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CHAPTER1 INTRODUCTION

(I) Fluid Mechanics

As we have learned from high school physics or chemistry, there are
three phases of substances, solids, liquids and gases, depending on
different values of pressure and temperature in the surroundings. The
density of the solid and liquid are of the same order, and are in general of
three order greater than that of the gas. However, the response of the
liquid under the action of an applied shear stress is similar to that of the
gas, and is fundamentally different from that of the solid. Therefore, the
liquid and the gas are grouped together as a new category, the fluid.

Consider the case when a piece of substance (called a body) is subject
to the action of an applied shear stress, as shown in figure 1-1. Unless the
body is perfectly rigid, the body may deform due to the applied shear
stress. If the substance is a solid, the deformation angle, vy, is proportional
to the shear stress, z. We may write

=Gy (1-1)

If the stress is below the proportional limit, where G is the shear modulus
of elasticity which can be determined from experiment. The deformation
angle, vy, is determined and stays at a constant value as long as z remains
constant (see figure 1-1(b)). However, if the substance is a fluid, it may
deform continuously (i.e., flow, see figure 1-1(c)) under the action of the
shear even if zis kept constant and at a very small value. The deformation
angle, vy, thus increases continuously with time as long as z is applied. In
such a case, we cannot relate zto y. Instead, we propose that

T C 7/ ) (1'2)

where 7/ Is the time rate of change of vy, the rate of deformation.

Therefore, a fluid is defined as a substance that deforms continuously
when subjected to a shear stress, no matter how small that shear stress
may be.
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Figure 1-1



Fluid mechanics is a discipline for the study of the response of
the fluid under the action of applied forces. The response of the fluid
includes its translation, rotation and deformation. The applied forces are
generalized forces associated with all kinds of the driving mechanisms,
including all kinds of" forces such as that associated with the above shear
stress, the buoyancy force resulting from an applied temperature contrast,
the electric and magnetic forces if the fluid is a conductor, and other
driving mechanisms.

(IT) Microscopic versus macroscopic approach

Any substance, including the fluid, is composed of molecules, which
Is a basic concept in elementary physics or chemistry. However, many
useful properties of the fluid, including the density, the velocity, the
pressure and the temperature, are macroscopic properties. For example, if
we measure the velocity at a location (denoted by a “point’ in space) in an
air stream using a Laser Doppler Anemometry (LDA), we get a value at a
‘point’. The ‘point’ actually has a finite volume, which is approximately
the measuring volume of the LDA, an ellipsoid with characteristic lengths
of order of several hundreds micron (1 micron =1 um = 10°m). We may
have even a larger “point’ if the hot-wire anemometry or the Pitot tube is
employed instead of the LDA. On the other hand, the mean free path, A,
of the air at standard condition is about 0.065 um. The molecules move
randomly in space with a velocity of order of the sound speed, and collide
with other molecules in space. The mean free path is defined as the
average distance traveled by a molecule before two succeeding collisions,
and is in general of one order greater than the molecular spacing. Thus a
measuring “point” is actually a very large space for a molecule to
experience. Let L  be the characteristic length scale of the measuring

volume (i.e., the “‘measuring point’), we have

3
L, 650 ~10*, or i) ~10%,
A 0.065 A

There are about 10" molecules within the above measuring ‘point’ if we
take L =650um. The velocity of the fluid at a measuring ‘point’ is

actually an average value of the velocity of the molecules contained in the
‘point’.

If we study the fluid mechanics problem from the molecular point of
view (microscopic approach), we had to study the motion of many



molecules governed by the law of dynamics (three degrees of freedom for
a molecule if it is treated as a point mass). Statistical averaging processes
are then carried out for obtaining various macroscopic properties based
on the results of the molecular motion. Although a nonlinear
integral-differential equation for the time development of the velocity
distribution function, called the Boltzmann equation, can be derived
under certain restrictions, the method of solution for the equation is very
complicated. Here the concept of velocity distribution function is
introduced to avoid the detailed evaluation of the motion of every
individual molecule in the Boltzmann equation. One of the good
references for the theories, the analyses, and the numerical simulations of
the microscopic approach is the book “Molecular gas dynamics and the
direct numerical simulation of gas flows” by G. A. Bird (Clarendon Press,
Oxford, 1994).

Whether the microscopic (molecular) approach is necessary for
studying fluid mechanics problems depends on the relative magnitude of
the characteristic length scale of the problem (L) to the characteristic
length scale of the molecules (.S'). For gas flow, the characteristic length
scale of the molecules is the mean free path, A. The Knudsen number,
Kn , is defined as

Kn=AIL. (1-3)

We may ignore the molecular details if Kn is sufficiently less than unity.
In practice, the macroscopic approach discussed below may be adopted if
Kn is less than 0.1 (see Bird’s book).

