            ),()0('
'

)'()',(),(
0

tyuUdt
dt

tdUttyutyu b

t

b +−= ∫ ,          (3-33) 

by using the Duhamel’s theorem (see Carslaw & Jaeger, 1959). 

  
Figure 3-7: A sketch for the time varying speed of the plate. 

    
  

Of course, this problem can also be solved by using the method of 
Laplace transform as discussed in (3-22). However, it is wonder if we can 
solve this problem using the method of similarity transformation, and the 
rest of this section is to study its possibility. As in (3-30), let 
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The governing equation becomes 
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.             (3-35)  

 
The boundary condition at y = 0 reduces to 
 
                           1)0( =f ,                   (3-35a) 

 
and both the boundary condition as ∞→y  and the initial condition at 

0=t  collapse into 
                            0)( =∞f .                  (3-35b) 
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The coefficient of the last term in (3-35) is a function of time in general, 
and thus (3-35) is reduced to an ordinary differential equation only when 
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dt
dU
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or  
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where mU  and mt  are constants. Therefore, we have similarity solution 
for the case of time varying plate motion only when (3-36a) or (3-36b) is 
satisfied. In particular, if M = 1, (3-35) reduces to 
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and the solution of (3-36) subject to (3-35a) and (3-35b) is 
 
               ( ) 22)(1)1()( 2 ηη

π
ηηη −−−+= eerff .           (3-36a)             

         
Solution can be obtained similarly for cases with other values of M. 
 
(4) Stokes’ second problem 
 
 Consider the case when the flow is driven by the harmonic oscillation 
of the plate. The velocity u(y,t) of the problem is governed by 
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u
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u

∂
∂

=
∂
∂ ν  ,                    (3-37) 

with boundary conditions, 

                     tUtu ωcos),0( 0= ,                   (3-37a) 

                     0),( =∞ tu ,                        (3-37b) 

and initial condition, 

                     0)0,( =yu .                        (3-37c) 

Here the amplitude and frequency of the oscillation, 0U  and ω , are 
taken to be constants. The solution of (3-37) subject to (3-37a-c) can be 
found by using the method of Laplace transform as studied before in 
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(3-22), and includes both a transient response part (which decays to zero 
at large time) and a long-term response part (which also oscillates 
harmonically but with phase shift). The Stokes’ second problem is to 
study the long-term response of the fluid motion, i.e., the so-called 
quasi-steady solution.  
 
 In order to solve the quasi-steady solution of (3-37) subject to 
(3-37a-c), lets consider a complementary problem for ),( tyui  as follows. 
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u
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u ii

∂
∂

=
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∂ ν  ,                    (3-38) 

with the boundary conditions 

                    tUtui ωsin),0( 0= ,                   (3-38a) 

                    0),( =∞ tui ,                        (3-38b) 

and initial condition 

                    0)0,( =yui .                        (3-38c)  

Next, we consider a complex velocity defined by 

                     ),(),(),( tyiutyutyu i+= ,               (3-39) 

where 1−=i . By adding (3-37) to i times (3-38), we obtain 
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=
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The associated boundary conditions are 

                         0(0, ) iωtu t U e= ,                (3-40a) 

                         0),( =∞ tu .                    (3-40b) 

The initial condition is 

                         0)0,( =yu ,                    (3-40c) 

but is irrelevant to the solution since we are seeking the long-term 
response. Once we have solved ),( tyu , we may obtained ),( tyu  by 
taking the real part of ),( tyu . The solution procedures are as follows. 
First, the boundary condition, (3-40a), suggests that the solution takes the 
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form, 

                      
0

( , ) ( ) iωtu y t g y e
U

= ,                  (3-41) 

 
which may be regarded as a kind of separation of variables. By 
substituting (3-41) into (3-40), (3-40a) and (3-40b), we found 
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gdgi νω = ,                    (3-42) 

with  
                          1)0( =g ,                     (3-42a) 
and 
                          0)( =∞g .                    (3-42b) 
 
The general solution of (3-42) is 
 

                    ( )
iω iωy - y
ν νg y Ae Be= + .               

 
With 2/)1( ii += , the boundary condition (2-42b) implies 0=A , and 
(2-42a) implies that 1=B . Thus 

                    ( )
ω ω- y -i y
2ν 2νg y e e= , 

and 

 0 0( , ) cos
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. (3-43) 

The amplitude of the fluid oscillation, 0

ω- y
2νU e , decays exponentially as 

y increases. The effect of the boundary (i.e., the plate) oscillation is 
confined to a layer of finite thickness, δ. If the layer thickness is defined 
as             

δ=y     when     001.0 Uu = , 
then  
                        ωνδ /26.4≅ . 
 

There also exists a phase difference, 
ω

y
2ν

, between the plate and fluid 

oscillation.  
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By using the so-called unsteady Galilean transformation (see next 
section and Section 10.7 of Panton’s book), the result in this sub-section 
can be applied to study the problem for “an oscillating stream over a 
stationary plate,” and hence we can estimate “the thickness of the 
boundary layer for wave motion over a flat plate” (see Panton’s book, 
p.269-272). Furthermore, the present result can also be applied to study 
the damping behavior of certain lateral vibrating structures in 
micro-electrical-mechanical-system (MEMS). For example, see Cho, 
Pisano and Howe, “Viscous damping model for laterally oscillating 
microstructures,” Journal of Microelectromechanical systems, Vol.3, No.2, 
pp.81-87, 1994.  
 
 Finally, it is worth to point out that the method of similarity 
transformation cannot be applied in the present problem since there exists 
an imposed time scale, -1ω . Such time scale corresponds to an imposed 
length scale ν/ω , which is different from the length scale associated 
with viscous diffusion, νt . 
 
(5) Unsteady Galilean transformation 
 
 When a rigid body translates with a constant speed ∞U  in an 
unbounded fluid at rest, it is convenient to solve the problem in a 
coordinate system fixed at the body (Figure 3-8(b)) since the boundary 
condition can be applied easily. For example, if the body is a sphere with 
radius a, we may set 0=u  at ar = , where r is the radius component of 
the spherical coordinates fixed at the center of the sphere. However, if the 
problem is solved in a coordinates fixed at the surrounding stagnant fluid, 
we have =u U∞  on the body surface, where the body surface is 
described by a spherical surface which translates with time, and is thus a 
time varying function. The governing equations are the same for both the 
coordinates ),,( zyx  in Figure 3-8(a) and the coordinates )ˆ,ˆ,ˆ( zyx  in 
Figure 3-8(b), which are fixed in space and at the body, and are called the 
fixed and translating coordinates, respectively.    
 
 Now, consider the case when the body is translating with a time 
varying speed )(tV , instead of a constant speed, along a straight line as 
shown in Figure 3-8(c). We may also choose a translating coordinates 
system, )ˆ,ˆ,ˆ( zyx , which is fixed at the body, for solving the problem. It is 
interest to see if the governing equations are the same for different 
coordinates in the present unsteady translating problem. In the inertia 
coordinates ),,( zyx  in Figure 3-8(c), the governing equations for the 
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incompressible flow, written in index form, are 
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The associated boundary conditions are 
 
            )(tVu ii =  on solid boundary,                   (3-44c) 
and  
            0=iu  far away from the body (i.e., at infinity).   (2-44d) 

 
Here ix  are the components of x (x,y,z), iu  are the components of the 
fluid velocity u( ix ,t), and )(tVi  are the components of V(t). The relations 

 
Figure 3-8 : Illustration for the steady (a, b) and the unsteady (c, d) 

Galilean transformations. 
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between the non-inertial translating coordinates )ˆ,ˆ,ˆ( zyx  in Figure 3-8(d) 
and the fixed coordinates ),,( zyx  in Figure 3-8(c) are 

                     ')'(ˆ
0

dttVxx
t

iii ∫−= ,                   (3-45a) 

and  
                     )(ˆ tVuu iii −= .                      (3-45b) 
    
Here ix̂  are the components of x̂ )ˆ,ˆ,ˆ( zyx . Equations (3-45a) and (3-45b) 
are called the unsteady Galilean transformation. By using (3-45a) and 
(3-45b) together with the chain rule, we can derive the governing 
equations in the translating coordinates )ˆ,ˆ,ˆ( zyx  from (3-44a-d) as 
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with boundary conditions 
 
         0=iu  on solid boundary,                        (3-46c) 
and  
         )(tVu ii −=  far away from the body (i.e., at infinity).   (3-46d) 
 
where 
                          

dt
dVxPP i

iˆˆ ρ+= .                (3-47) 

 
Thus the governing equations have the same form in both coordinates, but 
the pressure fields are different as described by (3-47). When 

constant)( == ∞UtVi , (3-47) reduces to PP =ˆ  as in the steady Galilean 
transformation described in Figures 3-8(a) and (b). An example is to 
employ the solution of the Stokes second problem to evaluate the 
damping of the water wave (see Problem 5 of the homework).  
   
             
(b) Fluid motion inside pipes and channels  
  
 We have studied two types of unsteady problem in a semi-infinite 
domain in the last section, the transient problem via the Stokes’ first 
problem, and the quasi-steady problem via the Stokes’ second problem. 
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We may also have these two types of fluid motion inside pipes and 
channels.  
  
(1) The transient problem 
 

Consider the transient response of the set up of the Couette flow in 
Figure 3-9(a), i.e., the planar flow between two infinite rigid plates with 
the lower plate moved suddenly and the upper plate held fixed or vice 
versa. The governing equation is  
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=
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∂ ν ,                       (3-48) 

with boundary conditions 

       constant),0( == cUtu ,  0),( =tdu   for  0≥t ,      (3-48a) 

and initial condition 

                      0)0,( =yu    for   dy ≤≤0 .        (3-48b) 

The method of similarity transformation cannot be applied here since 
there exists an imposed length scale, d. Of course, the problem can be 
studied via the Laplace transform. However, we solve the problem here 
using the method of separation of variables. In order to apply the method 
of separation of variables for the present problem with non-homogeneous 
boundary condition, we first change the dependent variable into ),( tyw  
by setting 
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d
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Equations (3-48) and (3-48a,b) then become 
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with boundary conditions 

          0),0( =tw ,  0),( =tdw   for  0≥t ,           (3-49b) 

and initial condition 
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By using the method of separation of variables, we found 
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The coefficient, nA , is determined by satisfying the initial condition with 
the application of the orthogonal property, and  
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which is sketched in Figure 3-9(b). The first term on the right hand side 
of (3-49) is the steady part, which is the solution of the steady Couette 
flow studied before; the second term on the right hand side of (3-49) is a 
transient term, which decays to zero as ∞→t .    
 
 The transient responses to the starting of the plane and circular 
Poiseuille flow with the applied pressure gradient as the driving 
mechanism can be studied in a similar way as above (see Problem 7 of 
the homework). 
                                                                         

   
Figure 3-9: (a) Configuration of the transient of Couette flow. (b) 

Qualitative result of the velocity profiles according to (3-49).     

(a) 

(b) 
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(2) The quasi-steady problem 
 

Here we consider the pulsating flow between two parallel plates (see 
Figure 3-10) driven by an imposed axial oscillating pressure gradient. A 
characteristic length scale, 2a (width of the channel), exists, and thus we 
are not expecting to have a similarity solution for this problem. However, 
we may apply the method using complex variables as that in the Stokes’ 
second problem discussed above if our goal is to obtain the long-term 
behavior. The governing equation for the velocity component, u(y,t), 
along the x-direction in Figure 3-10 is 
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∂ µρ ,                (3-50) 

with the pressure gradient 

( )1 cos Re iωtP K t K e
x

ω
ρ
∂

= =
∂

,         (3-50a) 

and boundary conditions 

                      0),(),( =−= tautau .                (3-50b) 

Here the amplitude and frequency, K and ω, of the driving pressure 
gradient are taken to be constants. Similar as before in the Stokes’ second 
problem, let 

                 ( )( , ) Re ( ) iωtu y t w y e= ,                (3-51)  

 
Figure 3-10: Configuration of the flow between two parallel plates driven 

by an imposed oscillating pressure gradient. 
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equations (3-50) and (3-50b) then imply 
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The general solution of (3-52) is  (with 2/)1( ii += ) 
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The constants of integration, A and B, are obtained by using (3-52a), and 
the results are 
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where νω /2aN ≡  is a dimensionless parameter governing the flow.  
 

For small N,  
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which states that the quasi velocity has a parabolic profile. Equation  
(3-54a) is the same as the steady solution in (3-17c) if the steady pressure 
gradient is replaced by the periodic pressure gradient in (3-50a) under this 
low frequency limit (i.e., for 1<<N ).   
 
 For large N,  
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For region not close to the wall (called the core region), (3-54b) further 
reduces to (note that y/a < 1) 
 

             
sin( , ) Re i tiK K tu y t e ω ω

ω ω
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          (3-54c) 

 
under the condition ∞→N , which is also the solution of (3-50) with the 
viscous term set to zero. Thus the flow in the core region is essentially 
inviscid. For region next to the wall (called the boundary layer region), 
we may re-scale the problem by setting 
 

                
a

yaN −
=η , 

  
such that )1(O=η  within the boundary layer region. Equation (3-54b) 
reduces to  
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.  (3-54d) 

 
The first term on the right hand side of (3-54d) is the same as the flow in 
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the core region in (3-54c), the second term accounts for the viscous effect, 
which is required for ),( tyu  to satisfy the no-slip boundary condition at 
the wall.  
 
 Other examples for quasi-steady flows include the pulsating flow in a 
circular straight pipe driven by an imposed periodic pressure gradient, the 
oscillating plane Couette flow driven by the harmonic oscillation of the 
upper and/or lower plate(s), and the pulsating flow in a circular straight 
pipe driven by the axial oscillation of the pipe wall. 
 
 
(II) Flow with circular streamlines 
 
 We have found that the nonlinear convection term in the 
Navier-Stokes equation is identically zero for cases with parallel 
streamlines. When the streamlines are curved, the convection term is not 
zero in general. However, for cases with circular streamlines, the equation 
governing the azimuthal velocity component is linear although the 
convection term is nonzero. Consider the planar flow for example. Let’s 
choose a polar coordinates system ),( θr  with velocity components ),( θuur . 
The governing equations are the continuity equation, 
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the r-component Navier-Stokes equation, 
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and the θ-component Navier-Stokes equation, 
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For flows with closed circular streamlines, we may seek solution with 
 
                           0=ru .                     (3-56a) 
 
It follows from the continuity equation, (3-55a), that 
 
                          ),( trVu =θ .                  (3-56b) 

 
The radial component Navier-Stokes equation, (3-55b), then reduces to 
 

                         
r
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,                 (3-57a) 

 
which shows a balance between the centrifugal force and the force 
associated with the radial pressure gradient. In particular, the convection 
term reduces to rV /2− , which is not zero in general. Also the 
θ-component Navier-Stokes equation, (3-55c), reduces to  
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With the functional dependence of V in (3-56b), (3-57a) implies that 
 

                    ),(),( tgtrfP θ+= ,                  (3-58a) 
or 
                      ),(1 tggP θ

θθ
=

∂
∂

=
∂
∂ ,                 (3-58b) 

 
where ),( trf  and ),( tg θ  are arbitrary functions. With the functional 
relationships in (3-56b) and (3-58b), (3-57b) implies that 
 
                        )(1 tCP

=
∂
∂
θ

                     (3-58c) 

 
alone, where )(1 tC  is an arbitrary function. After integration, we have 
 
                     ),()( 21 trCtCP += θ                   (3-58d) 
 
according to (3-58c), where ),(2 trC  is an arbitrary function. As 

),2,(),,( trPtrP πθθ += , it is required that 0)(1 =tC . Thus 
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                        ),(2 trCP = ,                    (3-58e) 
or 
                         0=

∂
∂
θ
P .                      (3-58f) 

 
With (3-58f), (3-57b) reduces to 
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which is a linear equation governing ),( trV . After we have obtained 

),( trV , we may calculate the pressure field by integrating (3-57a).  
 
 
(i) Steady flow 
 

For steady flow, (3-59) reduces to  
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which has general solution  
                          ar

r
bV += ,                   (3-61)     

 
where a and b are constants of integration. We have the following three 
situations according to different boundary conditions. 
 
(1) Flow inside an infinitely long circular cylinder with radius 2R  

which is rotating about its own axis with constant angular speed 
2Ω   

              
 We have 0=b  for finite solution at 0=r  and 2Ω=a  according to 
the no-slip condition. Thus 
 
                           2Ω= rV ,                   (3-61a) 

 
which is the same as a solid body rotation. 
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(2) Flow outside an infinite long circular cylinder with radius 1R  

which is rotating about its own axis with constant angular speed 
1Ω  

 
We have 0=a  for finite solution as ∞→r  and 1

2
1 Ω= Rb  according 

to the no-slip condition. Thus 
 

                           
r

RV 1
2

1 Ω= ,                  (3-61b) 

 
which describes the velocity field of a vortex. 
 
(3) Flow between two infinite concentric long circular cylinders with 

inner radius 1R  and outer radius 2R  rotating at constant 
angular speed 1Ω  and 2Ω , respectively.  

 
The constants of integration, a and b, are determined according to the 

no-slip conditions 
 
                   11Ω= RV     at    1Rr = ,              

and  
 

                      22Ω= RV     at    2Rr = . 
 
The result is 
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for 21 RrR ≤≤ . As ∞→2R  and with 02 =Ω , (3-61c) reduces to (3-61b). 
As 01 →R , (3-61c) reduces to (3-61a). With 01 =Ω  and 21 RR →  (i.e., 

2112 RRRR ≈<<− ), (3-61c) reduces to 
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which is the same as the linear velocity profile of the plane Couette flow 
in (3-19d) if 22ΩR , 1Rr −  and 12 RR −  are identified as U, z and h, 
respectively in (3-19d). Thus we may generate a Couette flow (called the 
circular Couette flow) in the gap between two concentric circular 
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cylinders if the outer cylinder is rotating with constant speed and the 
inner cylinder is held fixed, provided that the gap width is sufficiently 
less than the radii of the cylinders. Such apparatus (concentric cylinders) 
can generate “better” Couette flow than the apparatus shown in figure 3-4 
since there exists no end effect of the apparatus.   
       