For liquid flow, the molecules are crowded together and constrained
to move freely, which is different from that in gas flow. The concept of
the mean free path does not apply for liquid, and thus the appropriate
characteristic length scale of the molecules for liquid flow is the

molecular spacing, S,, which is in general of one order less than that for
gas, S,.

The macroscopic approach is a field approach, or a continuum
approach. All of the macroscopic properties are considered as field
variables, which are continuous functions in space and time, such that
their variations can be studied via differential and integral calculus. A



point in the field is called a fluid point, which should contain a
sufficiently large number of molecules.

Consider a small volume of fluid A4V containing a large number of
molecules. Let Am be the mass of an individual molecule. The density of
the fluid under the continuum approach is defined as

_ lim [ZA—’"] 1-4
p AV — s\ AV -4

where & is a volume which is sufficiently small that £"° is small
compared with the smallest significant length scale in the flow field and
Is sufficiently large that it contains a large number of molecules. The
summation in (1-4) is taken over all the molecules contained within AV,
Thus the continuum approach is valid if the relation

SP<<e<< (1-5)

is satisfied. Here S=A4 for gas flow, but §=S, for liquid flow.

Figure 1-2 adopted from Batchelor’s book (1967) is employed here for
illustrating the above idea. If the sensitive volume for measurement of the
density in the experiment is too small, the number of molecules contained
within the volume fluctuates rapidly with time as the molecules enter or
leaves the volume with a large characteristic speed, which is of order of
the sound speed. The sensitive volume corresponding to the region with
‘constant’ value is consistent with the condition in (1-5), and the density
for a continuum is thus defined. For sufficiently large sensitive volume,
the measured density varies slowly from the constant value, in response
to the spatial variation with the density. Other macroscopic variables such
as the velocity, the temperature, and the pressure can be defined in a way
similar to that in (1-4). For example, the velocity u is defined as

pu = lim (ZVA’"} (1-6)

AV—0 AV

with v the velocity of the molecule. For most fluid mechanics problems,
the condition for the validity of continuum approach, (1-5), is satisfied,
and the scope of this course is limited to continuum fluid mechanics.
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Figure 1.2.1. Effect of size of sensitive volume on the density
mesasured by an instrument.

Figure 1-2: A figure for illustrating the condition for validity of
continuum approach. This figure is adopted from Batchelor
(1967)

Continuum approach is not valid when kn>0(1) for gas flow,

which occurs when either A is large or L is small. Examples for large 4
can be found from the problem of vacuum pumping, and the flying of
vehicle at the edge of the outer atmosphere. Examples for small L include
the flying of the slider carrying the magnetic head above the disk in the
hard disk drive of the computer system, and the study of the structure of a
shock wave. For liquid flow, the continuum approach is valid even when
the smallest characteristic length scale of the problem reaches the order of
10 nm. However, the problem for such small scale is usually complicated
by other issues, such as the surface properties of the boundary, the
electrostatic properties, and some intermolecular and surface forces,
which are not considered in classical fluid mechanics problem. A good
reference for the last issue is the book “Intermolecular and surface
forces”, 2" ed., by Jacob N. Israelachvili, Academic Press, 1992.

(IIT) Eulerian and Lagrangian descriptions

The fluid motion under the continuum approach is governed by the
conservation laws of mass, momentum and energy. In order to derive
such conservation equations, a reference frame is required for the
description of the fluid motion. There are two choices of reference frames,
the Eulerian coordinates and the Lagrangian coordinates, in continuum



fluid mechanics.

The basic element of the fluid under the continuum approach is a
fluid point (or called a fluid particle), which is a material point composed
of a large number of molecules. The fluid particles travel in the field as
the fluid flows. Figure 1-3 shows the trajectories of several fluid particles
which were at locations r,,r,,,r,,...... at time ¢ = 0. These particles

move to locations r,,r,,r,, ...... at a later time, . The motion of the fluid
particles can be described by

r= r(ro,l‘) (1-7)

such that r=r at:=0 The function r(ro,t) may be regarded as a

transformation or a mapping function between the coordinates r or
(x,y,z) and roor (xo,yo,zo). Inverse mapping

r=r (r.1) (1-8)

exists if the mapping is one to one. The Jacobian for the transformation is

ox Ox Ox
Ox, Oy, Oz,

y=| P Y W e P | Oyiz) (1-9)
ox, Oy, Oz, ; 0(x4,%0,20)

0z 0z Oz
ox, 0y, Oz,

Physical meaning for the Jacobian is the ratio of an infinitesimal volume
after (oV) the transformation to that before (57,) the transformation, i.e.,

SV
=\ 1'1
=5 (1-10)
By term-by-term differentiation, one can find
o _ JV-u, (1-11)
dt

where u is the local fluid velocity (defined later in (1-15)). Thus the
physical meaning for v.u can be interpreted as

7
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which says that v.u is the relative rate of change of volume of an
infinitesimal volume element following the fluid motion. For
incompressible fluid, sv =6v,,J=1,andthus v.-u =0.