 For 02 =Ω , (3-61c) reduces to  
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The shear stress at the inner cylinder is 
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The shear force per unit length of the cylinder is 
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For a given apparatus, i.e., 1Ω , 1R  and 2R  are known, if F is 
measurable, we can use (3-63c) to determine the viscosity of the fluid, µ. 
Finally, the rate of work done by the inner cylinder per unit length is 
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On the other hand, the dissipation function 
 

                ( ) 422
1

2
2

2
1

4
1

4
2

2
14
rRR

RR
r
V

r
r

−

Ω
=⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

=Φ µµ , 

 
and the total energy dissipation per unit axial length of the cylinder is 
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which equals the rate of work done in (3-64d) for this steady problem as 
expected.  
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(ii) Unsteady flow 
      

The general unsteady flow is governed by (3-59) with appropriate 
boundary and initial conditions. We may also have both the transient and 
quasi-steady problems as discussed before. The decay of an ideal line 
vortex (called the Oseen vortex) is an example for the transient problem, 
which can be found from Chapter 11 of the book by Panton. 

  
(III) Nonlinear problems 
 
 When the streamlines are not straight and parallel as those in (I) and 
not circular and closed as those in (II), the convection term is not zero, 
and the governing equations for the flow are nonlinear. There are only 
limited numbers of exact solutions of this kind, and some of them are 
discussed as follows.  
 
(i) Radial flow: Steady flow between two non-parallel plane walls  
  
   Consider the steady planar converging (flow toward the origin, r = 0) 
or diverging (flow outward from the origin) flow between two 
non-parallel planes as shown in Figure 3-11 with the volume flow rate, Q, 
fixed. Q > 0 for diverging flow and Q < 0 for converging flow. The flow 
is driven by the applied pressure contrasts at both ends, or may be 
regarded that the flow is induced by an imposed line source or sink at the  
 

 
 
Figure 3-11: Configuration of the flow between two non-parallel planes.  
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origin of Figure 3-11. The present problem was first studied by Jeffrey 
(1915) and independently by Hamel (1917), and is thus called the 
Jeffrey-Hamel flow. If the fluid is inviscid and incompressible, and the 
flow is further irrotational, the flow may be regarded as a piece of sink 
(or source) flow (will be discussed later in Chapter 6), and is purely radial. 
The velocity field is 
                0=θu     and    )2/( rQur α= ,          (3-65) 

 
with 2α the angle between the two planes. 

 
For the present viscous flow, it was found that the flow is still purely 

radial, i.e., 0=θu  and the streamlines are lines of constant θ in Figure 
3-11. However, the radial velocity component for viscous flow, 

),( θruu rr = , instead of )(ruu rr =  alone in (3-65) for inviscid flow. For 
purely radial flow,  

0=θu ,                    (3-66a) 
 
the continuity equation in the polar coordinates in Figure (3-11), 
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reduces to )(θfrur =  for arbitrary function )(θf , or 
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= ,                   (3-66b) 

 
which represents a source/sink flow (same r-dependence as in (3-55)). 
With (3-66a) and (3-66b), the radial and the circumferential components 
of the Navier-Stokes equation reduce to 
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respectively. After integration, (3-67b) implies 
 
                      )()(2

2 rgf
r

P
+= θν

ρ
,                 (3-68) 

 



 99

where )(rg  is an arbitrary function. With (3-66b) and (3-68), (3-67a) 
reduces to 
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The left hand side of (3-69) is function of θ alone, while the right hand 
side is only function of r. Thus (3-69) implies that 
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where C is a constant to be determined, which is related either to the 
specified constant flow rate, Q, or the given pressures at both ends. The 
solution of (3-69a) is 
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To solve (3-69b), lets define a dimensionless variable, F(θ), through 
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which may be regarded as a local Reynolds number. With (3-71), (3-69b) 
becomes 

                    ACFF
d

Fd
−≡=++ 2

2
2

2

4
νθ

,               (3-72) 

 
which is solved subject to the no-slip conditions 
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and the constraint 
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                  ∫
−
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α

α

θθ Qrdrur ),(  given constant,          

which can be expressed through (3-71) in dimensionless form as 
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α

α ν
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By inspecting the problem governed by equations (3-71), (3-72a) and 
(3-72b), we found that the velocity profile, )(θF , is symmetric about the 
axis, 0=θ . Thus we may replace (3-72a) by  
 

                  0
0

=
=θθd

dF     and     0)( =−αF .       (3-72c) 

 
Equation (3-72) subject to (3-72c) and (3-72b) can be solved numerically, 
and the results are shown in Figure 3-12. The results are expressed in 
dimensionless form with the radial velocity component, ru , normalized 
by its maximum value, which occurs at 0=θ . The angle θ  is 
normalized by α . As 0=α  for the situation of parallel plates, i.e., the 
plane Poiseuille flow, the horizontal axis for the curve with 0=Rα  in 
Figure 3-12 is equivalent to z/h in Figure 3-3. The profile for 0=Rα  is 
parabolic as shown in (3-17c). Here )0(|)/( 0 FruR r == =θν . The curves for  
     

 
Figure 3-12: Velocity profiles for the flow between two non-parallel 

planes. This figure is adopted from Batchelor’s book 
(1967). u  in the figure is the radial velocity component, 

ru , in the text. 0u  is the radial velocity along the 
centerline, i.e., at 0=θ .  
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0<Rα  correspond to converging flows, which becomes flatter and flatter 
as | Rα | increases. The curves for 0>Rα  correspond to diverging flows. 
Numerical result shows that the shear stress at the wall vanishes (i.e., 

0|/ =±= αθθddF ) when 31.10=Rα . Reverse flows occur next to the walls, 
and the profile (see case for 0.38=Rα ) shows a maximum at 0=θ  with 
two relative minimums (negative). 
 

The problem can also be studied analytically, and an implicit solution 
is obtained as follows. By multiplying (3-72) by an integrating factor, 

θddF / , we obtain 
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After integration, we have 
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Here B is the constant of integration, which can be related to the 
normalized centerline velocity, )0(0 =≡ θFF , as 
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or the dimensionless shear stress at wall, αθθ ±=≡ |/' ddFFw , as 
 

                          
2
'2wFB = , 

 
through the application of the boundary conditions depicted in (3-72c).  
                      

 The solution of (3-73) subject to (3-72c) can be solved, and expressed 
in implicit form as 
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for 03/~2~4~22 32 ≠−−− FFFAB  (i.e., 0/ ≠θddF ), where the “ ± ” sign 
depends on direction of the flow near the wall αθ −= , we choose the plus 
sign for 0/ >θddF  and the minus sign for 0/ <θddF . Equation (3-74) 
can be expressed as elliptic integral (see L. Rosenhead, “Laminar 
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boundary layers,” Dover (1988), p.149). 
 
 The qualitative behavior for the profile of the diverging flow shown 
in Figure 3-12 can be studied as follows. Equation (3-73) can be written 
as 
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where 
                    BAFFFV −++= 23 2

3
1              (3-75a) 

 
is a cubic function of F, and can be rewritten in the following form as 
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3
1 cFbFFaV −−−−= .            (3-75b) 

 
The constants a, b and c can be related to A and B by comparing (3-75a) 
with (3-75b). Equation (3-75) is the same as the equation of motion for a 
point mass under the influence of a force potential, )(FV . The first and 
the second terms in (3-75) represent the kinetic energy and the potential 
energy, respectively. According to (3-75) and (3-72c), we observe: 
(1) At the wall, 0=F  and hence  
                         0

3
1)0( >=− abcV                 (3-76) 

for any real value of 'wF . 
(2) As ,|| ∞→F  3/3FV → . 
(3) For real value of θddF / , we must have 0)( ≤FV . This implies that 

the solution is in the lower half of the FV-plane. 
(4) The relative maximum or minimum value of the profile for )(θF  

occurs at 0/ =θddF  or 0)( == FVV . According to (3-75b), there are 
three roots of 0)( == FVV . There are two situations for these three 
roots: one real root and a pair of complex root (as in the case for 

2.5=Rα  in Figure 3-12), and three real roots (as in the case for 
0.38=Rα  in Figure 3-12). For the former case, lets denote the real 

root by a. For the later case, we arrange the roots in the order a > b > 
c. 

(5) For diverging flow, 0>Q . a should be positive, and equals to the 
maximum velocity which occurs at 0=θ . 

 
With the above five items, the locus of the variations of V with F for 

cases with one and three real roots are plotted qualitatively in Figure 
3-13(a) and 3-13(b), respectively. Also sketched in the figure are the 
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corresponding velocity profiles across the channel.  
 
For case with one real root, the curve intersects with the horizontal 

axis at only one point (at F = a), which is denoted by point “M” in the 
figure. The intersection of the curve with the vertical axis (denoted by 
point “W”) corresponds to place where the velocity equals to zero (F = 0), 
which occurs at the wall. The portion of the curve between “W” and “M” 
are the locus of V versus F for the flow within the plates. As we move 
from point “W” to “M” and then back to point “W” along the curve in the 
left figure of Figure 13(a), the velocity changes from zero at the lower 
wall to the maximum value at the centerline and then back to zero at the 
upper wall as shown in the right figure of Figure 13(a).           

 
Figure 3-13: Qualitative sketches for the locus of V(F) and the 

corresponding velocity across the channel. (a) Case with 
one real root. (b) Case with three real roots. 
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 For case with three real roots, the curve intersects the horizontal axis 
at three points, F = a, b, and c, as shown on the left figure of Figure 13(b). 
The point at F = a is denoted by M, and that at F = b by M’. The velocity 
at the intersection between the curve and the vertical axis is zero (F = 0) 
is denoted by “W” similar as before. The portion of the curve between 
point M’ and M refers to the flow within the channel, which contains two 
parts, the negative part (F < 0, reverse flow) from M’ to W, and the 
positive part (F > 0, positive flow) form W to M. The point W 
corresponds to the state with F = 0, the point M corresponds to state with 
maximum positive velocity, and the point M’ corresponds to the state 
with maximum negative velocity. The correspondence between the 
characteristics of the velocity profile (see Figure 3-13(b), right) and the 
locus on the V-F curve (Figure 3-13(b), left) is as follows. On the V-F 
curve, we start from W (the velocity at the lower wall), move leftward to 
M’ (the flow reaches maximum reverse velocity), then turn back toward 
the right, passing through W (the velocity is zero), and reach M 
(maximum velocity at the centerline), which constitute the first half of the 
“journey” within the lower half of the channel. The second half of the 
“journey” corresponds to the upper half of the channel, we start from M, 
move leftward to W (zero velocity within the flow), then M’ (maximum 
reverse velocity), and then turn rightward, and finally stop at W (the 
upper wall).  
 
(ii) Curved streamlines: stagnation flow 
 

This is an example for flow with general curved streamlines. The 
problem was first studied by Hiemenz (1911). Imagine that a uniform 
flow is approaching an infinite rigid wall, which is located perpendicular 
to the flow, as shown in Figure 3-14(c). The fluid cannot flow through the 
wall, and thus turn its direction. The resulting flow field is called the 
stagnation flow. For two-dimensional flow in a plane, there exists a 
dividing streamline, i.e., the y-axis in Figure 3-14(c). The flow is 
symmetric about the dividing streamline. The velocity at the point 
denoted by “S” is zero, and thus we call the point “S” the stagnation point. 
The fluid turns a right angle and flows along the wall away from the 
stagnation point. For axial symmetric case, the y-axis in Figure 3-14(c) is 
the symmetric axis. The fluid turns as it approaches the wall, and flows 
away from the stagnation point along radial directions. In practice, the 
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flow around a blunted nosed body as those in Figure 3-14(a) (for planar 
flow) or 3-14(b) (for axial symmetric flow) can be approximated locally 
as a stagnation flow. Here we shall consider both cases simultaneously. 
Consider the coordinates (x,y) in Figure 3-14(c). It may represent the 
Cartesian coordinates in planar problem, or the cylindrical coordinates in  

 

Figure 3-14: For uniform flow over (a) a long circular cylinder, and (b) an   
axial symmetric blunt nosed body, the flows near the forward 
stagnation point (denoted by S in the figure) can be 
approximated as a 2-dimensional (planar) and axial 
symmetric stagnation flow, respectively. The configuration of 
the stagnation flow is sketched in (c). x and y are the axes of 
a Cartesian coordinates for the planar flow, but are the radial 
and axial axes of a cylindrical coordinates for the axial 
symmetric flow. The origin of the coordinates is set at the 
stagnation point.  
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the axial symmetric problem. Let (u,v) be the velocity components in the 
(x,y) directions. The continuity and the Navier-Stokes equations can be 
expressed as   

                 ( ) ( ) 022 =
∂
∂

+
∂
∂ −− vx

y
ux

x
nn ,                (3-77a) 
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The flow is planar when 2=n , but is axial symmetric when 3=n . 
Equation (3-77a) is satisfied automatically by defining a stream function 

),( yxψ  such that  
 
             2
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−
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1 .        (3-78) 

 
For frictionless stagnation flow (will be discussed later in chapter 6), 

the stream function xy~ψ  for planar flow, and 2/~ 2 yxψ  for axial 
symmetric flow, or may be written as 
 
                      yx

n
B n

I
1

1
−

−
=≡ψψ ,                (3-79a) 

 
where B is a constant. The corresponding inviscid velocity field is  
 
                x

n
BuI 1−

=    and   ByvI −= .             (3-79b) 

 
We have 0=Iu  when 0=x  and 0=Iv  when 0=y . The point 0=x  
and 0=y  is a stagnation point. However, the no-slip boundary condition 
at wall ( 0=y ) cannot be satisfied.   
 
 For (real) viscous fluid, we modify (3-79a) as 
 

                       )(
1

1 yfx
n

B n−

−
=ψ ,                (3-80a) 

 
in order to satisfy the no-slip condition at 0=y . Note that the 
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x-dependence relationship, 1~ −nxψ , in (3-80a) is still the same as that in 
(3-79a). The velocity components corresponding to (3-80a) are 
 

               )('
1

yxf
n
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−

=   and  )(yBfv −= ,          (3-80b) 

 
where dydfyf /)(' = . By substituting (3-80b) into (3-77c) we found 
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which is function of y alone. Thus 
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With (3-81b), we may differentiate (3-77b) by eliminating P, and obtain 
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The no-slip condition at 0=y  implies that 
 
                 0)0(' =f      and     0)0( =f .          (3-82a) 
 
For region sufficiently away from the wall, the viscous effect is negligible, 
and the flow is expected to match with the inviscid result. Thus we 
require   

       1)(' =∞f       and     yf =∞)( ,        (3-82b) 
 
by comparing (3-80b) with (3-79b). By integration, we obtain 
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from (3-82). The constant of integration C is determined from (2-82b) as 
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Here we have employed 0)(''')('' =∞=∞ ff , which implies that the flow 
matches smoothly with the inviscid flow as ∞→y . Thus (3-83a) 
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becomes 
 
                 ( ) ( )21''' '' 1 ' 0

( 1)
B Bf ff f
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.          (3-83b) 

 
Note that B has the dimension as “1/time” and  f  has dimension as  
“length”. By setting 
 
           νη /By=      and     )(/)( ηνη fBF = ,        (3-84) 
 
equation (3-83b) becomes 
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which is in dimensionless form, and is solved subject to 
 
                  01)(')0(')0( =−∞== FFF                (3-85a) 
 
according to (3-82a) and (3-82b). A numerical program for the planar 
case (n=2) is shown in Figure 3-15, and the numerical results are shown 
in Figure 3-16.  
 
 From Figure 3-16, the x-component velocity approaches a constant, 
the y-component velocity approaches a linear relationship, and the shear 
stress approaches zero as the dimensionless distance from the wall, η, 
increases. This is expected since the flow approaches the inviscid flow 
sufficiently far from the wall. The viscous effect is confined in a region 
next to the wall. If the thickness of the viscous region, δ, is defined 
through 
 
               δ=y        when     99.0)(' =ηF ,         (3-86) 
 
we found 
             4.2/ =νδ B    for the planar stagnation flow   (3-86a) 

 
according to the numerical result in Figure 3-16. It is important to note 
that δ is a constant and is independent of x! The thickness of the viscous 
region does not grow with x because the approaching flow confines the 
vorticity generated associated with the no-slip condition next to the wall. 
Similarly, we can solve the axial symmetric problem numerically, and 
find  
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      75.2/ =νδ B   for the axial symmetric stagnation flow.  (3-86b)  

 
The shear stress at the wall is calculated as 
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which increases linearly with x. There is no contribution from the term 

0|/ =∂∂ yyvµ . For the planar case, we have 2=n , and 23.1)0('' =F  
according to the numerical result. The shear stress at wall is usually 
written in dimensionless form as 
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where fC  is called the skin friction coefficient, and ν/xuI=R  is the 
Reynolds number. Finally, with the velocity field obtained, we can 
evaluate the pressure field by integrating (3-81a). 
 
(iii) Other nonlinear exact solutions 
   
 There are also some other nonlinear problems having exact solutions. 
For examples, the flow induced by a rotating disk (the “von Karman’s 
viscous pump”, Problem 4 of the Homework), the steady jet from a point 
source of momentum (called the Squire or Landau’s jet, see Batchelor’s 
book), and some other interesting problem in Yih’s book (pp.332-334).  
 
 
(IV) Concluding Remarks   
 

 For steady incompressible flow with constant viscosity, the Reynolds 
number is the only dimensionless parameter governing the flow. 
Mathematically, exact solution is valid for all Reynolds number. 
Unfortunately, this is not true! As claimed by L.D. Landau and E. M. 
Lifshitz (1959), “Yet not every solution of the equation of motion, even if 
it is exact, can actually occur in nature. The flows that occur in nature 
must not only obey the equations of fluid dynamics, but also be stable.” 
For example, we may observe parabolic velocity profile in a circular pipe 
under the steady, fully developed condition only when the Reynolds 
number (based on the mean velocity and pipe diameter) is less than a 
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critical value, say, less than 2100. When the Reynolds number exceeds 
the critical value, the flow becomes unstable, and we observe turbulent 
flow when the Reynolds number is sufficiently large. The shape of the 
mean turbulent profile is more flat (may be approximated as a     
1/7-power profile) in comparing with the parabolic profile. The book by 
Drazin & Reid is a good introduction to the study of the stability of fluid 
motion (P. G. Drazin and W. H. Reid, “Hydrodynamic stability,” 
Cambridge University Press, 1981).              
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Figure 3-15: The Fortran program for solving the planar stagnation flow 

using shooting method (with fourth order Runge-Kutta 
method). 
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Figure 3-16: Numerical results for the planar stagnation flow. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

uF ∝'
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Homework  
 
(1) The cross section of a tube in an equilateral triangle with sides of 

length l and a horizontal base. Flow in the tube is produced by an 
imposed pressure gradient dp/dx. Verify that the velocity profile is 
given by  
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where the coordinate origin is at the apex of the triangle with z 
bisecting the angle and positive downward, and y is horizontal. Check 
that the flow rate is 
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   This problem is adopted from Panton’s book, Problem 11.1. 
 
(2) Consider the annulus formed between a rod of radius 0r  and a tube 

of radius 1r . Find the steady fully developed velocity profile driven 
by both the following mechanisms simultaneously. (i) The rod is 
translating in the axial direction at a constant speed 0V  and rotating 
about its own axis with a constant angular speed Ω . (ii) A constant 
pressure gradient dp/dx is imposed along the axial direction (from 
Panton’s book, Problem 7.4). 

 
(3) Extend the plane Poiseuille flow analysis to describe stratified flow. 

One fluid, filling half the channel, has density 1ρ  and viscosity 1µ ; 
the other fluid has 2ρ  and 2µ . Check your result by setting 21 ρρ =  
and 21 µµ = . What happens if the upper fluid is much less dense and 
less viscous than the lower fluid, as would be the case with air 
flowing over water? (Hint: let the velocity and the shear stress be 
continuous at the interface)  

 
(4) Consider the flow around an infinite long circular cylinder with radius 

a. The flow is driven by the rotation the cylinder about its own axis 
with angular velocity 0=ω  when 0<t  and constant=Ω=ω  when 

0≥t . Here t is the time.  
(a) Starting from the incompressible Navier-Stokes equation in 
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cylindrical coordinates, show that the velocity in θ-component 
satisfy the “diffusion equation” under certain assumptions. State 
your assumptions and the appropriate boundary and initial 
conditions. 

(b) Show that the problem cannot be solved by similarity 
transformation.  

(c) Solve the problem by using the Laplace transform or other 
appropriate method. 

       
(5) Consider an infinite stream oscillating according to tutu Ω= sin)( 0 . 

What pressure gradient would cause this oscillation? A solid wall is 
inserted into the flow so that it is parallel to the motion. What is the 
shear stress on the wall? What is the phase of the shear stress with 
respect of the velocity ),( tyu ∞→ ? What is the y location, as a 
function of time, where the particle acceleration is a maximum (of 
either sign)? How much of the acceleration is due to pressure and 
how much to viscosity? (Panton’s book, problem 11.4) 

 
(6) The flat bottom surface under a liquid of depth h is moved in its own 

plane according to tutu Ω= sin)( 0 . Find the velocity and vorticity 
profiles in the liquid. (Hint: What boundary condition would you 
apply on the upper free surface? This problem is from Panton’s book, 
problem 11.10)  

 
(7) Solve the transient starting Poiseuille flow in a circular pipe. Plot the 

velocity profiles for different values of 2/ atν  together with the 
steady solution. Here t is the time, ν is the kinematic viscosity of the 
fluid, and a is the radius of the pipe. 

 
(8) Consider the so-called von Karman’s viscous pump problem as 

follows. Incompressible Newtonian fluid with constant viscosity is 
filled in the semi-infinite domain above the rigid plane z = 0. 
Consider the steady flow which results if the infinite plane z = 0 
rotates at constant angular velocity k̂ω  about the z-axis. The viscous 
drag of the rotating surface would set up a swirling flow toward the 
plane. Let ( zr uuu ,, θ ) be the velocity components in the cylindrical 
coordinates ( ),, zr θ  and p be the dynamic pressure. Assume that the 
flow is independent of θ. 
(a) Write down the governing equations for ru , θu , zu  and p, i.e., the 

continuity and the incompressible Navier-Stokes equation in 
cylindrical coordinates with the flow properties independent of θ. 
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State the appropriate boundary conditions. 
(b) Karman proposed (1921) that the appropriate solution to be 

  rur / , ru /θ , p = function of z alone, 
      and hence wrote  

      *)(zFrur ω= , *)(zGru ωθ = , *)(zHuz ων= , *)(zPp ρων= ,  (1) 
  where νω /* zz = . Derive the ordinary differential equations 

governing the dimensionless function F, G, H and P by substituting 
equation (1) into the governing equations in (a), and state the 
appropriate boundary conditions for the ordinary differential 
equations. 

(d) Express the shear stress on the rotating surface in terms of the 
function G at z*=0, and estimate the torque exerted by the fluid on 
the plane from 0=r  to 0rr = , where 0r  is a finite value. 
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CHAPTER 4: THE FLOW PHYSICS FROM SMALL TO 

LARGE REYNOLDS NUMBER 
 
 As discussed in chapter 3, we have only limited numbers of exact 
solution to the governing equations of the fluid motion, and the equations 
cannot be solved “exactly” in general. In order to solve the governing 
equations, we may either employ the numerical methods (which is the 
topic of Computational Fluid Dynamics), or simplify them into simpler 
equations under certain conditions so that we may carry out further 
analysis. The results of the simplified equations are approximate but not 
“exact” solutions to the governing equations, i.e., the continuity and 
Navier-Stokes equations. In the rest of this course, we shall discuss two 
types of approximations under condition of either very small or very large 
Reynolds number. 
 

We shall consider here only the steady incompressible flow with 
constant viscosity. The governing equations are  
 
                         0=⋅∇ u                        (4-1a) 
and 

                     uuu 2∇+−∇=∇⋅ µρ P ,                (4-1b)  

 
where P is the modified pressure. The terms in (4-1b) represent the inertia, 
the pressure and the viscous forces, respectively. At solid surface, the 
no-slip condition should be satisfied for a given flow. 
 

The problem can be normalized by choosing suitable velocity scale, 
sU , length scale, sL , and pressure scale, sP . We may choose sU  and sL  

as the characteristic speed and length, respectively, of the problem of 
interest. The choice of the pressure scale depends on different situations 
as follows. 
 
(I) Cases for small inertia (low Reynolds number flows) 
 

When the inertia force is small, we require that the pressure and the 
viscous terms in (4-1b) be of the same order, i.e., u2~ ∇∇− µP , or 
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equations (4-1a) and (4-1b) can be written in dimensionless form as 
 
                         0ˆ =⋅∇ u                        (4-3a) 
and 
                      uuuR ˆˆˆˆˆˆˆ 2∇+∇−=∇⋅ P ,                (4-3b) 
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is the Reynolds number, which represents the ratio of the inertia to the 
viscous force since 
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As 0→R , the inertia force is negligible in comparing with the viscous 
force, and (4-3a) and (4-3b) reduce to 
 
                         0ˆ =⋅∇ u                        (4-5a) 
and 
                         u0 ˆˆˆˆ 2∇+∇−= P .                  (4-5b) 
 
The equivalent dimensional equations of (4-5a) and (4-5b) are 
 
                         0=⋅∇ u                        (4-6a) 
and 
                         u0 2∇+−∇= µP .                (4-6b) 

 
Equations (4-6a) and (4-6b) are the simplified governing equations for 
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low Reynolds number flows (i.e., for 1<<R ), and (4-6b) is called the 
Stokes equation. The low Reynolds number flows are sometimes called 
the Stokes flows (because (4-4b) is called the Stokes equation), or the 
creeping flows (because the flow velocity is usually small for this type of 
flow). Strictly speaking, there are three situations for the Reynolds 
number to be small: when the characteristic velocity is small, when the 
characteristic length is small, and when the viscosity is large. Recall that 
the inertia force is identically zero for flows with parallel streamlines as 
discussed in chapter 3, such parallel flows together with the low Reynolds 
number flows described by (4-6a) and (4-6b) are sometimes called the 
inertial-free flows (because the inertia term is neglected) or inertialess 
flows (in Liggett’s book). The governing equations become linear when 
the inertia term is neglected, which implies that we can carry out further 
theoretical analysis under 1<<R . More details of the low Reynolds 
number flows will be discussed in chapter 5. 
 
(II) Cases for large inertia (high Reynolds number flows) 
 
  By balancing the inertia with the pressure term, i.e., P−∇∇⋅ ~uuρ , 
we have 
                      

s

s

s
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                       2~ ss UP ρ . 
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equations (4-1a) and (4-1b) can be written in dimensionless form as 
 
                         0ˆ =⋅∇ u                        (4-8a) 
and 
                      u

R
uu ˆˆ1ˆˆˆˆˆ 2∇+∇−=∇⋅ P .                (4-8b) 

 
As ∞→R , equations (4-8a) and (4-8b) reduce to 
 
                         0ˆ =⋅∇ u                        (4-9a) 
and 

                       P̂ˆ1ˆˆˆ ∇−=∇⋅
ρ

uu .                   (4-9b) 
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The equivalent dimensional form of (4-9a) and (4-9b) are 
 
                         0=⋅∇ u                       (4-10a) 
and 

                      P−∇=∇⋅ uuρ ,                  (4-10b) 
 
which are exactly the equations governing the inviscid flow. Equation 
(4-10b) is the steady Euler equation, which is of one order less than 
(4-1b). Thus the no-slip boundary condition at wall should be replaced by 
the associated slip boundary condition.  
 

In order to satisfy the no-slip condition (the real situation) for flow 
with large Reynolds number, we must retain at least some part of the 
viscous term in the equation of motion. Therefore, it is proposed that 
there exists a thin region next to the solid boundary with thickness δ (see 
Figure 4-1), where the viscous force is not negligible and of the same 
order as the inertia force. Such thin region is called the boundary layer, 
and was first proposed by Prandtl at 1904. Define a local Cartesian 
coordinates (x,y,z) within the boundary layer. Let x, y, and z be the 
streamwise, the cross-streamwise, and the spanwise direction, 
respectively, with xL , δ  and zL  the representative length scales. We 
have  

szx LLL ~~<<δ  for flow inside the boundary layer.     (4-11) 
 
The viscous term for the streamwise momentum equation within the 
boundary layer locally can then be evaluated as 
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which is much greater than that outside the boundary layer, 2/ ss LUµ , 
according to (4-11). By balancing the viscous term with the inertia term, 
i.e., uuu 2~ ∇∇⋅ µρ , inside the boundary layer, we have  
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which is much less than unity as ∞→R , and is consistent with (4-11).  
 

Thus there are two regions having different characteristics for the 
flow field (see figure 4-1(b)) at large Reynolds number. Most of the 
region is essentially inviscid, and is called the inviscid main flow. The 
viscous effect is confined in a thin region next to the wall, called the 
boundary layer. The thickness of the boundary layer is much less than its 
streamwise extent, which is of the same order as the length scale of the 
inviscid main flow.  Mathematically, the boundary layer is inserted for 
satisfying the no-slip boundary condition. Vorticity is generated at the 
wall associated with the no-slip condition, and swept downstream by the 
flow. The diffusion of the vorticity by the viscous effect across the stream 
is relatively small in comparing with the streamwise convective effect 
due to the imposed flow at large Reynolds number, and thus the boundary 
layer is kept thin although its thickness is evolving slowly downstream. 
The boundary layer at the upper surface and that at the lower surface of 
the body merge, and form a wake region behind the body. The wake 
region contains mainly the relatively high vorticity fluid generated inside 
the boundary layers upstream, and is fundamentally different from that in 
the inviscid main flow. In fact, due to the drag of the body, the velocity 
inside the wake is less than that in the inviscid main flow, say, ∞U , in 
Figure 4-1, even at far downstream location from the body. This can be 
understood by carrying out a momentum analysis of the flow inside a 
large control volume containing the body, as will be discussed later in 
Chapter 7. For large Reynolds number, the wake is a slender region, with 
its cross streamwise extent much less than the streamwise extent, and can 
also be analyzed using the boundary layer assumption in (4-11). Thus we 
shall group the boundary layer next to the body surface and the wake 
together, and called them simply the boundary layer region in the text. 
The boundary layer region has two main characteristics: (1) it is a slender 
region, and thus the spatial variation of the flow properties across the 
flow is much greater than that along the flow, and (2) viscous effect is 
important in the region. When the Reynolds number is large enough, the 
flow inside the boundary layer and the wake are turbulent, and the 
thickness of the boundary layer region becomes larger in comparing with 
that in laminar case. However, the main characteristics remain unchanged. 
If the flow inside the boundary layer experiences a sufficiently severe 
adverse pressure gradient, it may separate from the body surface, and the 
boundary layer grows rapidly. The boundary layer assumption in (4-11) is 
not valid locally where the boundary layer separates. Also the boundary 
layer assumption fails in the wake region near the body (called the near 
wake). Numerical solution of the continuity and Navier-Stokes equations 
is required for understanding the local detailed features of such cases. 
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However, the structure of the inviscid main flow can still be analyzed 
using the continuity and Euler equations, but the shape of the body for 
inviscid calculation should be modified.      

 
Therefore, in case with high Reynolds number, we may replace “the 

original problem governed by the continuity and Navier-Stokes equations 
subject to the no-slip boundary condition at solid surface as in Figure 
4-1(a)” by “the problem with two regions governed separately by simpler 
equations as in Figure 4-1(b)”. The whole flow domain is separated into 
two parts in Figure 4-1(b), the inviscid main flow and the thin boundary 
layer region, which includes the boundary layer next to the solid surface 
and the wake region in the downstream of the body. The  

 
Figure 4-1: (a) The flow governed by the continuity and Navier-Stokes  

equations subject to the no-slip boundary condition at solid  
wall is replaced by (b) the inviscid main flow plus the thin 
boundary layer region when the Reynolds number is 
sufficiently large. The viscous effect is confined inside the 
boundary layer region, which consists the boundary layer and 
the wake region downstream of the body.  
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inviscid main flow includes most of the flow region of the original 
problem, and is governed by the continuity and the Euler equations (with 
slip boundary condition). The flow in the boundary layer region is 
governed by the so-called boundary layer equations (will be derived later), 
which include the continuity and a “simplified” form of the 
Navier-Stokes equation. For the boundary layer next to the solid surface, 
the boundary layer equations are solved subject to the no-slip condition at 
the solid boundary and the matching condition at the outer edge of the 
boundary layer. The matching condition enforces that the flow fields 
obtained in both the inviscid main flow region and the boundary layer 
region obtained from different sets of governing equations to be matched 
smoothly in a common region. The wake region sufficiently far 
downstream from the body (i.e., the far wake) can also be approximated 
as a thin boundary layer (without solid boundary), which is also governed 
by the boundary layer equations. 
 
 As an illustration for deriving the boundary layer equations, consider 
the two-dimensional planar flow over a wedge at large Reynolds number. 
An incompressible uniform stream is approaching the wedge along its 
axis with speed, ∞U . If the fluid is inviscid, a velocity field can be 
obtained using the potential flow theory (will be discussed later in 
Chapter 6), and the flow is slipping along the wedge surface with speed 

)(xUs , which is a function of x and is not equal to the approaching 
uniform speed ∞U . In order to satisfy the no-slip boundary condition at 
the wedge surface, a thin boundary layer is inserted between the inviscid 
main flow and the solid boundary as illustrated in Figure 4-2. A Cartesian 
coordinates ),( yx  is set up in the figure, with ),( vu  the corresponding 
velocity components. The governing equations written in component 
forms are 
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and 

  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

−=
∂
∂

+
∂
∂

2

2

2

21
y
v

x
v

y
P

y
vv

x
vu ν

ρ
,          (4-13c) 

 
with P the reduced pressure and ν the kinematic viscosity of the fluid. 
The relative importance of various terms in the above equations can be 
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studied using the scaling analysis as follows. Let xL  and δ be the length 

scale for the x and y directions, respectively. The scale for u can be 

chosen as sU , a representative speed of )(xUs , and the scale for P is thus 

2
sUρ . The scale for v, sV , can be determined through the continuity 

equation, (4-13a), i.e., 
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We have  

ss UV <<  as xL<<δ                (4-14b) 

 
according to the boundary layer assumption, (4-11). With (4-14a), the 
scales for various terms in (4-13c) are  
                  

( ) 22

2 //1~///
δ
δνδν

δ
ρ

ρδ
δδδ xs

x

xssxs
xs

x

xs
s

LU
L

LUULULU
L

LUU +++ , 

 
respectively, or their relative importance can be expressed as 
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where R is the Reynolds number. All the terms are negligible in 

comparing with the pressure term in (4-13c) under the conditions xL<<δ  

and ∞→R , and thus (4-13c) reduces to 
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y
P .                      (4-15) 
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Figure 4-2: Sketch of the boundary layer for flow over a two-dimensional 

wedge. 
 
 
Equation (4-15) implies that the pressure variation across the boundary 
layer is negligible, or that the pressure gradient along the x-direction 
inside the boundary layer, xP ∂∂ / , can be evaluated using the flow outside 
the boundary layer, i.e.,  
 

                          
dx
dP

x
P s=
∂
∂ ,                   (4-15a) 

 

where )(xPP ss =  is the pressure along the wedge surface according to the 

solution of inviscid main flow. With 0=v , the x-momentum equation 
along the wedge surface for inviscid flow according to (4-9b) is 
 

dx
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dx
dUU ss

s −=ρ .                  (4-15b) 

 
Thus the pressure gradient inside the boundary layer can be expressed as 
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The relative importance of the terms in (4-13b) are evaluated in a similar 
way as 
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The streamwise diffusion term, 22 / xu ∂∂ν , in (4-13b) is negligible under 

∞→R . The relative importance of the cross-streamwise diffusion term, 
22 / yu ∂∂ν , in comparing with the inertia (and pressure) term depends on 

( ) R// 22 δxL , which is a product of a very large value ( )22 /δxL  and a small 
value R/1 . There are three possibilities: 
 
(i) If 0→2)/( xLδ  slower than 0R →/1  as ∞→R , the streamwise 

diffusion term is negligible and (4-13b) reduces to the x-component of 
the Euler equation. The no-slip condition cannot be satisfied, and this 
is not a correct possibility. 

(ii) If 0→2)/( xLδ  faster than 0R →/1  as ∞→R , the streamwise 
diffusion term dominates and (4-13b) reduces to 0/ 22 =∂∂ yu . Its 
solution subject to the no-slip condition is a linear profile, cyu = , 
which cannot be matched smoothly (the velocity is continuous but not 
its derivates) with the “external” inviscid main flow. Therefore, this is 
also not a correct possibility. 

(iii) If 0→2)/( xLδ  is of the same order as 0R →/1  as ∞→R , the 
streamwise diffusion term is of the same order as the inertia and 
pressure term, and (4-13b) reduces to 
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It is important to note that (4-16) is a “parabolic” type partial 
differential equation, which is simpler than the “elliptic” partial 
differential equation, (4-13b).  

 
Therefore, with the application of (4-15a-c), equations (4-13a) and 

(4-13c) reduces to 
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and 
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which is called the boundary layer equations. These equations are solved 
subject to 
 

                  0=u      at    0=y ,             (4-17c) 
 

                )(xUu s=     as     ∞→y ,           (4-17d) 
 
and a suitable condition at a specified x.  
 