Yot

/ Y= Y (Yo, )
Yo / Y;= TG )
u' & Ys : Y(Yo”t)

Figure 1-3: Trajectories of fluid particles in space. Infinitesimal material
volume changes its shape and size from o6V, to oV as it

travels in the flow.

The variables r and ¢, or (X, v, z, t), are called the spatial variables or
Eulerian variables; and r and ¢ or (xo,yo,zo,t), are called the

material variables or Lagrangian variables. The Eulerian and the
Lagrangian terminology was introduced by Dirichlet in honor of the
famous scientists Leonard Euler (1707-1783) and Joseph Louis Lagrange
(1736-1813). However, Dirichlet made a mistake that Euler was actually
the first to introduce the Lagrangian variables, and Lagrange was the first
to employ the concept of Eulerian variables (see Ligget’s book, p.40).



The macroscopic flow properties, such as the velocity, the pressure
and the temperature, can be expressed in terms of both the Lagrangian
and Eulerian variables. Any macroscopic property, F, may be prescribed
by F(r, £) or F( r, 1). The expression F(r, 7) gives the value of F seen by

an observer at a fixed point, r, in space; the observer sees different fluid
particles at different times, and thus the values of F observed are
corresponding to different fluid particles. On the other hand, the
expression F( r, 1) gives the value of F seen by an observer riding on

fluid particle which was at rats= 0; the observer always sees the value

of F for the same fluid particle. In most of the experiments, we place a
sensor at a fixed location in the flow field, and record the macroscopic
variables, such as the velocity, at different times. Thus such kind of
experiment is carried out in an Eulerian frame. Both expressions for F in
terms of the Eulerian and Lagrangian variables can be related by the
mapping function and the inverse mapping function as

F(r,?)=F(r (ro,t),t) = F(ro,t) , (1-13)

and
F(ro, )= F(r0 (r.0),t)=F(r1). (1-14)

The mapping function can be evaluated using the definition of the
velocity of a fluid particle. Equation (1-6) is an equation relating the fluid
velocity of a fluid particle to the velocities of the neighboring molecules,
which is not useful in the continuum approach. The velocity of a fluid
particle in the flow, u(r,?), is defined similarly to that of a solid particle

in rigid body dynamics, i.e.,

_dr

u(r,7) = 7 (1-15)

0
Er (I’O,t) |r0 = fixed ’

which is the time rate of change of the position vector of a chosen
material point at location r and at time . If the velocity field, wu(r,?), is

given in spatial variables (i.e., the Eulerian variables), one can determine
the mapping functionr = r (ro,t) by solving

%:u(r,t), (1-16)

with initial condition r=r ats= 0. The function F expressed in both
the Eulerian and Lagrangian coordinates in (1-13) and (1-14) can then be

9



related.
There are two kinds of time derivatives for F one can consider,

oF _o0

C=LFEo)

(1-17)

I = fixed
gives the rate of change of F seen by an observer at a fixed position r, and

dF _ 0

dt atF( 2

(1-18)

I = fixed
0

gives the rate of change of F seen by an observer following the motion of

a fluid particle (i.e., r, = fixed). The latter is usually called the material

derivative. These two time derivatives for F are related by using the
mapping function, the chain rule and the definition of velocity, as follows.

%_Q[ (r, ]r . (definition of the material derivative)
=5[F (r,t)]r — fixed (using the mapping function)
0
:%+§a—x L ay|r . ﬁ%r _(chain rule)
t 5x at 0 flxed fixed a a fixed
oF
=5+u(l‘,t)'VF, (1-19)

The material time derivative (the time derivative in the Lagrangian frame),
dF/dt, equals to the time derivative in the Eulerian frame, oF/ct, plus an
addition term, wu(r,7)-VF. The last term in (1-19) is called the convection

term, which is associated with the net transport of F to the location of
interest by the flow. If we take F = u, we have

du ou
—=—+u(r,?)-Vu, 1-20
Py (r,1)- (1-20)

which is called the Euler’s acceleration formula. The acceleration of the
fluid particle, du/dt, includes two parts in the Eulerian frame, the
temporal term, ou/ct, and the convective term, u-Vu.