 The boundary layer equations in (4-17a) and (4-17b) are for planar 
steady boundary layer flow over a “flat” surface. In general, the body 
surface is curved. In such a case, we define a curvilinear coordinate 
system, (x,y), as shown in Figure 4-3, where x is measured along the 
surface from a fixed point, and y is measured along the local normal 
direction with y=0 on the surface. Under the boundary layer assumptions, 
we obtain the same equations as those in (4-17a) and (4-17b) for the 
boundary layer flow over a curved surface as that in Figure 4-3, provided 
that the boundary layer thickness is much less than the local radius of 
curvature of the body.  
 
 For unsteady flow, the surface velocity of the inviscid flow is 

function of both x and t, i.e., ),( txUs . Similar analyses as those in steady 

flow above can be applied, and the boundary layer equations for planar 
unsteady incompressible flow over a curved surface in Figure 4-3 are 
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and 
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For those who are interest in the problems of unsteady boundary layers, 
please read the books by Schlichting (Chapter 15) and Rosenhead 
(Chapter 7). In a similar way, the boundary layer theory above can also be 
extended to boundary layer flows over axial-symmetric and general 
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three-dimensional bodies (see Schlichting, Chapter 11 and Rosenhead, 
Chapter 8). 
           

 
Figure 4-3: The curvilinear coordinates system for planar boundary layer  

flow over a curved surface. 
                   

For unsteady flow, the Reynolds number is not the only governing 
dimensionless parameter of the problem. There exists an additional 
parameter, called the Strouhal number, which expresses the ratio of the 
unsteady term to the convection term. In fact, the numbers of the 
governing dimensionless parameters increase as the problem becomes 
more and more complicated. White (1991) had summarized more than ten 
dimensionless parameters, which are important for vary problems in 
Chapter 2 of his book. 
 
(III) Cases for intermediate Reynolds numbers 
 
 When the Reynolds number, R, is of intermediate value, say, for 

)100()1( OO −=R , the inertia, the pressure and the viscous terms in (4-1b) 
are of the same order, and the governing equations cannot be simplified. 
Note that the range for )100()1( OO −=R  corresponds to 

)10()1(/ OOLs −=δ  according to (4-12). For moderate Reynolds number, 
the problem can be studied via numerical method (see Chapter 15 of 
Panton’s book).  
 
 
 
 
 



 128

(IV) An example for illustrating the flow physics from small to large 
Reynolds number 

  
 The change of the flow from small to large Reynolds number is 
complicated and interesting. Here we conclude this chapter by 
considering the problem of steady planar flow over a circular cylinder. 
Detailed calculation procedures and results can be found from Chapter 15 
of Panton’s book. Essential flow physics can be summarized and sketched 
in Figure 4-4 below. It is interesting to note that the flow is unsteady at 
intermediate Reynolds number as the Karman vortex street sets on 
although the approaching flow is constant and the cylinder is fixed. 
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Figure 4-4: Sketch of the essential flow physics for uniform flow over a circular 

cylinder (from Panton’s book). 
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CHAPTER 5: LOW REYNOLDS NUMBER FLOWS 
  

As discussed in chapter 4, we may have low Reynolds number flow 
when the characteristic velocity is small, when the characteristic length is 
small, and/or when the viscosity is large. For steady flow, the governing 
equations for low Reynolds number flows are the continuity and the 
Stokes equations (4-6(a) and 4-6(b)), 

 
               0=⋅∇ u                        (5-1a) 

and 

                    u0 2∇+−∇= µP .                  (5-1b) 

 
(I) Simplifications of the governing equations 
  

Equations may be simplified further in the following ways, and their 
applications depend on different situations. 
 
(i) Equation with pressure as dependent variable 
 

By Taking divergence of the momentum equation, (5-1b), we found 

)(0 22 u⋅∇∇+−∇= µP . 

The last term in the above equation is zero by using the (5-1a). Thus we 
have           

   02 =∇ P ,                    (5-2) 
 

which is solved by imposing suitable pressure conditions. This 
formulation is employed frequency for lubrication problem. 
 
 
(ii) Equation with velocity as dependent variable 
 
 By taking Laplacian operation of (5-1b), we found 
 

    ( ) )(0 222 u∇∇+∇−∇= µP . 
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With (5-2), the above equation becomes 
 

                         0)( 224 =∇∇=∇ uu ,                (5-3) 

 
which is a biharmonic equation for the vector quantity, u. We may 
employ two of the component equations of (5-3) to determine two 
velocity components, and the rest velocity component is determined by 
the continuity equation, (5-1a). 
 
(iii) Vorticity and stream function as dependent variables 
 
 By taking curl of (5-1b), and using the definition of vorticity 
 
                         uω ×∇= ,                      (5-4a) 
 
we found 

ω20 ∇+∇×∇= µP . 

The first term on the right hand side is identically zero according to the 
vector identity. Thus 
 
                         0ω =∇2 .                      (5-4b) 

 
We have seven equations, (5-4a), (5-4b) and (5-1a), for six unknowns, 
three components for u and three components for ω. Thus only two of the 
component equations of (5-4b) will be employed. This formulation is 
always employed for external flow. 
 
 For two-dimensional flow, we may define a stream function, ψ, 
through 
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x
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ψ ,       (5-5a) 

 
such that the continuity equation, (5-1a), is satisfied automatically. Here 
(x,y) is the Cartesian coordinates with (u,v) the corresponding velocity 
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components. The vorticity according to its definition in (5-4a) is 
 

                     ψ2kkω ∇−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

= ˆˆ
y
u

x
v ,              (5-5b) 

 
where k̂  is the unit vector perpendicular to the (x,y) plane. It follows 
from (5-4b) that 

                          022 =∇∇ ψ .                   (5-5c) 

 
Similar results may be obtained for axial-symmetric flow (see later in 
section III). 
 
 We shall discuss two problems in the next two sections, the 
lubrication problem (an internal flow) in section II and the flow past a 
sphere in section III (an external flow). 
 
(II) Lubrication problem 
 
 We shall consider a simple case, the plane slider, first, and then 
extend to the general lubrication theory. The basis of the lubrication 
theory is to induce fluid motion between two surfaces, usually via the 
relative motion of the surfaces, so that a large pressure can be built up 
between such two surfaces in comparing with that in the surroundings, 
and thus the two surfaces can be kept separated.  
 
(i) Plane slider 
 
 Although we can derive the followings using the governing equations 
of the low Reynolds number flow, i.e., (5-1a) and (5-1b), we shall derive 
the theory from the continuity and Navier-Stokes equations directly. The 
sketch of the problem is shown in Figure 5-1, which occurs in the (x,y) 
plane with velocity components (u,v). A stationary block with certain 
weight and/or even under loading is immersed in the fluid above a 
moving blade with uniform velocity Ui. The gap between the bottom 
surface of the block and the blade has width d(x) and length L. The key 
assumptions are that (1) the gap width is much less than the gap length 
and (2) the angle between the lower surface of the block and the blade is 
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much less than unity. i.e., 
  

       Lxd <<)(       and      1tan 21 <<
−

=≈
L

ddαα .      (5-6) 

 
Thus we are studying the flow in a two-dimensional long channel with 
slowly varying cross sectional area, with fluid motion driven by the 
uniform motion of the lower surface in its own plane. The continuity and 
the Navier-Stokes equations, written in components form, are 
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and 
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First, we estimate the relative importance of the terms in the above 
equations. The scales for x, y and u are chosen as L, 21 dd −  (or Lα ) and  

 
Figure 5-1: Sketch of the flow for the problem of a plane slider.  



 134

U, respectively. The velocity scale for v is thus Uα  according to (5-7a). Let sP  be 
the pressure scale. The scales of the terms in (5-7b) are 
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The first two terms in (5-8), i.e., the convection terms in the 
Navier-Stokes equation are negligible for 1<<α  except when the 
Reynolds number, )(/)( 1−≥≡ αµαρ OLUR , which is a large value; for 
example, if 001745.01.0 == oα radian, 573≅R . The second term on the 
right hand side, i.e., the diffusion term along the x-direction is also 
negligible for 1<<α . The pressure term is passive, which is a direct 
consequence of the fluid motion in the channel driven by the moving 
blade. It cannot be neglected otherwise there is no mechanism for 
balancing the y-diffusion term. Therefore, we set )/( 2LUPs αµ= , and 
(5-7b) reduces to 
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which is the same governing equation as that in plane Poiseuille flow in 
Chapter 3. Here we have employed only the assumption 1<<α  with R 
of order less than 1−α  for deriving (5-7b). The scales for (5-7c) are 
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All the terms are negligible in the above equation under 1<<α  with R  
less than )( 3−αO  except the pressure term. Thus (5-7c) reduces to 
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which states that the pressure is essential constant across the channel, or 
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                    ==

∂
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dx
dP

x
P function of x alone.          (5-9c) 

 
 Therefore, in view of (5-9a) and (5-9c) together with the boundary 
conditions, the flow in the two-dimensional channel with a slowly 
varying cross sectional area in Figure 5-1 is locally a Poiseuille flow 
(with a local width )(xd  and a local pressure gradient xP ∂∂ / ) 
superimposed by a Couette flow.    
 
 The solution of (5-9a) subject to the no-slip boundary condition is  
 
                 

y
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The first and the second term in (5-10) represent a local plane Poiseuille 
flow and a Couette flow, respectively. Here dxdP /  is function of x 
instead of a constant in the “exact” plane Poiseuille flow in Chapter 3. We 
can calculate v from (5-1a) by using (5-10), which is different from zero 
as that in Chapter 3. Thus the streamlines are not parallel here although v 
is indeed a small value in comparing with u.  
 
 The volume flow rate, Q, is evaluated as 
 

                   
212

),(
3)(

0

Udd
dx
dPdyyxuQ

xd

+−== ∫ µ
,          (5-11) 

 
which is a specified constant in the present problem. From (5-11), we can 
express the pressure gradient as 
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With xdd α−= 1 , (5-11a) can be integrated easily, and the result is 
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where the initial condition 1PP =  at 0=x  has been employed. If there is 
no pressure contrast (the situation as that shown in figure 5-1) at both 
ends of the channel, i.e., 12 PPP ==  at Lx = , we can relate the volume 
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flow rate to the blade speed as 
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Then (5-12) may be written as 
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which is indeed greater than zero. A qualitative picture for the pressure 
distribution in (5-13b) is sketched in Figure 5-2. The flow induced by the 
moving blade can indeed generate a pressure field, which is greater than 
its surrounding pressure, 1P . With (5-13b), we can calculate the 
hydrodynamic force on the block as 
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which is greater than zero. The tangential force on the lower surface, i.e., 
the moving blade, is evaluated by using (5-10) as 
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Figure 5-2: A qualitative sketch for equation (5-13b). 
 
 
 



 137

The coefficient of friction, 
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For practical situation, )( 22 dd − , 1d  and 2d  are of the same order, or 

)1()( 2,1 Oddf = , then )(/ αONT = , which implies that we may apply a small 
input force (T) to generate a large output force (N).  
 

 
(ii) Reynolds lubrication equation 
 

Now, we generate the above result to a general case for flow inside a 
channel as shown in Figure 5-3. The width of the channel, ),,( tyxd , is a 
slowly varying function of the spatial coordinates x and y, and also a time 
varying function. The flow is generated by the motion of the lower 
surface, which is moving with local velocity ji VU +  at the origin of the 
coordinates ),,( zyx  shown in the figure. The upper surface is allowed to 
move along the z-direction with respect to the lower surface. With the 
scaling analysis similar as above, we found equations similar to those in 
(5-9a) and (5-9b) provided that the time scale is chosen to be L/U for 
evaluating the unsteady term of the Navier-Stokes equation. Thus at a 
fixed x, the local flow is a combination of the Poiseuille flow and Couette 
flow, i.e.,  

 

             
 
Figure 5-3: Sketch for the flow inside a long channel with slowly varying 

width. At a given x, the lower surface is moving with velocity 
ji VU +  and the upper surface with kW , where tdW ∂∂= / . 
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The instantaneous flow rate in the x and y direction are calculated as 
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respectively. By integrating the continuity equation, 
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across the channel, and using the Leibniz’ rule, we found 
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The second, the fourth and the sixth term of the above equation are zero, 
and the fifth term equals to td ∂∂ /  according to the boundary conditions. 
Thus  
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With (5-17a) and (5-17b), the above equation finally becomes  
 

           3 3 6 6 12P P d d dd d U V
x x y y x y t

µ µ µ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞ + = + +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
,   (5-18) 

 
which is a linear partial differential equation governing the pressure, 

),,( tyxP , within the channel, provided that ),,( tyxd  is a given function. 
Equation (5-18) is called the Reynolds equation (incompressible version), 
which forms the basis of lubrication theory. If ),,( tyxd  is given, equation 
(5-18) can be solved rather “easily”, say, using numerical method. For 
practical situation, ),,( tyxd  is unknown in advance and is governed by 
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the equation of motion of the body associated with the upper surface, say, 
the Newton’s second law. Thus the fluid mechanics problem (equation 
(5-18)) is coupled with the dynamic problem, and should be solved 
simultaneously for the unknowns, ),,( tyxP  and ),,( tyxd . An example is 
the slider bearing inside the disk drives as shown in Figure 5-4. The slider 
bearing is sometimes called the air bearing, which consists of the slider 
where the sensor (the “magnetic head”) installed, the rotating disk, and 
the thin air film between the slider and the disk. The length and the width 
of the slider are of order 1mm, and the average thickness of the air film is 
reduced continuously from mµ20  at 1960’s to mµ33.0  at 1981, mµ05.0  
at 1995, and mµ02.0  at 2000. This tendency is associated with the fact 
that the storage of the disk drive is inversely proportional to the spacing 
of the slider and the disk, i.e., the thickness of the air film. The fluid 
motion within the air film can be analyzed using an extended 
compressible version of the above Reynolds lubrication equation, (5-18), 
with certain modification accounting for the rarefied gas effect. Note that 
(5-18) is derived under the incompressible condition, the compressible 
version of (5-18) is derived using the compressible continuity and 
Navier-Stokes equation together with suitable equations of states, and is a 
non-linear partial differential equation. The shape of the slider is crucial 
for the design of an ultra thin air film (see E. Cha and D. B. Bogy, Trans. 
ASME, Journal of Tribology, V.117, pp.36-46, 1995). 
 

For fluid motion driven by the relative normal motion of the surfaces, 
for examples, the upper surface approaches the lower surface and 
squeezes the fluid out of the gap between the surfaces (see W. S. Griffin, 
H. H. Richardson and S. Yamanami, Trans. ASME, J. Basic Engineering, 
V.88, pp.451-456, 1966), the upper surface oscillates harmonically and 
rapidly with respect to the lower surface (see J. J. Blech, Trans. ASME, J. 
Lubrication Technology, V.105, pp.615-619, 1983), the compressibility of 
the fluid cannot be neglected. Such problem is called the “squeeze film 
problem”, and a nonlinear partial differential equation for pressure is 
obtained by combining the continuity equation, the Navier-Stokes 
equation and suitable equation of state. Such equation can be obtained 
from the compressible version of the Reynolds equation by setting 
U=V=0. The squeeze film problem has been employed recently in 
studying certain microelectromechanical systems (see M, Andrews, I. 
Harris and G. Turner, Sensors and Actuators A, V.36, pp.79-87, 1993). 
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Figure 5-4: Sketch of the flying of a slider over a rotating disk in a disk 

drive. The figure is adopted from Bolasna et al. (IBM Disk 
Storage Technology, Feb. 1980).   

 
 
(III) Uniform flow past a sphere at small Reynolds number 
 

Here we consider an external flow as sketched in Figure 5-5, which 
was studied first by Stokes (1851). A uniform stream, zUê , is 
approaching a sphere with radius a. A spherical coordinates system 
( , , )r θ φ  is set up with its origin at the center of the sphere, and )ˆ,ˆ,ˆ( φθ eeer  
the corresponding unit vectors. The corresponding velocity components 
in this spherical coordinates are denoted by ),,( φθ uuur . For low Reynolds 
number flows, the governing equations together with the flow geometry 
imply that the flow is symmetric with respect to the z-axis as indicated in 
Figure 5-5, i.e., all the flow variables are independent of φ, and 0=φu ; 
and the velocity and pressure fields are the same for any meridian plane 
(plane with constant φ). The continuity equation in spherical coordinates 
thus becomes 

 

( ) ( ) 0sin
sin
11 2

2 =
∂
∂

+
∂
∂ θ

θθ θu
r

ur
rr r .             (5-19) 
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A Stokes stream function, ),( θψ r , is defined through 

             
θ
ψ

θ ∂
∂

=
sin
1

2r
ur    and    

rr
u

∂
∂

−=
ψ

θθ sin
1 ,       (5-20) 

 
such that the continuity equation, (5-19), is satisfied automatically. The 
vorticity is thus calculated in terms of ),( θψ r  as  
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or 

( ) φφφ ψ
θ

ω eeω ˆ
sin
1ˆ 2D

r
−== ,                (5-21) 

where 

                  ⎟
⎠
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2
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D . 

 
The alternative form of the Stokes equation, (5-4b), implies that 
 

                       0224 == ψψ DDD .               (5-22) 

 
The boundary conditions for (5-22) are the no-slip condition at the 
surface of the sphere, 
 
 

 
Figure 5-5 : The coordinates for uniform flow past a sphere. 
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             0=ru    and   0=θu     at     ar = ,       (5-23a) 

and the far field condition, 

            zrr eUeueu ˆˆˆ =+ θθ    as   ∞→r .                (5-23b) 

With (5-20), these conditions can be expressed in terms of ),( θψ r  as 

            0constant ==ψ     at     ar = ,              (5-24a) 

 

            0=
∂
∂

r
ψ           at     ar = ,              (5-24b) 

 

           θ
θ
ψ

θ
cos

sin
1

2 U
r

ur =
∂
∂

=    as   ∞→r ,          (5-24c) 

and 

          θψ
θθ sin

sin
1 U

rr
u =

∂
∂

−=     as   ∞→r .          (5-24d) 

 
 
The constant in (5-24a) is taken to be zero without loss of generality 
because it is the derivative of the stream function (i.e., the velocity) but 
not the stream function itself is of physical interest. Equations (5-24c) and 
(5-24d) together imply that 
 

                 θψ 22 sin
2
1Ur→    as   ∞→r .           (5-24e) 

 
The solution procedure of (5-22) subject to (5-24a), (5-24b) and (5-24e) 
is as follows. Equation (5-24e) suggests that the solution should be of the 
form (may be regarded as a special form of “separation of variables”) 
 

                 θθψ 2sin)(
2
1),( rUfr = .                    (5-25) 

 
By substituting (5-25) into (5-22), we have 
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By substituting nrrf =)(  into the above equation, we found 1−=n , 2 , 
1 and 4 . Thus 
 
                 42)( DrCrBr

r
Arf +++= ,                 (5-27) 

 
where A, B, C and D are constants for integration. By comparing (5-24e) 
with (5-25), we have 2)( rrf →  as ∞→r , thus 1=C  and 0=D . With 
(5-25), equations (5-24a) and (5-24b) imply that 0=f  and 0/ =drdf  at 

ar = , it follows that 2/3aA =  and 2/3aB −= . Finally, by substituting 
(5-27) into (5-25), we obtain 
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It is interested to note that ),( θψ r  is symmetric with respect to 2/πθ = , 
which implies that there is no wake region behind the body for low 
Reynolds number flow, as indicated in Figure 4-4 before. The velocity 
components and the vorticity can be calculated via (5-20) and (5-21). 
They are 
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and 
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The pressure is evaluated by using the momentum equation, i.e., the 
Stokes equation, which is written in component form as 
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and     
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By substituting (5-29a) and (5-29b) into (5-30a) and (5-30b), we found 
 
                θνρ cos3)/(

3r
aU

r
P

=
∂

∂                          (5-31a) 

and 
                θν

θ
ρ sin

2
3)/(

2r
aUP

=
∂

∂ .                         (5-31b) 

 
The pressure can be obtained by carrying out the integration of (5-31a) 
and (5-31b). The result is 
 
               θµ

ρρ
cos

2
3

2r
aUPP

−= ∞ ,                      (5-32) 

 
where ∞P  is the pressure far from the body where the velocity is zeU ˆ . 
On the surface of the sphere, P attains a minimum value at 0=θ  but a 
maximum value at πθ = . The stress tensor for the present problem has 
the following non-zero components, 
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and 
                    

r
uPT r

rr ∂
∂

+−= µ2 .                  (5-33b) 

The traction is 
 
                      θθeet ˆˆ rrrr TT += .                   (5-34) 
 
The magnitude of the force exerted by the fluid on the sphere along the 
z-direction is calculated as (see Figure 5-6) 

          ( )∫ =
−=

π

θ θθπθθ
0

)(sin2sincos adaTTF
arrrr .          (5-35) 

The stress components at the wall, 
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and  
θµ

θ sin
2
3

a
UT

arr −=
=

.               (5-36b) 

 
It is interested to find that the contribution from the term rur ∂∂ /2µ  in 
(5-33b) to 

arrrT
=

 is identically zero, and thus 
arrrT

=
 is due only to the 

pressure. By substituting (5-36a) and (5-36b) into (5-35), and carrying out 
the integration, we have 
 
                UaUaF µπµπ 6)21(2 =+= .               (5-37) 
 
One third of the force is contributed from the pressure (resulting from the 
first term of (5-35)), and two third of the force is associated with the 
shear stress. The moving stream drags the sphere with a force zFê , and 
(5-37) is thus called the Stokes drag law. The drag may be expressed in a 
dimensionless form in terms of the so-called drag coefficient, 
                    

22

2
1 aU

FCD

πρ
≡ .                     (5-38)  

 
Figure 5-6: Illustration for calculating the force on the sphere. The 

differential area for integration is a circular “ring” with radius 
θsina  and thickness θad , and thus equals θθπ ada )(sin2 . 
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With (5-37), we found 
                       

R
24

=DC ,                      (5-38a) 

 
where µρ /2 Ua=R  is the Reynolds number. Equation (5-38a) is 
plotted in Figure 5-7 together with the experimental result. It is found that 
(5-38a) coincides with the observation when 110−≤R , and is 
approximately valid when 1R ≤ .   
 

The above results are obtained by setting the convection term to zero, 
i.e., by totally neglecting the inertia effect. This is a good approximation 
for flow near the sphere, but is not valid for flow sufficiently far from the 
body as was pointed out by Oseen (1910). To see this, lets estimate the 
relative importance of the convection term to the viscous term using the 
results in (5-29a) and (5-29b). By using the scaling analysis, we found 

 

a
r

rU
rU R

u
uu ~

/
/~ 2

2

2 µ
ρ

µ
ρ

∇
∇⋅ .               (5-39) 

 
For region near the sphere, ar ~ , and thus the convection is indeed 
negligible in comparing with the viscous term as 1<<R . However, for 
region at )/(~ RaOr , the convection term is comparable to the viscous 
term, which implies that the convection term is not negligible for region 
sufficiently far from the body. In such a far field region, the velocity 
approximately equals to zeU ˆ . Thus Oseen proposed to account partially 
the convective term by replacing the Stokes equation with the following 
linearized momentum equation, 
 

 
Figure 5-7: Comparison of the Stokes drag law with the observation (this 

figure is adopted from Batchelor (1967)). 
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                    uu 2∇+−∇=
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∂ µρ P
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or 
 
                     ωω 2∇=

∂
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U ,                    (5-40b) 

 
which is obtained by taking curl operation of (5-40a). Similar as before 
for deriving (5-22), we found  
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which is solved subject to the no-slip boundary conditions, (5-24a) and  
(5-24b), and the far field condition, (5-24e), at upstream. The result is 
(see Yih’s book)  
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This stream pattern is not symmetric with respect to 2/πθ = , which is 
different from that in (5-28) for Stokes flow. The flow corresponding to 
the result described by (5-42) is called the Oseen flow. The stream pattern 
for the Oseen flow is plotted in Figure 5-8 together with the result of the 
Stokes flow. There exists a wake region behind the sphere for the Oseen 
flow. The drag based on the Oseen flow can be obtained in a way similar 
to that in Stokes flow before. The result is 
 

                     ⎟
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⎞

⎜
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⎛ += R

16
316 aUF πµ ,               (5-43) 

 
which was also plotted in Figure 3-7 (the line denoted by “second 
approximation”). Equation (5-43) is called the Oseen’s drag law in 
literatures. Neither the first approximation (Stokes drag) nor the second 
approximation (Oseen’s drag) predicts the experimental data (the line 
denoted by “observation”) nicely as R increases.  
 
 In fact, the linearized assumption in Oseen flow over predicts the 
convective effect near the sphere. The Oseen flow is a better 
approximation only for region sufficiently far from the sphere, while the 
Stokes flow is a more appropriate representation of the flow near the 
sphere. Thus neither the Stokes nor the Oseen solution is uniformly valid 
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(valid for the whole field). An approximate uniformly valid solution is 
obtained by Produman and Pearson (J. Fluid Mechanics, V.2, pp.237-262, 
1957) using the perturbation method. They found the drag as 
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which agrees nicely with the observation in Figure 3-7 for 1<R . For 
Reynolds number greater than unity, the drag can be estimated by using 
the experimental result as shown in Figure 3-9. One useful correlation for 
the experimental data of the drag shown in Figure 3-9 is 
 
    ( )687.015.016 R+= aUF πµ     for    000,1<R             (5-45) 
      2222.0 aU πρ=            for    000,2001,000 << R , 
 

 

 
Figure 5-8: Sketch of the stream patterns for Stokes (upper figure) and 

Oseen (lower figure) flows. Note that the frame of reference 
is set in the fluid instead at the center of the sphere, which 
implies that the stream function corresponding to the uniform 
flow is subtracted from equation (5-28) for the Stokes flow 
and (5-42) for the Oseen flow, respectively.  
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which is employed frequency in the field of two-phase suspension flow. 
When the sphere is translating with zBU ê  instead of that fixed in Figure 
5-5, the speed U in the above expressions for the drag is replaced by the 
relative speed, BUU − . If the center of the sphere is translating with a 
velocity BU , which has direction different from zê , the drag law should 
be expressed in vector form. For example, the Stokes drag law in vector 
form is 
 
                     ( )BzUa UeF −= ˆ6πµ .                (5-56) 
 
The direction of the drag force is parallel to the direction of the relative 
velocity, ( )BzU Ue −ˆ .                
 
  

 
Figure 5-9: Experimental data for the variation of the drag coefficient 

with the Reynolds number. This figure is adopted from 
Schlichting (1979). 
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  Homework  

 
(1) Consider the low Reynolds number flow around a sphere. (i) 

Calculate the drag by first finding the dissipation of energy in the 
fluid-filled space. (ii) Compute ωn ∇⋅  at the surface of a sphere. 
Find its integral over the surface. 

 
(2) For the lubrication problem, find the pressure drop versus flow rate 

relation for a slot with width given by )/2sin(0 LxAhh π+= . 
 
(3) Work out the Stokes-flow drag for low Reynolds number flow around 

a fluid sphere with viscosity, iµ , which is different from the viscosity 
of the fluid outside the sphere, µ . The boundary conditions at the 
surface of the fluid sphere are (same notations as those in the Stokes 
flow around a solid sphere discussed above) 

 
               0=ru ,     θrT  and θu  are continuous. 
 

It is not possible to make rrT  continuous; assume any imbalance is 
taken up by surface tension. The flow inside is described by the same 
equation as that outside the sphere, i.e.,  

 
04 =ψD    for flow outside the sphere, 

   and 
04 =iD ψ    for flow inside the sphere. 

   
Take the solutions of form 

                     )(sin
2
1 2 rFU θψ = , 

and 
                     )(sin

2
1 2 rfUi θψ = . 

Solve for the flow field, the pressure field, and the drag on the fluid 
sphere. The result of the drag is 

                  
i

iaUF
µµ
µµπµ

/1
)3/(216

+
+

= .  

Note that as ∞→iµ , the result reduces to that of a solid sphere as 
discussed before; and as 0→iµ , the result is the drag on a bubble.    
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CHAPTER 6: POTENTIAL FLOWS 

 
 As discussed in Chapter 4, the flow is essentially invisicd for most of 
the flow region at high Reynolds number, except in the thin boundary 
layer next to the body and in the wake downstream behind the body, as 
shown in Figure 4-1(b). The governing equations for such inviscid fluid 
are the continuity and Euler equations. For incompressible flow, the 
continuity and Euler equations are  
 

                         0=⋅∇ u                       (6-1a) 
and 

                      P
t

−∇=∇⋅+
∂
∂ uuu ρ ,               (6-1b) 

 
where P is the modified pressure which absorbs the effect of gravity. The 
corresponding vorticity equation for incompressible, inviscid fluid 
according to (2-104) is 
 

                    uωωuωω
∇⋅=∇⋅+

∂
∂

=
t

d
dt

,           (6-2) 

 
which states that the rate of change of vorticity following the fluid motion 
is due only to the vortex stretching mechanism shown on the right hand 
side of (6-2). The baroclinic, the compression and the viscous diffusion 
mechanisms in (2-103) are all absent in the present inviscid, 
incompressible flow. Also the no-slip condition is not applied here for 
inviscid fluid, and thus there is no vorticity generation at the solid 
boundary. If 0=ω  initially throughout the field, 0=ω  later according 
to (6-2).  
 
 We call the flow irrotational if 0=×∇≡ uω  throughout the field. 
By using the vector identity, 0=∇×∇ φ , for any scalar function 

),( txφφ = , we thus may define a scalar function called the velocity 
potential, ),( txφ , such that 
 
                        ),( txu φ∇= .                    (6-3) 
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According to the continuity equation, (6-1a), 
  

                         02 =∇ φ ,                      (6-4) 
 
which is solved subject to the no cross flow boundary condition at solid 
surface, 
                  nUnnu ⋅=

∂
∂

=⋅∇=⋅ Bn
φφ ,            (6-4a) 

 
where BU  is the velocity of the body associated with the solid surface, 
and n is the local unit outward normal vector of the surface. Once ),( txφ  
is known, we may calculate the velocity, u, through (6-3). It is interested 
to note that here we have obtained u by using only the irrotational 
condition and the continuity equation, without reference to the 
conservation of momentum, i.e., the Euler equation. As in the low 
Reynolds flow in Chapter 5, we may integrate the Euler equation to 
obtain the pressure field, provided u is known. However, it is simpler 
here to use the Bernoulli equation for irrotational flow, (2-109), instead of 
integrating the Euler equation. The Bernoulli equation is rewritten below 
for convenience, 
 

                      ( )
2

p gz f t
t
ϕ

ρ
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+ + + =
∂

u u .            (6-5) 

 
The incompressible, inviscid and irrotational flow is called the potential 
flow, because the governing equation, (6-4), is the Laplace equation. The 
results of the potential theory in mathematics can be applied here for 
potential flow,  
 
 
(I) Some simple three dimensional potential flows 
 

We first consider several simple potential flows. 
 
(i) Point source or sink 

 
 The potential 
 
         

r
tCtzyx )(),,,( =φ ,   with   222 zyxr ++= ,      (6-6) 

 
is a solution of the Laplace equation, (6-4), which can be validated by 
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direct substitution. The velocity field expressed in spherical coordinates 
according to (6-3) is 
 
                2

)(
r

tCur −= ,   0=θu ,   0=φu ,           (6-7) 

 
which is singular as 0→r . The fluid is flowing radial outward or 
inward, depending on the sign of )(tC , and is thus called the source or 
sink flow. The strength of the source or sink is characterized by using the 
total volume flow rate, Q(t), from or to the singularity at 0=r . For the 
present purely radial flow, the total volume flow rate in spherical 
coordinates is calculated via 
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πθθπ
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Thus  
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tQur π

= .       (6-9) 

 
For a source flow, 0)( >tQ ; but 0)( <tQ  for a sink flow. For steady 
flow, )(tQ  is constant. Equation (6-9) is the flow induced by a 
source/sink located at the origin of the spherical coordinates. If the 
source/sink is located at refrr = , (6-9) is replaced by 
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π
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π
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(ii) Source in a uniform stream – Rankine half body 
 
 The velocity potential of a uniform stream, i∞U , is 
 
                        xU∞=φ ,                      (6-11) 

 
which is also a solution of the Laplace equation, (6-4). As the Laplace 
equation is linear, the superposition of the first equation in (6-9) and 
(6-11) is also a solution of (6-4). The result is 
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in a Cartesian coordinates, ),,( zyx . Here the x-axis is parallel to the 
incoming stream, and the source is located at the origin. The velocity 
components along are 
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and 
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π
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The flow is symmetric with respect to the x-axis as seen by examining the 
functional relationships of (6-12) and (6-13a~c). For axial symmetric 
flow, it is convenient to work with cylindrical coordinates, )ˆ,,ˆ( xr θ , with 
 
                xx =ˆ      and     22ˆ zyr += .         (6-14) 
 
For axial symmetric flow, all the flow properties are independent of θ , 
and the flow pattern in the rx̂ -plane is enough for describing the whole 
field. To study this further, lets first rewrite (6-12) in terms of the 
cylindrical coordinates, 
 
                     

22 ˆˆ4 rx
QxU
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φ .              (6-15) 

 
The velocity components along the r̂  and x̂  directions are evaluated as 
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and 
 
                    ( ) 2/322ˆ
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The streamline in the xrˆˆ -plane (actually an axial symmetric stream 
surface in space generated by rotating the streamline about the x̂ -axis) is 
evaluated by 
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On the x̂ -axis, 0ˆ =r , ru ˆˆ  is identically zero, and 0ˆ ˆ =xu  when 
 

                   
∞

−=≡=
U
Qxxx s π4

ˆ                  (6-18) 

 
according to (6-16a) and (6-16b). The point where the velocity is zero is 
called the stagnation point. In the present problem, )0,0,(),,( sxzyx = , or 

)0,()ˆ,ˆ( sxrx = , is the only stagnation point in the flow. The streamline 
starting from the stagnation point can be obtained by solving (6-17) with 
boundary condition 0ˆ =r  at sxx =ˆ . Such streamline is called the 
separating streamline because it separates the fluid from the free stream 
and that emitted from the source, and is sketched in Figure 6-1. As the 
fluid from the free stream cannot flow across the separating streamline, 
we may replace the flow region enclosed by such separating streamline 
by a solid body without affecting the flow outside the separating 
streamline. The solid body is called the Rankine half body in the 
literature. The flow field for the uniform flow past a Rankine half body is 
the same as that outside the separating streamline of the flow field 
constructed by the superposition of a uniform flow and a source.  

 
Figure 6-1: Sketch of the streamlines for the flow, which is the 

superposition of a uniform flow and a source located at the 
origin. The flow outside the separating streamline is the same 
as that over a Rankine half body.  
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For region sufficiently far from the source downstream, it is 

expected that the flow emitted from the source matches smoothly with the 
uniform stream. Thus a downstream radius, a, (see figure 6-1) is defined 
through 
 
                         ∞= UaQ 2π ,                    (6-19)       

 
to represent the radial extent from the x-axis of effect of the source, i.e., 
the radius of the Rankine half body downstream. By substituting (6-19) 
into (6-18) and (6-17), we have 
                          

2
axs −= ,                    (6-20a) 

and 
                     

( ) xrx
a

r
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rd

ˆˆˆ4
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2/322
2 ++
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which express the results in terms of a. 
 
 
(iii) Source and sink in a uniform flow – Rankine ovoid 
 
 Similar as before in the last section, the flow generated by the 
superposition of a uniform flow, a source at dx −=  and a sink at dx =  
as sketched in figure 6-2(a) is also a solution of the Laplace equation, the 
corresponding velocity potential is 
 
  

222222 )(
1

4)(
1

4 zydx
Q

zydx
QxU

++−
+

+++
−= ∞ ππ

φ .   (6-21) 

 
It is a good exercise to calculate the velocity field and the stream function 
associated with the above velocity potential using similar procedures as 
for the problem of Rankine half body. The flow is symmetric about the 
x-axis, as observed from (6-21) and the associated velocity field. The 
stream pattern in a symmetric plane is sketched in Figure 6-2(b). The 
fluid emitting from the source goes to the sink, and the free stream is 
distorted by the existence of the source and the sink. As the strength of 
the source equals to that of the sink, all the fluid emitting from the source 
enters the sink; the flow is also symmetric with respect to the yz-plane. 
The separating streamline in the symmetric plane (or stream surface in 
space) is an ellipse. Thus the flow outside the separating streamline is the 
same as that for a uniform flow past an ellipsoid. The ellipsoid is called 
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the Rankine ovoid. 
 