A number of fluid particles in the field can be grouped together and
identified as a fluid element. There are line elements (called material

10



lines), surface elements (called material surfaces) and volume elements
(called material volume) in the study of continuum fluid mechanics.
Figure 1-4 shows that both the shape and the size of a volume element at
time ¢ are changed in general from those at its initial position. However,
the volume element in figure 1-4 is a constant mass (or controlled mass)
system, which is employed for studying the Newton’s second law
(conservation of momentum) and the first law of thermodynamics
(conservation of energy). The constant mass system is related to the
Lagrangian description, and thus the Lagrangian variables will be
employed for deriving the governing equations. However, the problem
can be solved more easily in general in the Eulerian frame, and thus the
Eulerian variables will be employed for solving the equations. Note also
that most of the experimen‘ts are carried out in the Eulerian frame.

A
B
Po (oj’ time T )
o
’j 2 Co
I (ot t=0D
*
2 a

Figure 1-4: A material volume changes its shape and size as it moves in
the fluid, but always contains the same fluid particles.

(IV) Calculation of the mapping function r=r(r )

If the velocity field, u(r, ¢), is given in Eulerian frame, we can
evaluate the mapping function using (1-15), i.e., to solve

% =u(r,?) (1-21)

subject to the initial condition
r=r, at t=0. (1-22)

11



The result of (1-21) and (1-22) depicts a pathline. An example is given as
follows. The velocity field,

u=ui+vj+wk =hi, (1-23)

Is given in a Cartesian coordinates, with (i, j, k) the unit vectors along the
corresponding axes, and k a given constant. Equation (1-21) implies

U ky, with X=X, at t=0, (1-24a)
% —v=0, with y=y, at  ¢=0, (1-24b)
Ci—v: =w=0 with z=1z, at t=0, (1-24c)

where (x,y,z) and (x,,y,.z,) are the components of r and r,,

respectively. The solutions of (1-24a)-(1-24c) are

x = ky,t + X, (1-25a)
Y=Yo (1-25b)
Z=2y, (1-25C)

which are also the mapping functions. The inverse mapping functions are
obtained by expressing (x,,7,,z,) In terms of (x,y,z)using (1-25a) —
(1-25c). They are

X, = x—kyt, (1-26a)
Yo=Y, (1-26b)
Zy = Z. (1-26¢)

The properties between the Lagrangian and the Eulerian coordinates can
be related using (1-13) or (1-14) once we know the mapping or the
inverse mapping functions.

12



(V) Reynolds transport theorem

We have related any flow property, F, and its rate of change with
respect to time between the Lagrangian and the Eulerian coordinates in
(1-13) or (1-14) and (1-19), respectively. In order to apply the Newton’s
second law and the first law of thermodynamics to derive the governing
equations for fluid mechanics, we also need to consider the time rate of

change of total F within a material volume, icﬁﬁﬁ F(r,?)dV , following

V(t)
the fluid motion. Here V(z) is the material volume shown in figure (1-4),
which is a fixed mass system although its magnitude, its shape, and its
position change with time in general. As V(z) varies with time, the order
of differentiation and integration cannot be interchanged. Hence, we first
transform the domain of integration into ¥, (recall the definition for d/dt

in (1-18)), and then interchange the order of differentiation and
integration. The procedures are as follows.

%ﬁi F(r,0)dV = %cj:g% F(r(r,,t),0)JdV, (using (1-10) and (1-13))
40 v,

=<j;ﬁ)f>%(F(ro,t)J)dVo (since ¥, isindependent of )

— (ﬁJ_FFﬂ V. (recall F=F(r,,7))
no\ dt dt
dF -
= ﬁﬁ(ﬁ +FV. u)JdVO. (using (1-11))

With the application of (1-10) and (1-14), we may transform the domain
of integration back to 7(?), and have

d dF oF
E@S F(r,t)dV = @(E-’_ FV -u)a'V = @5(5+V : (Fu)jdV

V(1) V(t) V)

= {fp ﬁdV+ {p n-uFds, (1-27)

)% s@)

13



where (1-19) and the divergence theorem have been employed for
deriving (1-27). Here S(z) is the surface enclosing V(z), and n is the unit
outward normal vector of S(z). All the three forms expressed in (1-27)
may be employed, and are called the Reynolds Transport theorem. The
above derivation is according to the lecture notes of Professor T. S.
Lundgren of the University of Minnesota. A more intuitive derivation of
(1-27) can be found from Ligget’s book (p.3-7).