 It is expected that the major axis of the ellipsoid becomes smaller as 
the spacing between the source and the sink is reduced, so that the 
ellipsoid tends to approach a sphere. However, it is observed from (6-21) 
that the velocity potential approaches that of a uniform flow as 0→d  if 
Q is held fixed. Thus the limiting process for an ovoid to approach a 
sphere as 0→d  requires ∞→Q  such that Qd  is finite. The flow 
resulting from the superposition of a source and a sink of equal strength 
under such a limiting process is called a dipole. According to (6-21), the 
velocity potential for a uniform flow over a dipole, or doublet, is 
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Figure 6-2: (a) The flow is composed by the superposition of a uniform 

flow, a source with strength Q located at 0, ==−= zydx , and a 
sink with strength –Q located at 0, === zydx . (b) Sketch of 
the streamlines of the flow. The ellipsoid enclosed by the 
stream surface generated by rotating the elliptic separating 
streamline about the x-axis is called the Rankine ovoid.  
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which is still a solution of (6-4). Here 222ˆ zyr +=  is the radial distance 
from the x-axis. It is more convenient to work with the spherical 
coordinates ),,( φθr , as shown in Figure 6-3, with 
 
    θcosrx = ,   θsinˆ 22 rzyr =+= ,   and   22 r̂xr +=  
 
for the present axial symmetric problem. Equation (6-22) can be written 
in terms of the spherical coordinates as 
 
                 2

cos
2

cos
r

QdrU θ
π

θφ += ∞ .                (6-23) 

 
The velocity components in spherical coordinates are 
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and 0=ωu . On the x-axis, we have 0=ru  when  
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With (6-25), the velocity potential in (6-23) and the velocity components 
in (6-24a,b) become 
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and 

                   θθ sin
2
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+−= ∞ r
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The radial component of the velocity, ru , is zero when ar = , which 
implies that the flow in the region outside ar =  does not mix with that 
inside. a is the radius of the sphere, which encloses the fluid associated 
with the doublet. The flow described by (6-26a-c) in the region ar ≥  
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thus also describes a uniform flow past a sphere with radius a. The stream 
pattern in a symmetric plane for the flow is sketched in Figure 6-3. On 
the surface of the sphere, 0=ru  and θθ sin)2/3( ∞−= Uu . At 2/πθ ±= , 

∞−= Uu )2/3(θ , which is the maximum speed throughout the flow. On the 
other hand, 0=θu  at 0=θ  and π . Thus )2/,(),( πθ ±= ar  are the two 
stagnation points in the flow. The pressure on the surface of the sphere is 
evaluated by using the Bernoulli equation, 
 

                   ⎟
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⎜
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⎛ −+= ∞

∞ θ
ρρ

22 sin
4
91

2
1UPP ,              (6-27) 

 
where the dynamic pressure is employed, or the gravity is neglected. P 
attains a same maximum value at 0=θ  and π , but is a minimum at 

2/πθ ±= . The minimum pressure at )2/,(),( πθ ±= ar  is 
 
                      2min

8
5

∞
∞ −= UPP
ρρ

,                  (6-27a) 

 
and the maximum pressure at )0,(),( ar =θ  and ),(),( πθ ar =  is 
 
                      2max 1

2
P P U
ρ ρ

∞
∞= + .                  (6-27a) 

 
The pressure variation is associated with the local change of the fluid 
velocity. If the fluid under consideration is liquid, “cavitation” will occur 
when the local pressure is reduced to a value, which is less than the vapor 
pressure of the liquid. Bubbles are generated when the cavitation occurs, 
and serious damage of the body surface may be resulted due to the 
collapse of the bubbles. Cavitation is an interesting and important topic in 
hydraulic engineering and naval architecture. 

 
Figure 6-3: Sketch of the flow patterns for uniform flow and a doublet. 
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The pressure is symmetric with respect to 2/πθ = , and thus the sphere 

experiences no drag for the present potential flow. This is not true for the 
real (viscous) situation. The drag equals to zero for a symmetric body in a 
potential flow is called the D’Alembert paradox.   
 
 
(iv) General solution of Laplace equation – Mathematical approach 
 

So far we have proposed solutions for some particular potential flows, 
say, the source/sink, the uniform flow, the flow past a sphere, and etc., 
without actually solving the governing equation. Such solutions can 
certainly be obtained through a rigorous mathematical approach as 
follows. The Laplace equation for axial symmetric flow written in 
spherical coordinates is,  
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By using the method of separation of variables, we set 
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Equation (6-28) implies  
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The constant associated with the method of separation of variables is 
written as )1( +ll  so that (6-28b) is in the form of the Legendre equation. 
The general solution of (6-28a) is 
 
                     )1()( +−+= ll BrArrR , 
 
and the general solution of (6-28b), the Legendre equation, which is 
bounded at 0=θ  and π , is 
 
                   )()( θθ lPT = ;   0,l =  1, 2, …..  
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where 
                   1)(cos0 =θP , 
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Thus the general solution of (6-28) is 
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Different flows result from different choices of the coefficients. For 
example, the only solution, which is independent of θ , is  
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with 0......2211 ===== BABA . The constant 0A  in (6-30) does not 
affect the velocity, and can be taken as zero without loss of generality; the 
term rB /0  represents the source/sink flow. Another example is for flow 
around a sphere. We may choose lA  and lB  such that  
 
                 î∞→∇ Uφ    as    ∞→r ,            (6-31a) 

and 
                 0=

∂
∂

r
φ      at     ar = ,             (6-31b) 

 
in a spherical coordinates. Equation (6-31a) requires  
 
                 Ccosconstant +=+→ ∞∞ θφ rxU U ,         
 
which implies 
 
               ,0 CA =    ∞= UA1 ,   0......32 === AA . 
 



 162

Then (6-29) becomes 
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By applying (6-31b), we have 
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It follows that 
 
                  3

1)11(0 −
∞ −−+= aBU , 

and 
                  0......320 ==== BBB . 
 
Thus  
                       ∞= UaB 3

1 2
1 . 

 
Finally, (6-32) becomes 
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which is the same as that in (6-26a) since the constant C may be taken as 
zero without loss of generality. 
 
 
(v) Flow past a slender body of revolution represented as distribution 
of sources and sinks  
 
  We have learned that the uniform flow past a sphere under the potential 
theory can be obtained by superposition of a uniform flow and a doublet. 
Similarly, the flow field for a uniform flow past a slender body of 
revolution as shown in Figure 6-4(a) can also be obtained by 
superposition of a uniform flow and a suitable distribution of line source 
and sink (as source with negative strength) as shown in Figure 6-4(b). Let 

)(xq  be the source strength per unit length, the potential at ˆ( , )x r  with 
2 2 2r̂ y z= +  due to a source of strength 00 )( dxxq  is (refer to (6-10)) 
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The velocity potential due to a distribution of such sources in a uniform 
stream as shown in Figure 6-4(b) is 
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The flow is symmetric with respect to the x-axis as expected from the 
symmetric nature of the elements composed of the flow in Figure 6-4(b). 
If the total strength of the line source (sink) is 
 

                      0)(
0

00 =∫
l

dxxq ,                    (6-34) 

 
the body will close up behind as that shown in Figure 6-4(a). Thus the 
rest issue is to relate the artificial source (sink) strength, )( 0xq , to the 
actual body shape, say, the variation of the cross sectional area, )( 0xA . 
An approximate method to determine )( 0xq  for a slender body of  
 

 
Figure 6-4: A slender body of revolution in (a) can be represented by a 

suitable distribution of line source (sink) in (b) for studying 
the uniform flow past the slender body. 
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revolution is as follows. As lD <<  for slender body (see Figure 6-5), 
the x-component of the velocity can be expressed as  
 

          ( , ) '( , )u x r U u x r∞= +    with    ∞<< Uu' .        (6-35) 
 
Consider a small control volume shown in Figure 6-5. With )(xR  the 
local radius of the slender body of revolution at x, the local cross 
sectional area is 2)()( xRxA π= . By applying the conservation of mass to 
the control volume, we have 
 
                 dxxqxAUdxxAU )()()( =−+ ∞∞ , 
 
under the condition ∞<< Uu' . Thus as 0dx → , 
 
            

dx
xdAUxq )()( ∞=    or   0

0 0
0

( )( ) dA xq x U
dx∞= .       (6-36) 

 
)( 0xq  is positive in the front part of the body while )( 0xA  is increasing, 

and is negative in the rear part of the body while )( 0xA  is decreasing. 
 

 
Figure 6-5: (a) Sketch of the streamlines in a symmetric plane for uniform 

flow past a line source (sink) with total net strength equals to 
zero. (b) A control volume for relating the strength, )(xq , to the 
shape of the body. 
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(vi) Method of image 
 

One powerful technique in potential flow that we have employed so far 
is the application of superposition of simple solutions to build up more 
complicated flows in an unbounded fluid. We may employ such technique 
also to the case of bounded region by using the method of images, which 
is illustrated as follows. Consider the flow due to a source located above 
an infinite flat surface as shown in Figure 6-6(a). The flow is required to 
satisfy the no cross flow boundary condition at the flat surface, i.e., 

0/ =∂∂ yφ  at 0=y . Instead of solving actually the Laplace equation,  

 
Figure 6-6: Illustration for the method of images. (a) A source is located 

at hy =  above an infinite flat surface. The flow field can 
be studied by the superposition of the source and its image 
by regarding that the infinite flat surface as a mirror. (b) A 
body of revolution is translating parallel to an infinite flat 
surface.  
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(6-4), subject to the appropriate boundary conditions, the method of  
images is to construct the solution by the superposition of the potential  
due to the source at 0,,0 === zhyx  with strength Q and that due  
to the image of the source at 0,,0 === zhyx  with the same strength.  
The resulting potential is 
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which is zero when 0=y . Thus the flow with its velocity potential 
described by (6-37) indeed satisfies the no cross flow condition at the flat 
surface 0=y . Similarly, the translation of a slender body of revolution 
parallel to a flat surface as shown in Figure 6-6(b) can also be studied by 
the method of images. 
 
 
(II) Two-dimensional potential flow 
 
 The major characteristic of the two-dimensional potential flow is that 
we can employ the powerful method of complex variables for solving 
problems. For the incompressible two-dimensional flow in a plane, the 
continuity equation is satisfied automatically by defining a stream 
function, ψ , in a Cartesian coordinates, ),( yx , such that 
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The stream function has the following properties: (1) constant=ψ  is a 
streamline, (2) the difference in the values of the stream function for two 
streamlines is the volume flow rate per unit depth between them, and (3) 
the streamlines and equipotentials (lines of constant velocity potential) 
are perpendicular to each other. To prove the third issue, we have 
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according to (6-38) and (6-3). Thus line of constant φ  is perpendicular 
to that of constant ψ . In summary, we have  
 
            

xy
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yx
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according to the definition of the velocity potential and stream function. 
As the two equations in (6-40) are the Cauchy-Riemann equations, we 
may construct a complex function,  
 
                 ),(),()( yxiyxzF ψφ +≡ ,                 (6-41) 
 
which is an analytic function. Here iyxz += , and 1−=i . For an 
analytic function, we have: (1) the complex derivative, dF/dz, exists 
independently of how 0→∆x  and 0→∆y  for any point in the 
complex plane, and (2) analytic functions can be expressed as a 
convergent power series.  
 

The complex velocity is evaluated according to  
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and its complex conjugate 
 
                      ivuzW +=)( , 
such that  
              uu ⋅=+=−−= 22))(()()( vuivuivuxWzW . 
 
The complex variables can be expressed in terms of both the Cartesian 
coordinates, ),( yx , and the polar coordinates, ),( θr , as shown in Figure 
6-7. The relations between these two coordinates are 
 
       θθθθθ ireirirriyxz =+=+=+= )sin(cossincos ,  (6-43a) 
and 
       ( ) ( )θθθθ θθ cossinsincos uuiuuivuW rr +−−=−=   
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θθ θθ i
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Figure 6-7: The coordinates for studying two-dimensional potential flow. 
 
 
(i) Some simple flows 
 

Here we consider some simple two-dimensional potential flows. 
 
(1) Uniform flow 

 
The uniform flow parallel to the x-axis in a plane can be described by  
 

       Ux=φ ,     or      Uy=ψ ,              (6-44a) 

 
Figure 6-8: Sketch of a uniform flow, which makes an angle α with the 

x-axis. 
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where U is the uniform speed. The corresponding complex potential is   
 

UzUiyxizF =+=+= )()( ψφ .              (6-44b) 
 

If the uniform flow is not parallel to the x-axis as that shown in Figure  
6-8, we have 
                      ziVUzF )()( −= ,                 (6-45) 

and the complex velocity 
                      iVU

dz
dFzW −==)(  

 
as expected. The stream function and the velocity potential are then 
 
          ( )( )[ ] VxUyiyxiVU −=+−= Imψ ,               (6-45a) 
and 
          ( )( )[ ] VxUyiyxiVU +=+−= Reφ .               (6-45a) 

As  
          αcos22 VUU += ,    αsin22 VUV += , 
 
(6-45) may also be written as 
 
          zeVUziVUzF iα−+=−= 22)()( .               (6-45c) 

 
 
(2) Source and sink 
 
 The complex potential for a source or sink at the origin of the 
complex plane, 0=+= iyxz , is 
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which is analytic except at 0=z . By substituting θirez =  (see (6-43)) 
in (6-46), we have 
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Figure 6-9: Sketch of the streamlines for flow emitted from a point 

source. 
 
 
as sketched in Figure 6-9. The corresponding velocity components in 
polar coordinates are 
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Here Q is the volume flow rate per unit depth as observed from 
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For source or sink is at 0z  instead of at the origin, the complex potential 
in (6-46) is replaced by 
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2
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π
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(3) Plane vortex 
 
 The plane vortex is a particular flow of interest, which has no 
counterpart in three-dimensional potential flow. The complex potential is 
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as sketched in Figure 6-10. The corresponding velocity components are 
 

               0=ru      and      1
2

u
r rθ

φ
θ π
∂ Γ

= =
∂

.     (6-50) 

 
The strength of the vortex, Γ , is called the circulation, which is defined 
through 

              Γ==≡ ∫∫
π

θ θ
2

0

ncirculatio rdudru .           (6-51) 

The circulation is not zero when the contour of integration encloses the 
singularity, i.e., the origin. The flow is irrotational except at origin.  
 

 
Figure 6-10: Sketch of the flow for a plane vortex. 
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(4) Flow in a sector 
 
 The complex potential for the flow in a sector as shown in Figure 
6-11 is 
                

      θθθ niUrnUreUrUzzF nninnn sincos)( +=== ,      (6-52) 
 
for real constants, n and U. The velocity potential and the stream function 
are thus 
  
           θφ nUrn cos=      and     θψ nUrn sin= .     (6-52a) 
 
Any streamline of the flow is a possible solid boundary for steady flow. 
In particular, the streamline with 0=ψ  is chosen for 
  
                  0=θ     and    n/πθ = .             
 
The complex velocity 
 
     θ

θ
θ i

r
ninn eiuuivuenUrnUz

dz
dFW −−−− −=−==== )()1(11 .   (6-53) 

 
Then 
       θnnUru n

r cos1−=      and     θθ nnUru n sin1−−= ,   (6-53a) 
 
or 
     θ)1cos(1 −= − nnUru n    and    θ)1sin(1 −−= − nnUrv n .  (6-53b) 

 

 
Figure 6-11: Sketch of the streamlines and equipotentials for flow in a 

sector. 
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The variations of ru  and θu  with θ  for 1>n  and positive U are 
shown in Figure 6-12, which is illustrative for plotting Figure 6-11. The 
magnitude of the complex velocity 
 

               122 −==+= nrUnWWvuW ,           (6-54) 
 
is independent of θ. When 0→r , 0→W  if 1>n , which shows a 
stagnation point at 0=r  for the case with a vertex angle less than π . 
However, ∞→W  if 1<n , which shows a singular point at 0=r . 
The cases corresponding to different values of n are sketched in Figure 
6-13.  
 
 
 

 
 

Figure 6-12: The variations of the velocity components with θ . 
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Figure 6-13: Several special cases for flows in a sector.  
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(5) Flow due to a doublet or dipole 
 
 As in three-dimensional potential flow, the flow due to a doublet or a 
dipole can be generated by the superposition of the flow due to a source 
and that due to a sink of equal strength at the same position. Consider the 
flow due to a source with strength Q at 0, =−= yx ε  and a sink with 
strength Q at 0, == yx ε  as shown in Figure 6-14. The complex potential 
is 
                 ( ) ( )ε

π
ε

π
−−+= zQzQzF ln

2
ln

2
)(  

                     ⎟
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⎞

⎜
⎝
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π z
zQ ln

2
 

                     ⎟
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2 ε
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With the Taylor series expansion, 
 
                   ......1)1( ++=+ αδδ α , 
                   ......,1)1( 1 +−=+ − δδ  
and                 

......,)1ln( +=+ δδ  
 
for small values of δ, equation (6-55a) becomes 
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2 z
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                     ( )22
2

εε
π

O
z

Q
+= .                   (6-55b) 

 
  
Figure 6-14: A doublet or dipole is generated by the superposition of a 

source and a sink with equal strength by letting 0→ε .  
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Taking the limit as 0→ε , ∞→Q , such that πµε =Q , where µ  is a 
finite value, equation (6-55b) becomes 
 
                        

z
zF µ
=)( ,                      (6-56) 

 
which is the complex potential due to a doublet or dipole with strength µ . 
The complex potential, )(zF , is analytic in (6-56) except at 0=z . By 
substituting iyxz +=  into (6-56), we have 
 
                    22

)()(
yx
iyx

iyx
zF

+
−

=
+

=
µµ .               (6-56a) 

Thus 
               22 yx

x
+

=
µφ    and    22 yx

y
+

−=
µψ .          (6-57) 

 
The streamlines are 
                   constant22 =

+
−=

yx
yµψ , 

or 

                   yyx ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=+
ψ
µ22 , 

 

 
Figure 6-15: Sketch of the stream patterns due to a doublet. 
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or 

                   
22

2

22 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

ψ
µ

ψ
µyx ,                 (6-58) 

 
which describes a circle with radius )2/( ψµ  at center ))2/(,0(),( ψµ−=yx . 
The circle passes through the origin; and the stream patterns are sketched 
in Figure 6-15. The complex velocity 
 
            θ

θ
µµ i

r e
rzdz

dFiuuivuzW 2
22)( −−=−==−=−= ,        (6-59) 

 
and thus 
            2

cos
r

ur
θµ

−=     and     2
sin
r

u θµ
θ −= .         (6-59a) 

        
It is interest to note that the doublet has the directional property. If 

the doublet is generated by superposition of a source and a nearby sink 
along a line, which makes an angle α  with respect to the x-axis, as 
shown in Figure 6-16, the complex potential  

 
 
 

 
 
Figure 6-16: A sketch showing the directional property of a doublet. 
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or 
                       αµ ie

z
zF =)( ,                     (6-60)   

if the strength of the doublet, µ , is defined through πµε =Q  when 
0→ε  and ∞→Q . If we apply the method of image to study the flow 

generated by a doublet at 000 iyxz +=  in the vicinity of a solid flat wall as 
shown in Figure 6-17, the resulting complex potential is  

            
( )

0 0 0 0 0 0 0 0

( )
( ) ( ) ( ) ( )

i i i ie e e eF z
z x iy z x iy z x iy z x iy

α π α α αµ µ µ µ− −

= + = −
− + − − + − + − − +

   (6-61) 

 
by the superposition of the flow due to the doublet at 000 iyxz +=  with 
orientation α  and that due to its image at 00 iyx +−  with orientation 

απ − . 