If V(2) is a control volume (same definition as in the undergraduate
fluid mechanics) fixed in space at time ¢ (1-27) states that the
instantaneous time rate of change of total F inside V(z) seen by an
observer moving with the fluid (i.e., in Lagrangian frame) is expressed in
two terms in the Eulerian frame, as shown on the right hand side of the
equation. One is associated with the temporal change of F within the
control volume, and the other is associated with the net influx of F into
the control volume.

(VI) Applications of fluid mechanics

As we live in air and cannot survive without water, it is no doubt for
the importance of fluid mechanics. In fact, there always exist many
interesting phenomenon in our daily live. It is suggested that the students
should try to give some examples and provide discussion.

The rapid development of fluid mechanics in the last twentieth
century is motivated mainly by two topics, the aeronautical and aerospace
engineering, and the geophysical fluid dynamics. Recently, some
interesting fluid mechanics problems in micro-scale appear in the
microelectromechanical systems (MEMS). Some applications of these
three topics can be found from the associated powerpoint file of this
chapter, which is available in the IAM300 server. It is hoped that we can
find some new areas, and the research in fluid mechanics grows
continuously in this century.

14



Homework 1

(1) Given the velocity field

which satisfies V-u=0.

(a) Calculate the mapping function, r=r(r,s), and the inverse
mapping function, r,=r,(r,7).

(b) Calculate the Jacobian, J, and show that it is unity.

(c) Calculate the acceleration in two ways, from Euler’s acceleration
formula and from the material derivative of u.

2) Show that Y _ 5.
( dt

(3) The density of the fluid in a pail does not change at any point fixed
with respect to the pail, and at time ¢ = O the density distribution is
given by p=p, -z, in which p, and g are constants, and z,
increases in the direction of the vertical. The coordinates x, y, and z
are fixed in space. The pail moves with a vertical velocity w = - gt, ¢
being the gravitational acceleration. Calculate, at any t > 0, the
quantities op/ot, oploz and dpldt. (From Yih’s book, Problem 1 of
chapter 1)

15



CHAPTER 2 PHYSICAL AND MATHEMATICAL

FORMULATIONS OF FLUID MECHANICS

(I) Conservation of mass --- Continuity equation

The mass of material inside the material volume, ¥(z), in Figure 1-4
can be expressed as

m=f p(r,0)av, (2-1)

V(t)
where p(r,7) is the density. Conservation of mass implies that m =

constant, or
dm
—=0. 2-2
” (2-2)

On substituting (2-1) into (2-2), and applying the Reynolds transport
theorem, (1-27), we have

ﬁf)(i—f+pv-ujd1/:0. (2-3)

40)

Since V() is arbitrary, it is required from (2-3) that

6l{l—'?+,0v‘u=0, (2-4)
or
op
5+V-(pu)=0, (2-5)

if (1-19) is employed. Equation (2-4) or (2-5) expresses the local
conservation of mass in Eulerian frame, and is called the continuity
equation in the literature.

If we replace F(r, t) in (1-27) by p(r, t) F(r, t), we have

16



d d(pF) dF _dp },
= FdV =4I| =L+ (pF)V-u [dV = At FEE L (Fp)V-uldy
i gg(;g[ £E) (o) ul igﬂpdt 2 4 (Fpyv-u

The sum of the last two terms in the integral is zero according to (2-4),
the continuity equation. Thus

d dF
” ff orav = {ff p—dV, (2-6)

V(1) V(1)

which is another form of the Reynolds transport theorem, and will be
employed later in this chapter.

(IT) Conservation of momentum

The equation for the conservation or momentum is a generalization of
the Newton’s second law to continuum, and is simply called the
momentum equation. Consider again the material volume, V(z), in Figure
(1-4). The linear momentum of material in V(?) is fﬂp(r,t)u(r,t)dl/. We

V()

postulate
%ﬁ:} pudv = {ff ptav + fftas, (2-7)

[40) V(t) S(1)

which express that the rate of change of linear momentum within 72
equals the total force acting on it according to Newton’s second law. Here
f =f(r,z) is the force per unit mass of material, called the body force;
and t=t(r,z;n) s the traction force per unit area, called the surface force.
Examples for the body force are the gravitational force and the
electromagnetic force. The traction force is the force that the material on
the outside of V(?) exerts on the fluid inside the volume, which depends
on the position, r, the time, t, and the orientation of the surface element.
Here n is the local unit normal of S(¢).