 
 
Figure 6-17: The image of the doublet makes an angle απ −  with 

respect to the x-axis, which is different from α , the angle 
between the doublet axis and the x-axis. 
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(ii) Uniform flow past a circular cylinder 
 
 As in three-dimensional potential flow, the complex potential for 
uniform flow past a circular cylinder can be obtained by the superposition 
of a uniform flow and a doublet, 
 

  ⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ +=+= θµθθµθµ sinsincoscos)(
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r
Ur

z
UzzF .  (6-62a) 

 
Thus 
 
     θµθφ coscos

r
Ur +=    and   θµθψ sinsin

r
Ur −= .   (6-62b) 

 
By taking 0=ψ  on a circle of radius a, we have 
 
                      0=−

a
aU µ  

 
according to the second equation of (6-63). Thus the radius of the 
cylinder, a, is related to the strength of the doublet for generating the flow 
as 
 
                       Ua /µ= .                     (6-63) 

 

 
Figure 6-18: Sketch for uniform flow past a circular cylinder. 
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It follows that 
 

                    θψ sin
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and 
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The velocity components 
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and 

                 θψ
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The radial velocity component is identically zero on the surface of the 
cylinder, ar = . The fluid slips on the surface of the cylinder for the 
present inviscid flow, and the circumferential velocity component   
 
                     θθ sin2Uu −= ,                    (6-65c) 
 
which attains a maximum value, 2U, at 2/πθ = . Note that the flow is 
symmetric with respect to both the x-axis and y-axis. There is no net force 
on the cylinder for potential flow.  
 
 
(iii) Flow around a circular cylinder with circulation 
 
 If we superimpose a plane vortex with its center at the origin of the 
coordinates on the uniform flow past a circular cylinder, the complex 
potential 
 

                Czi
z

azUzF +
Γ
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Here a constant, C, is added without affecting the velocity field. Such 
constant is chosen such that 0=ψ  on the surface of the cylinder, i.e.,  
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By substituting θirez = , 
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which indeed satisfies 0=ψ  at ar =  as expected. The stream 
function in (6-68) is not unique, and depends on the value of Γ as follows. 
To see this, the velocity components 
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and 
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On the surface of the cylinder, ar = , the radial component 0=ru  
identically, and the circumferential component 
 
                  

a
Uu

π
θθ 2

sin2 Γ
+−= .                 (6-69c)  

 
Stagnation points on the surface of the cylinder are the values at sθθ =  
and ar =  where 0=ru  and 0=θu . According to (6-69c),  
 
                      

Uas π
θ

4
sin Γ

= .                    (6-70) 

 
There are four different cases as illustrated in Figure 6-19. When 0=Γ , 

0=sθ  and π . The flow is symmetric as before in the last section, and 
there is no net force on the cylinder due to the flow. When 0<Γ  and 

1)4/( <Γ Uaπ , the stagnation points shift “downward” as shown in Figure 
6-19(b) according to (6-70). The velocity is larger on the top of the 
cylinder, the pressure is reduced there according to the Bernoulli equation, 
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and thus a lift force is generated by the flow associated with the effect of 
circulation. A negative lift is generated if 0>Γ . When 0Γ < , 

1)4/( =Γ Uaπ  and 2/3πθ −=s ; there exists only one stagnation point 
on the surface of the cylinder. A lift associated with the negative 

 
 
Figure 6-19: Sketch of the flow for different situation. The point “s” 

represents the location of the stagnation point. 
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circulation is also generated as in case (b). When 0Γ <  and 
1)4/( >Γ Uaπ , there is no stagnation point on the body surface. However, 

we may find a stagnation point in the flow field as follows. For stagnation 
point, the complex velocity 
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Thus the stagnation point occurs at 
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Both roots are pure imaginary when  
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One root occurs within the cylinder, and the other is 
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which implies that the stagnation point outside the cylinder occurs at  
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as illustrated in Figure 6-19(d). With the velocity known, we may 
evaluate the pressure through the Bernoulli equation, and then calculate 
the lift force on the cylinder. For two-dimensional flow, there exists a 
Blasius theorem for calculating the force and moment on the body 
directly once the complex velocity is known, as discussed in Chapter 4 of 
Currie’s book.  
 
 
(iv) Method of images 
 
 As in three-dimensional potential flow, the method of images can be 
employed for studying a variety of problems. 
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(v) Flow for complicated geometries 
 
 In the text of complex variables, method of changes of variables is 
usually employed for solving problems with more complicated 
geometries, for example, the conformal mapping. In two-dimensional 
potential flows, two transformations, the Joukowski transformation and 
the Schwarz-Christoffel transformation, are employed quite successfully 
in studying certain problems, as discussed in Chapter 4 of Currie’s book.  
 
(vi) Water waves 
 
 Although the potential flow assumption is not quite successfully in 
determining the force on the body. The potential theory is a suitable tool 
for studying the water waves (see Chapter 6, Currie).  
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Homework          
 

(1) Consider the uniform potential flow over a sphere. Obtain the stream 
function in a symmetric plane, plot the stream patterns, and calculate 
the force on the sphere.  

 
(2) Consider the two-dimensional potential flow due to a doublet next to 

an infinite solid wall as that shown in Figure 6-17 of the course note. 
Obtain the velocity potential, the stream function, the velocity field, 
the pressure field, and the force acting on the solid wall. 

 
(3) Consider uniform flow past a circular cylinder with negative 

circulation as that shown in Figure 6-19 of the course note. Calculate 
the pressure field, and the force on the cylinder for the four cases 
shown in the figure.  

 
(4) Consider three-dimensional potential flow. The following figure 

shows a doublet of strength µ located at lx =  and a doublet of 
strength *µ  located at lax /2= . Show that the surface ar =  
corresponds to 0=ψ  if 33* / la µµ −= , and hence deduce that the 
stream function for a doublet of strength µ  located a distance l from 
the center of a sphere of radius a is  

              α
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µθψ 2
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3
2 sin

4
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4
),(

l
ar +−= . 

Also deduce that the corresponding velocity potential is  

α
ηπ
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πξ
µθφ cos

4
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4
),( 23

3

2 l
ar −=  

Show that the force, which acts on a sphere of radius a owing to a 
doublet of strength µ located a distance l from the center of the sphere 
along the x-axis is 

                   ( ) x
al
la eF 422

32

2
3

−
=

π
ρµ .            (from Currie’s 

book, Ch.5) 
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(5) Determine the complex potential for a circular cylinder of radius a in 

a flow field which is produced by a counterclockwise vortex of 
strength Γ located a distance l from the axis of the cylinder. This may 
be done by writing down the complex potential for a clockwise vortex 
of strength Γ located at bz −= , a counterclockwise vortex of strength 
Γ located at baz /2−= , a clockwise vortex of strength Γ located at 

laz /2= , a counterclockwise vortex of strength Γ located at lx = , 
and a constant [ ] bi log)2/( πΓ− . Then let ∞→b  and show that the 
circle of radius a is a streamline. Obtain the force acting on the 
cylinder. 
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CHAPTER 7: LAMINAR BOUNDARY LAYER THEORY 
 
 The major drawback of the potential flow is that the force on the 
body cannot be predicted correctly due to the absence of viscosity. A 
remedy to include the viscous effect is to introduce a “thin” boundary 
layer next to the body surface as discussed in chapter 4. For high 
Reynolds number flow, the flow region is separated into two regions, the 
inviscid main flow and the boundary layer region (including the boundary 
layer next to the solid surface and the wake downstream of the body), as 
illustrated in Figure 4-1(b). The governing equations for the 
two-dimensional boundary layer flows have been derived in chapter 4 
(see equations (4-18a-b)). Here in this chapter we shall consider some 
laminar boundary layer flows. The laminar boundary layer flow becomes 
unstable and transits to turbulent boundary layer flow when the Reynolds 
number exceeds some critical values (see Schlichting’s book). 
 
(I) Boundary layer on a flat plate, a wedge, and a perpendicular wall 

(stagnation flow)  
 

Consider the two-dimensional boundary layer flow over a flat plate, a 
wedge, and a perpendicular wall (i.e., stagnation flow) as shown in Figure 
7-1. The governing equations and the associated boundary conditions are 
equations 4-17(a-d), and are stated as follows.      
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and 
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+
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∂ ν ,            (4-17b) 

subject to 
 

               0,u =   0v =    at    0=y ,             (4-17c) 
and 

                )(xUu s=     as    ∞→y .            (4-17d) 

 
The surface velocity of the inviscid main flow, )(xUs , may be evaluated 
from the potential flow theory (refer to section (i)-(4) of chapter 6), as 
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                       n
s AxxU =)( ,                      (7-1) 

 
where n is related to the wedge angle, 2θ, or )( θπα −=  through  
 
                    

θπ
θ

α
π

−
=−= 1n .                  (7-1a) 

 
The values for n for different cases are illustrated in Figure 7-1. The scale 
of the thickness of the boundary layer, δ, can be estimated as 
 
                          

xRx
1~δ ,                    (7-2) 

 
through a scaling analysis (see chapter 4), where xR  is the Reynolds 
number defined as  
 

ν
xUR s

x = .                    (7-2a)  

 
Figure 7-1: Sketch of the two-dimensional boundary layer flow over (a) a 

flat plate, (b) a wedge, and (c) a perpendicular wall. The cases 
for the flat plate and the perpendicular wall can be regarded as 
special cases for the wedge flow. The surface velocity of the 
inviscid main flow for these cases can be expressed as 

n
s AxxU =)( , where A and n are constants. 



 189

On setting 
                         

xR
x

=δ ,                     (7-2b) 

 
we now try to solve the present problem by using the method of similarity 
transformation. Let  
 
        )(')(),( ηfxUyxu s=    and   )(/ xy δη = ,            (7-3) 
 
where ηη ddff /)(' = . With )(xUs  and )(xδ  given by (7-1) and (7-2b), 
we may deduce the equation governing )(ηf  from (4-17a) and (4-17b) 
as follows. 
 
               0)'1(''

2
1''' 2 =−+

+
+ fnffnf ,               (7-4) 

 
which is called the Falkner-Skan equation. The corresponding boundary 
conditions for (7-4) are 
 
                0)0()0('1)(' ===−∞ fff .               (7-5) 
 
Equation (7-4) subject to (7-5) is solved via numerical integration, say, 
using the computer program discussed before in chapter 3 for the 
stagnation flow with suitable modifications for the functions. The 
numerical results are plotted in Figure 7-2. The line with 0=n  
corresponds to the boundary layer flow over a flat plate at zero angle of 
attack; there is no applied pressure gradient from the external inviscid 
main flow, i.e., 0// =−=∂∂ dxdUUxP ssρ . The applied pressure gradient 
is favorable for 0>n , but is adverse for negative n. The shapes of the 
velocity profiles for different values are direct consequences of the 
applied pressure gradient. The slope of )(' ηf  tends to approach vertical 
as n  increases for negative n. According to the numerical solution, the 
slope of )(' ηf  becomes vertical, the shear stress at wall vanishes, and 
the flow separates from the surface when 091.0−=n , which corresponds 
to o198=α  in Figure 7-1. It is generally defined that the separation 
occurs when the shear stress at wall equals to zero. Reversed flow is 
observed locally next to the wall when 091.0−<n . According to the 
profiles plotted in Figure 7-2, )(' ηf  approaches unity as η  increases. 
For example, '( ) 1f η ≈  when 5≈η  for 0=n , which implies that the 
actual boundary layer thickness is about δ5 . The boundary layer 
becomes thinner as n increases, but increases rapidly as –n increases. 
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With )(' ηf  known, we may calculate the shear stress at wall 
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the displacement thickness, 
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and other flow properties. The validity of the above similarity solution is 
studied as follows. We have assumed that  
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u

∂
∂
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in deriving the boundary layer equation as discussed in chapter 4, which 
implies that 
 
                     11~ <<

xRx
δ .                     (7-8) 

 
According to (7-2a), (7-8) is not valid at small x. Thus the similarity 
solution is not valid near the leading edge of the flat plate or the wedge 
for 10 << n . However, for stagnation flow, 1=n , and 
 

                      
AxAx

x ν

ν

δ ==
)(

, 

 
which is a constant (independent of x !). Thus the above similarity 
solution is still valid. In fact, the viscous diffusion term along the 
x-direction is identically zero for the stagnation flow; the solution of the 
stagnation flow is an exact solution as discussed in chapter 3.  
 

For the case of boundary layer flow over a flat plate, 0=n , equation 
(7-4) reduces to 
                      0''

2
1''' =+ fff ,                    (7-9) 

 
which is called the Blasius equation. In particular, 332.0)0('' ≅f , 
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The drag coefficient on one side of the flat plate with length L, 
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Figure 7-2: Numerical solutions of the Falkner-Skan equation for 

different values of n. The figure is adopted from Panton’s 
book. Here nm = , and se Uu = . 
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(II) Interaction between the inviscid main flow and the boundary 
layer flow 

 
A more rigorous analysis for steady flow at high Reynolds number 

using the boundary layer theory is as follows. 
 
(1) Solve the inviscid main flow (external flow) with no cross flow 

boundary condition. Potential flow theory is employed if the flow 
is incompressible and irrotational. 

(2) Obtian )(xUs  and dxdUU ss / , i.e., (1/ )( / )sdP dxρ−  for the 
streamwise pressure gradient inside the boundary layer. 

(3) Solve the boundary layer flow using the boundary layer 
equations. 

(4) Update the inviscid main flow by taking into account the 
boundary layer effect, usually through the displacement effect. 
The original shape is replaced the modified shape as shown in 
Figure 7-3. The modified shape of the body is “thicker” than that 
of the original body by a displacement thickness.  

(5) Update the boundary layer flow using the new values of )(xUs  
and dxdUU ss /  associated with the updated external flow.  

(6) Iteration between the external and the boundary layer flow as 
above until convergence is attained.  

 
Similar iteration procedures can be employed if the external inviscid 

flow is rotational and/or compressible. Of course, the potential theory 
cannot be applied for such cases, and solutions of the continuity and 
Euler equations are required. Usually the above iteration is not needed 
since the displacement effect in item (4) is small, and the procedure (4) 
always calls for numerical calculation.  

 

 
Figure 7-3: The original shape of the body is replaced by the modified  

shape, which takes into account the displacement effect, for 
updating the inviscid main flow. 
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(III) Integral method 
 

The integral method is an approximate method for solving the 
boundary layer equation. We shall first define some length scales for the 
boundary layers, then derive the von Karman’s momentum integral 
equation (1921), and finally illustrate the method through an example. 
 
(i) Some scales for boundary layers 
 

As in the undergraduate fluid mechanics, the boundary layer thickness, 
δ, is usually defined as the distance from the wall (or from the centerline 
for boundary-free shear flows such as wake or jet flows, see next section) 
where the local velocity equals 99% of the free stream velocity (or 50% 
of the centerline velocity for jet flow), i.e., when ),(99.0),( txUxu s=δ . As 

sU  is function of x and t in general, the boundary layer thickness δ is also 
function of x and t. Of course, one may define δ as the distance from the 
wall where the local velocity equals another fraction other than 99% of 
the free stream velocity, say, when ),(9.0),( txUxu s=δ , for example.  

 
The displacement thickness, ),(* txδ , which was defined before in 

(7-7), can be rewritten as 
 

                   ( )∫
∞

−=
0

* dyuUU ssδ .                (7-10) 

 
The physical interpretation of the displacement thickness is illustrated in 
Figure 7-4(a) and (b). The term *δsU  in (7-10) represents the volume 
flow rate defect. The name “displacement thickness” comes from the 
following reason. Since yu ∂∂= /ψ , we have 
 

                 ( ) *

0 0

),( dyUuyUdyyxu
y y

ss∫ ∫ −−==ψ         (7-11) 

 
for a given x. At δ>>y  (outside the boundary layer),  
 

                 ( ) *

0

δψ ssss UyUdyUuyU −=−+→ ∫
∞

.      (7-11a) 

 
It follows that 
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                  0=ψ     at     *δ=y .          (7-11b) 
 
Thus the effect of the boundary layer is to make the body appear to be at 

*δ=y  as seen from an observer outside of the boundary layer, which is 
termed the displacement effect, and has been employed in the last section 
for updating the external inviscid main flow.  
 
 The momentum thickness, ),( txθ , is defined as 
 

                      dy
U
u

U
u

ss
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≡ ∫

∞

1
0

θ ,               (7-12) 

 
which can be rewritten as 
 

                       ( )dyuUuU ss ∫
∞

−=
0

2θ .              (7-12a) 

 
The term θ2sU  represents the momentum defect of the boundary layer 
flow, as illustrated in Figure 7-4(c) and (d). 
 

 
Figure 7-4: Illustration for the boundary layer and displacement thickness  

(a and b), and for the momentum thickness (c and d). 
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(ii) von Karman’s momentum integral equation (1921) 
 

Here we shall derive the momentum integral equation for unsteady 
incompressible two-dimensional boundary layer flow with suction 
(negative normal velocity) or blowing (positive normal velocity) at the 
wall. The mechanism for blowing and/or suction is usually employed for 
boundary layer control. The governing equations for the unsteady 
incompressible two-dimensional boundary layer flow with constant 
viscosity are (4-18a,b), and are expressed as follows for convenience. 

 
           0=

∂
∂

+
∂
∂

y
v

x
u ,                    (7-13a) 

and 

      2
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By multiplying (7-13a) with u and adding to (7-13b), we obtain 
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With the application of continuity equation, 
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it follows from (7-14) that 
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By integrating the above equation with respect to y from 0=y  to ∞ , 
we obtain 
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where )(xvv ww =  is the specified suction/or blowing velocity, which 
may varies along the wall. On using the definitions 
               

                     ( )∫
∞

−=
0

* dyuUU ssδ , 

 

                     ( )dyuUuU ss ∫
∞

−=
0

2θ , 

and 

                     
ρ

τν ),(

0

tx
y
u w

y

=
∂
∂

−
=

, 

 
where ),( txwτ  is the shear stress at wall, we finally obtain 
 
          ( ) ( )

ρ
τδθδ w

sw
s

sss Uv
x

UUU
x

U
t

=+
∂
∂

+
∂
∂

+
∂
∂ *2* ,       (7-15) 

 
which is called the von Karman’s momentum integral equation. The 
terms in (7-15) represent the unsteady effect, the effect of momentum 
defect, the effect of the imposed pressure gradient, the suction/blowing 
effect, and the effect of the wall shear.  
 