It will be shown that t is a linear function of n, i.e.,
t=n-T(r,?), (2-8)

where T(r, ¢) is called the stress tensor, which is a second order tensor. In
component form, we may write

17



(2-9)

where iy n; and le. (with 7, j = 1, 2, 3) are the component of t, n and

T, respectively. Equation (2-8) or (2-9) is called the Cauchy stress
principle, which will be derived later in this section. Consider the perfect
fluid as an example. t = - pn and T = - pI, where p is the thermodynamic
pressure, and I is the unit tensor. The perfect fluid is an inviscid fluid,
which is a good approximation of the real fluid for understanding certain
hydrodynamic and aerodynamic problems.

With the Reynolds transport theorem, (2-6), and the Cauchy stress
principle, (2-8), (2-7) becomes

{:ﬁp v ={f{ ptav + fn-Tds.

V(1) (1) S(1)

With the application of the divergence theorem, the surface integral in the
above equation is transformed into a volume integral. Then

fﬁp v ={f{ptav + v -Tav. (2-10)

V() V(1) V(1)

Since V(¢) is arbitrary, (2-10) implies that
L (2-11)
dt ’

or written in index form as

ou, ou i
p(at+,ajpf (2-12)

where f, is the component of f. Equation (2-11) or (2-12) is called the

momentum equation. It is understood that the repeated indices stand for
summation, and 7, j = 1, 2 and 3. For example, the x-component of (2-11)
in Cartesian coordinates is

xj

oT,
o ou ou  Ou ou oT., » o oT., , (2-13)
Ox oy 0z
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where (u, v, w) is the component of u, and 7. is the x-component of f.
For perfect fluid, we haveT=-pI. Thus V-T=-Vp, and the momentum
equation becomes

du
PE—Pf—VP- (2-14)

Equation (2-14) is called the Euler’s equation, which expresses the
conservation of momentum for the flow of a perfect fluid.

To show the Cauchy Stress principle in (2-8), we first rewrite (2-7) as

ﬁ:},;%dl/ = {ff ptav + fftds (2-15)

40} 40} S()

by using the Reynolds transport theorem, (2-6). Then apply (2-15) to a
small material volume with length scale, /, as shown in Figure 2-1(a). The
volume and surface integral in (2-15) are proportional to /* and /7,
respectively. Thus the volume integrals are negligible in compare with the
surface integral, and (2-15) reduces to

fftas=o0 (2-16)

S(t)

as /—0, ie., the traction t is in static balance for a small material
volume. Next we apply (2-16) to a tetrahedron shown in Figure 2-1(b).
The volume of the tetrahedron is sufficiently small such that not only
(2-16) holds, also t(r,#;n) = t(r*,;n), where r* is the location of the
center of the tetrahedron. For simplicity, we write t(r*,z;n) as t(n),

which represents the traction on surface with normal n at position r* at
time ¢, in the following derivation. It follows from (2-16) that

At(n) +[An-i]Jt(-i) + [An- j]t(-j) + [An-Kk]t(-k) =0,
or
t(n) = [-n-i]t(-i) + [-n- jlt(-j) + [-n - k]t(-K) (2-17)
after the area, A, has been divided from both sides. In a similar way, we
also apply (2-16) to a thin disk as shown in Figure 2-1(c). The thickness
of the disk is small enough that the side area of the disk is negligible in

compare with the area of the top and bottom surfaces. Thus
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t(n)+t(—n) =0,
or
t(—m) =—t(n).
With (2-18), (2-17) becomes
t(n) =[n-i]t(i) +[n- j]tG) + [n-Kk]t(K),

or written in index form as

t(n) = n-ekt(ek) =n-T,
where e stands for the unit vectors i, j and k, and

T= ekt(ek)

(2-18)

(2-19)

(2-20)

(2-21)

Is the stress tensor at the location of interest at time ¢. The component of

the stress tensor, T, is calculated from

(@
e—  —l

n
T a toFMw (©)
& D)
e P

Figure 2-1: Sketch for illustrating the Cauchy stress principle.
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T,=e¢-T-e =¢ -ekt(ek)-ej :§ikt(ek)-ej =t(ei)-ej, (2-22)

which express the ;”component of the traction on an element of surface
having normal in the direction e,. For example, in Cartesian coordinates,
T, is the y-component of traction on surface element with normal in the

x-direction. The traction on the surface with unit vector i can be
expressed as

ti) =T, i+7, j+T k. (2-22a)

Note that the traction force and the stress tensor are functions of spatial
coordinates and time in the Eulerian frame.

(IIT) Conservation of angular momentum

Conservation of angular momentum will not be employed directly for
solving the fluid mechanics problem in general. However, we may
employ it to prove that the stress tensor is symmetric, i.e., 7,=T,,
provided that there exists no body moment. Body moment may exist for
some special material such as the ferromagnetic fluid.