(iii) Example for the application of the integral method 
 

Here we consider a simple example, which is the steady uniform flow 
past a flat plate without suction and blowing. ∞= UUs , which is a 
constant here and thus there is no imposed pressure gradient. Equation 
(7-15) reduces to 

 
( )

ρ
τθ wU

dx
d

=∞
2 .                  (7-15a) 

 
If a velocity profile, which satisfying the boundary conditions, is assumed 
across the boundary layer, i.e.,  
 
            )(),( ηf

U
yxu

=
∞

   for   1
)(

0 ≤=≤
x

y
δ

η  

  
                  1=       for   1>η ,                (7-16) 

 
with a given functional relationship of )(ηf , we can evaluate the spatial 
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variation of the boundary layer thickness, ( )xδ , by solving (7-15a). Once 
( )xδ  is known, we can evaluate )(xwτ , and thus the drag on the flat plate. 

The simplest profile, which satisfying the no-slip condition at wall and 
the free stream condition at δ=y , is the linear profile, i.e.,  
 

η=
∞U

yxu ),(    for   1
)(

0 ≤=≤
x

y
δ

η  

  
                  1=       for   1>η .               (7-16a) 

 
We have 
 
             

2
* δδ =  ,     

6
δθ =     and    

δ
ν

ρ
τ ∞=

Uw . 

 
Thus (7-15a) implies 
 

                       
δ

νδ ∞∞ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ UU
dx
d

6

2

,                (7-17) 

 
which is solved subject to 0=δ  at 0=x . The solution is 
 
                          

xRx
46.3

=
δ .                   (7-17a) 

 
In particular, the shear stress at wall, 
 
                      

x
s

w

RUU

58.02

2
1 2

==
δ
ν

ρ

τ ,             (7-17b) 

 
which is only 12.65% less than the Blasius solution in (7-9a). It is worth 
to point out that the approximate solution in (7-17b) is fairly accurate 
although the assumed linear profile is a very crude assumption as the 
shear stress is constant across the whole boundary layer and is not 
continuous at the outer edge of the boundary layer. A better result can be 
obtained by using a smooth profile. For example, one may assume 
 
             432),( ηηηη edcba

U
yxu

++++=
∞

             (7-18) 
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for 1≤η  for general steady boundary layer flow with an imposed 
pressure gradient but without suction and blowing. The coefficients a, b, 
c, d and e are obtained by satisfying 
 

       sUu =    and   02

2

=
∂
∂

=
∂
∂

y
u

y
u    at   δ=y        (7-18a) 

and 

       0=u     and   
x

UU
y
u s

s ∂
∂

−=
∂
∂

2

2

ν    at   0=y .    (7-18b) 

 
Here the last condition in (7-18b) is derived from the steady form of 
equation (7-13b) with the imposed no-slip boundary condition at wall.  
 
 For steady flow, it is noted that the application of the momentum 
method is to reduce the problem governed by a set of partial differential 
equations, say, (7-13a) and (7-13b) without the unsteady terms, by that 
governed by an ordinary differential equation, say, (7-15) without the 
unsteady term. The integral method can also employed for studying the 
unsteady boundary layer flows, although the resulting integral equation is 
a partial differential equation with independent variables x and t.  
 
 
(IV) Boundary-free shear flow 
 

So far in this chapter we have discussed the boundary layer flow next 
to the solid boundary. As discussed in chapter 4, we may also apply 
boundary layer assumption in solving the boundary-free shear flow, 
which is a kind of the boundary layer flow governed by the same 
boundary layer equations as before, but without solid boundary. 
Examples of the boundary-free shear flows are the wakes, the jets and the 
shear layers (or called the mixing layers). For the laminar case, the 
analysis of the shear layer can be found from Batchelor’s book; the jet 
problem will be discussed in the homework set; and the rest of this 
section will concentrate on the study of the wake problem. The discussion 
of the corresponding turbulent boundary-free shear flow can be found 
from the book “A first course in turbulence”, by H. Tennekes and J. L. 
Lumley, MIT press, 1972. 

 
The velocity field of a steady two-dimensional laminar far wake is 

sketched in Figure 7-5. There exists a velocity defect downstream of the 
body, which is a direct consequence of the drag exerted by the fluid on 
the body, as illustrated in the following integral analysis. Consider a 
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sufficiently large control volume, V, enclosing the body as shown in 
Figure 7-6(a). The surface of the control volume having unit outward 
normal n̂  consists of two parts, the inner part, 1S , and the outer part, 2S . 
Here 1S  is the surface of the body having unit outward normal nN ˆˆ −= . 
With the application of the continuity equation, the steady incompressible 
Navier-Stokes equation with negligible body force can be expressed in a 
conservative form as 

 
                   ( ) 0=−⋅∇ Tuuρ ,                   (7-19a) 

 
or in index form as 
                     ( ) 0=−

∂
∂

ijji
i

Tuu
x

ρ ,                  (7-19b) 

 
where T is the stress tensor. On taking the volume integral of (7-19a) with 
respect to the control volume, and using the divergence theorem, we have 
 
         ( ) ( ) ( ) 0ˆˆ

21

=−⋅+−⋅=−⋅∇ ∫∫∫ dSdS
SSV

TuunTuunTuu ρρρ . 

With 0=u  on 1S , the above equation becomes 
 
               ( )dSdSdS

SSS

TuunTNTn −⋅=⋅−=⋅ ∫∫∫ ρ
211

ˆˆˆ . 

 
The force exerted on the body by the fluid is 
 
               ( )dSdS

SS

uuTnTNF ρ−⋅=⋅≡ ∫∫
21

ˆˆ .            (7-20) 

 
 
Figure 7-5: Sketch of the wake flow. 
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The drag on the body, D, is defined as iF ˆ⋅=D , where î  is the unit 
normal vector along the direction of the uniform stream as shown in 
Figure 7-5, and thus 
 
                   ( ) dSD

S

iuuTn ˆˆ
2

⋅⋅= ∫ ρ- .               (7-21) 

 
Recall that the stress tensor, 
 
                  ( ) uIuuIT ⋅∇+∇+∇+−= λµ Tp ,           (7-22a) 

 
for Newtonian fluid, where I is the unit tensor, or expressed in index form 
as 
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Figure 7-6 : Sketch of the control volumes for evaluating the drag. 
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If 2S  is sufficiently far from the body, IT ∞−≅ p , with ∞p  the pressure 
associated with the free stream U,  
 
                  0ˆˆˆ

22 2

=−=−=⋅ ∫∫ ∫ ∞∞
SS S

dSpdSpds nnTn , 

 
and thus (7-21) implies  
 

                   
2

ˆˆ
S

D dSρ≅ − ⋅ ⋅∫ (n u)(u i) .             (7-23) 

 
The x-component of the velocity u can be expressed in terms of the 
velocity defect (u-U) as 
 
                    )(ˆ UuUu −+=⋅= iu ,              (7-24) 

 
equation (7-23) then becomes 
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)(ˆ
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−+⋅−≅ ∫ u)n(ρ .           (7-25)       

 
The first term on the right hand side of (7-25) is zero since there is no net 
mass efflux from 2S , i.e., 
 
                        ∫ =⋅

2

0ˆ
S

dSunρ ,                 (7-26) 

 
which can be proved by integrating the continuity equation for steady 
flow , ( ) 0=⋅∇ uρ , over the control volume, i.e., 
 
       ( ) ∫ ∫∫ ∫ ⋅=⋅+⋅=⋅∇=

2 21

ˆˆˆ0
S SV S

dSdSdV unununu ρρρρ dS , 

 
by using the no-cross flow condition at 1S . Thus (7-25) becomes 
 
                [ ]dSUuD

S

−⋅−≅ ∫ u)n(
2

ˆρ .             (7-27) 

 
As the shape of the large control volume is arbitrary, we may choose a 
special control volume in Figure 7-6(b) such that ASS ∩= '22 . Here the 
downstream part of the control surface, A, is a flat surface perpendicular 
to the flow with unit normal vector in ˆˆ = . For the integration over the 
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part of '2S , the velocity defect 0)( →− Uu , and thus its contribution to 
the drag is zero. Therefore, equation (7-27) finally becomes 
 
                     dSUuuD

A
∫ −−≅ )(ρ ,                (7-28) 

 
which relates the velocity defect to the drag.  
 
 As the far wake (the wake that is sufficiently downstream from the 
body) is a slender region of flow variation, it is adequate to use the 
boundary layer assumption and thus the boundary layer equations to 
study the flow field inside the far wake. As the pressure outside the wake 
is constant, the pressure gradient for the boundary layer flow inside the 
wake is identically zero, and thus the governing boundary layer equations 
for the steady wake in the Cartesian coordinates shown in Figure 7-5 are 
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and 
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Denote the velocity defect by 
 
                        Uuu −=' ,                     (7-30) 
 
equation (7-29b) implies 
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As  
                      Uuvu ~~' << ,                  (7-32) 

 
the second and the third terms in (7-31) are negligible in comparing with 
the first term, and thus (7-31) is linearized as 
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which is in the form of the heat equation. Equation (7-33) is solved 
subject to 
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                   0' →u    as   ±∞→y ,             (7-33a) 
 
and the integral constraint according to the “drag-velocity defect” relation 
in (7-28) with the application of (7-32), i.e.,  
 

                       ∫
∞
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−=
U
Ddyu
ρ

' ,                 (7-33b) 

 
for given value of D. It is worth to point out that the integral constraint in 
(7-33b) is employed instead of specifying a given condition at a fixed 
value of x for solving the problem. Also according to (7-33b), the total 
velocity defect of the velocity profile across the wake is constant 
(independent of x!). Let 
 
                     )()(),(' ηfxAyxu −= ,                (7-34) 

with 
                          

)(x
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δ
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where Ux /νδ =  is a scale for the boundary layer thickness, which is 
obtained through a scaling analysis of (7-33). On substituting (7-34) into 
(7-33), we have 
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For self preserving (i.e., similarity solution exists), it is required that 

)(/)(' xAxxA  to be independent of x. With (7-34), (7-33b) implies that 
 

                  ∫
∞

∞−

−=−
U
Ddf

U
xA

ρ
ηην )( .                

 
On setting 
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we found 
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With (7-38), (7-35) becomes 
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which is solved subject to the boundary conditions according to (7-33a), 
 
                        0)( =±∞f ,                    (7-39a) 
 
and the integral constraint, (7-36). To solve the problem, we first re-write 
(7-39) as 
                      0)'(

2
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and thus obtain 
                       12
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by carry out the integration. The constant of integration 01 =C  if 

0' →f  and 0→fη  as ±∞→η , which is consistent with (7-39a), as 
validated from the solution later. Thus equation (7-40b) becomes 
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which has solution 
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The constant of integration, 2C , is determined by substituting (7-40d) 
into (7-36), the result is π4/12 =C . Thus 
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Homework  
 
(1) For steady boundary layer flow over an axial symmetric body as 

shown below. The governing equations are 
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∂
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   The Mangler’s transformation (1948) is defined through the following 
relations, 
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   where L is a reference length, and )(xr  is the radius of the cross 
sectional area at x. Derive 
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  which are of the same form as those in planar boundary layer flow, and 
thus the method employed before in this chapter can be applicable for 
solving the problems.  

   
(2) Carry out the integral momentum analysis of the uniform flow over a 

flat plate for the assumed velocity profile   
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   Compute the boundary layer thickness δ, the displacement thickness, 
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the momentum thickness, and )2//( 2
∞= UC wf ρτ . (from White, 

p.329) 
(3) The quantity ( )( )dxdpw //* τδ  is called the Clauser’s parameter. It 

compares external pressure gradient to wall friction and is very useful 
for turbulent boundary layers. Show that this parameter is a constant 
for a given laminar Falkner-Skan wedge-flow boundary layer. What 
value does this parameter have at the separation condition? (from 
White, p.330) 

  
(4) Consider the two-dimensional laminar jet as shown in the following 

figure. The fluid is ejected from a slit with width b in a wall into 
infinite space filled with the same fluid. The mass and momentum 
discharge per unit depth are UbQm ρ= and 2UbM ρ= , respectively. 
On setting 0→b  and ∞→U  simultaneously such that =M  
constant, we have 0/ →= UMQm . Thus a constant momentum 
source can be generated approximately by a weak mass source. A jet 
is a flow generated by a constant momentum source, i.e.,  

                   ∫
∞

∞−

== constant2 Mdyuρ                   (5) 

for any x in the Cartesian coordinates shown in the figure. As the jet 
is a slender region of flow variation, and the pressure is uniform 
outside the jet, we may apply the boundary layer equations, 
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   (6b) 
to describe the jet flow. These equations are solved subject to the 
boundary conditions 
                 0=u    at   ∞→y ,                (7a) 

and    0==
∂
∂ v

y
u    at   0y =    (symmetric condition),  (7b) 

together with the integral constraint in (5). Equation (6a) is satisfied 
automatically by introducing the stream function, ψ , such that 
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Equation (6b) becomes 
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and (5) becomes 
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Let x , δ  and Q be the length scale in the x-direction, the length 
scale in the y-direction and the scale for ψ . Show that 
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    by carrying out a scaling analysis of equations (9a) and (9b). Thus 
let 
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    prove that )(ηf  is governed by 
                     0''''''3 2 =++ ffff ,                    (12) 
    which is solved subject to the boundary conditions 
                  0)(')0('')0( =∞== fff ,               (12a) 
    according to (9a), (7a) and (7b). Show that the solution is 
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    The constant C is determined by the integral constraint. Show that 
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With (13a), calculate the velocity components, u and v. The results are 
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    and 
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where 3/1)48/(ηξ = . Note that  
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which is not zero, and this phenomenon is called the entrainment. As 
there exists entrainment at the outer edge of the jet, the total volume 
flow rate, xQ , across the jet also varies with x. Show that 
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(16) 
which increases with x. 
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CHAPTER 8: GENERAL DISCUSSION ON OTHER TOPICS IN 
FLUID MECHANICS 

 
 First let us review what we have learned previously in this course. 
We have laid down the basis of continuum fluid mechanics in chapter 2, 
and illustrated vary mechanisms and some analytical techniques via 
selected exact solutions of the governing equations in chapter 3. As the 
governing equations of fluid mechanics are nonlinear in nature, exact 
solutions for the governing equations are limited, and thus the fluid 
mechanics problems are always studied under certain approximations, 
which forms the topics in chapter 4-7. Since the Reynolds number is the 
most important dimensionless parameters for general fluid mechanics 
problems, approximation is made here under the conditions of low and 
large Reynolds number. The flow physics from small to large Reynolds 
number is discussed in chapter 4. When the Reynolds number is 
sufficiently small, the nonlinear convection term can be neglected, and 
the flow is governed by linear equations. Two types of low Reynolds 
number flows, lubrication (internal flow) and flow past a sphere (external 
flow), are discussed in chapter 5. When the Reynolds number is 
sufficiently large, the flow region can be separated into two regions, the 
inviscid main flow and the thin boundary layer regions. Each of these two 
regions is solved by simplified equations derived from the Navier-Stokes 
equation. The inviscid main flow contains most of the flow region, which 
is governed by the continuity and the Euler equation. If the inviscid main 
flow is further irrotational, the governing equation of the inviscid main 
flow becomes the Laplace equation, and the resulting flow is called the 
potential flow. Elementary potential flow is discussed in chapter 6. The 
boundary layer region is a slender region of flow variation, with its 
streamwise extent much greater than that in the cross streamwise 
direction. It contains the boundary layer next to the solid boundary (for 
satisfying the no-slip condition) and the wake region behind the body. 
The equations governing the flow inside the boundary layer region are 
called the boundary layer equations, which were derived in chapter 4. 
Some simple planar boundary layer flows were discussed in chapter 7.  
 
 The present course is an introductory course for the student who 
wishes to learn further fluid mechanics beyond the undergraduate fluid 
mechanics. There are three succeeding courses, namely, the “viscous 



 210

flow”, the “compressible flow”, and the “introduction to turbulence”, 
available in the Institute of Applied Mechanics at National Taiwan 
University. The detailed contents of these courses may vary for different 
instructors, but it is expected that the major topics should remain 
essentially the same. According to the author’s own experiences and 
realization, the essential topics of these three courses are as follows. 
 
 

(I) Viscous flow 
 

If the course “viscous flow” is treated as a follow-up course of the 
present course, it is suggested that the following topics are adequate. 

   
(i) Unsteady low Reynolds number flows 

(a) Arbitrary motion of a sphere in an unbounded fluid – a 
natural discussion of the extension of the steady Stokes flow 
to unsteady situation (Yih’s book).  

(b) Swimming of microscopic organisms – illustration of a 
propulsion mechanism via the viscous effect (Taylor’s 
papers). 

(c) Squeeze film problem – a type of lubrication problem, which 
finds direct applications to MEMS (selected papers).   

(ii) Some complicated laminar viscous flows 
(a) Ekman flow – illustration for studying problems in a rotating 

frame (Batchelor’s book). 
(b) Entrance flow – illustration for the interaction of inviscid and 

boundary layer flows (Schlichting’s book).  
(c) Flow in curved and/or rotating channels/pipes – illustration of 

the secondary flows (Schlichting’s book, selected papers). 
(iii) Axisymmetric and three-dimensional boundary layers (Yih’s 

book, Schlichting’s book, and Rosenhead’s book) 
(iv) Unsteady boundary layers (Schlichting’s book, Rosenhead’s 

book)  
(v) Introduction to hydrodynamic stability (selected materials from 

chapter 1 to 4 of the book by Drazin & Reid) 
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(II) Compressible flow 
 

The author has taught this course several times, and included:   
(i) Most of the materials in the book by Anderson,  
(ii) The compressible boundary layers in Schlichting’s book, and  
(iii) Elementary acoustics (refer to chapter 4 of Thompson’s book; 

chapter 1 and 2 of Lighthill’s book).    
 

Of course, the serious students should read the famous classical texts 
by Shapiro (1953) and Liepmann & Roshko (1957).  

 
 

(III) Introduction to turbulence 
 

The author had taught this course several times and followed basically 
the text by Tennekes & Lumley (1972), together with some preliminary 
discussions on experimental methods based on Bradshaw’s book.  
 
 
 However, the author believed that a rigorous understanding on fluid 
mechanics should included some further materials on potential flow, 
which includes: (1) more details on two-dimensional potential flow 
(chapter 4 of Currie’s book), (2) Unsteady potential flow (Yih’s book), 
and (3) Elementary water waves (chapter 3 and 4 of Lighthill’s book). 
Unfortunately, these topics cannot be included naturally in the above 
three courses offered by the Institute of Applied Mechanics.  
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