Consider again the material volume in Figure 1-4. The angular
momentum of the total material within V() with respect to the origin of
the coordinates is j?ﬁrxp(r,t)u(r,z)dl/ . Conservation of angular

V(t)

momentum about the origin is

%ifﬁrxpudV:jzﬁrxpde—i- ffr=tas. (2-23)

40} 40 S(t)

The first and the second terms on the right hand side of (2-23) are the
moments due to the body and surface forces, respectively. With the
Reynolds transport theorem, (2-6), the term on the left hand side of (2-23)
can be written as

i{:ﬁrxpudV = fﬁpi(rxu)dV = fﬁp(rxﬂjtéxu)dV

dt dt dt  dt

40} V(1) 40}

du du
= rx—+ dv = r x —dV
fH ot wxndr = e

V(t) V(t)
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since uxu=0. Thus we have

du
pr x—dV = {br x pfdV + {hr x tds . 2-24
R @29

As in the derivation of the Cauchy stress principle, (2-24) reduces to

ffrxtas=o, (2-25)

S(t)
If the conservation of angular momentum is applied to a sufficiently small
material volume. Consider a small cubic material volume in Figure 2-2.
The volume is small enough that both (2-25) holds, and the stress tensor,
T,, is approximately constant within the cube. Let’s place the origin of
the coordinates at the center of the cube in Figure 2-2. Equation (2-25) is
a vector equation, which can be expressed as three scalar equations.

Applying the y-component of (2-25) to the cube leads to

I, =T, (2-26a)
if (2-22a) and other similar equations have been employed. Similarly, the
x- and z-components of (2-25) lead to

T =T, and T =T_, (2-26b)

yz zy Xy X

respectively. A more elegant method for deriving (2-26a) and (2-26b) is
as follows. On substituting the momentum equation, (2-11), into (2-24),
we have

Figure 2-2: Sketch for illustrating the conservation of angular momentum.
The stress components on other five surfaces are not shown for
clarity.

22



jzﬁrx(pf+V-T)dV:fﬂrxpde+ ﬁ;rxtdS.

V(1) 40} S(t)

The first term on the left hand side equals that on the right hand side, thus
the above equation reduces to

rxV-TdV = grxtdsS . (2-27)
i f

V(t) S(t)

The i”-component of (2-27) is

{ﬁet]‘kxj aaTak dv = ﬁeijkxjtkds 1 (2-28)

V() a S(1)

where ¢, is the permutation symbol, x, or (x,), 7, and ¢z are

components of r, T and t, respectively. The left hand side of (2-28) can be
written as

V(t) a V(t) a
= ey ﬂ) n,xT,dS— g‘iﬁ e 1, dV,
S(1) v ()

where the divergence theorem and ox,/ox, =5,, have been employed,
with », the component of the unit vector of s(), and &, the

Kronecker delta. Also with (2-9), the right hand side of (2-28) can be
written as

ﬁe”kxjtde = ﬁeykxj (n,T,)dsS .

S(2) S(1)

By substituting the above two equations into (2-28), we obtain

e T =o0. (2-29)

V(t)
As V() is arbitrary, (2-29) implies
e, T,=0,

ik j
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or
T, =T,. (2-30)

Note that there are only six (out of nine) independent components since
the stress tensor is symmetric.

(IV) Kinematics of deformation

As we learned from elementary Physics, the conservation of energy
involves the work done and the net heat input into a system with fixed
mass. The work done on the material volume by the forces always
induces the deformation of the volume, and the study of the heat input
involves the knowledge of thermodynamics. Therefore, we will first
discuss the kinematics of deformation and review thermodynamics in this
and the next sections, respectively, before we study the conservation of
energy.

Consider two neighboring fluid points in space, located at r and r+dr,
and having velocities u(r, 7) and u(r+dr, f), respectively. The velocity
difference, du may be written as

du=u(r+dr,t)—u(r,t) =dr-Vu, (2-31)

where Vu is the velocity gradient evaluated at r. Vu is a second order
tensor having nine components, ou,/ox, (with i, j = 1,2,3), and can be

decomposed as
Vu=D+Q, (2-32)

where D IS a symmetric tensor and Q is an anti-symmetric (or
skew-symmetric) tensor. In component form,

ou ou 4 Ou ,
izl L-F% +1 L_% EDI“+Qi" (2'33)
ox, 2\ ox, ox; ) 2| Ox, Ox, v

Note that D, =D, (symmetric) and Q, =-Q, (anti-symmetric). D is

called “the rate of strain tensor” or “deformation tensor”, and Q is called
the “vorticity tensor”.
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(i) Physical meaning of the deformation tensor
(a) Stretching

Consider two neighboring material points located at r,and r,(=r, +dr),

respectively, as shown in Figure 2-3(a). dr may be regarded as an
infinitesimal material line element. We have

d d
;§0h)25§@}—q):uz—ul:u&+wh)—u@):du:wh-Vu. (2-34)
@)
s Ch)
Ya d?;
7% ()
a,

6‘ () )
A
e B I |
Jt E ——
Yo » A
resdhnd + + + > X
dy, 4 Xa Xy
( -P)rk) o)
©) -y

A

|

8)_

Figure 2-3: Sketch for illustrating the deformation of fluid motion.
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On the other hand, let ds be the magnitude of dr, i.e., the distance
between the two material points. We have (ds)> =dr-dr . Then

d ) d d d
—(ds)” =2ds—(ds) = —(dr -dr) = 2dr - —(dr) = 2dr - (dr - Vu) = 2dr - Vu - dr ,
dt(S) Sdt(s) dt( ) dt( ) ( u) u

where (2-34) has been employed for deriving the fifth equality in the
above equation. Equating the second and the sixth terms, we have

L d g e gy e _dr e dr g dr (2-35)
(ds) dt ds ds ds ds ds ds

where the definition for the tensor decomposition, (2-32), has been
employed . Let n=dr/ds be the unit vector along the line element dr.
The last term on the right hand side of (2-35) can be expanded as

?-Q-z—r:n-eiﬂﬁej -n:niQijnj
s s ‘

= mQy,n, + 1, Q01 + 1) Qg + 1Qgn, + nyQqny + mCny
= mQy,n, — 10,1 + 1,0 5005 = 13500, + 15 m — n Qg

-0, (2-36)

where e, and e, are the unit vectors along the i- and j-directions,
respectively, », is the component of n along the i-direction, and the
anti-symmetric condition for @, Q,=-Q,, has been employed. Thus
(2-35) reduces to

1 d _dr dr

Eg(ds)_E-D-gzn-D-n. (2-37)

We call D the rate of strain tensor because the left hand side of (2-37)
represents the rate of strain of a material line element, dr. If the line
element lies along the x-direction with unit vector e,, then

ii(a’s)zel-D-ellel:id

@) di T (dx) . (2-37a)

The component D, equals the rate of strain of the material line element.
In the same way, the other diagonal components, D,, and D,,, show
similar stretching behavior.
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(b) Shear

Consider two material line elements, 4r, and d4r,, with the angle
between them, 6, as shown in Figure 2-3(b). Let ds, and ds, be the
length of 4r, and dr,, respectively. We have

%(drl dr) = %(dsldsz c0s6)

1(d 1(d . do
= E(E dslj[dsldsz cosd]+ d_sz(E dszj[dsldsz cos@]—ds,ds, sin QZ . (2-38a)
On the other hand,

d d d

E(dr1 -dr,) =dr; -E(drz) + dfr, ~E(dr1)
= dr, - (dr, - Vu) + dr, - (dr, - Vu) (using (2-34))
=dr,-Vu-dr, +dr, -Vu-dr,
=dr, - (D+Q)-dr, +dr, - (D +9Q) - dr, (using (2-32))
=2dr, -D-dr, (2-38b)

where the symmetric property of D and the anti-symmetric property of
Q have been employed. By combining (2-38a) and (2-38b), and dividing
both sides by ds,ds,, we obtain

! (idsl)cose +i(%ds2jcose—sin Gﬁ = 2&-D~ﬁ .

=l (2-39)
ds, \ dt ds, dt ds, ds,

In order to have a more clear physical picture of (2-39), let dr,/ds, =e,
and dr,/ds, =e,, With e, 1 e, instantaneously as shown in Figure 2-3(c),
then ©=90°, cos =0, and sin = 1. Thus (2-39) becomes

do 140
— =2 Dg=-2Dy, OF Dy =Dy == (2-39a)

which represent a pure shear motion. Similarly, we can find the same
behavior for other off diagonal components, D, and D,,.

Example 1: Given the velocity field expressed in component form in
Cartesian coordinates (see Figure 2-3(d)),

u = kx y=0, w=0.
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The components of the deformation tensor calculated according to (2-33)
are

Dll:l(a_u+a_uj=a—u:k’
2\ox Ox ox

D22:D33:D12:D23:D31:O’

which is a pure straining (if £ > 0) or shrinking (if £ < 0) motion in the
x-direction.

Example 2 : Given the velocity field expressed in component form in
Cartesian coordinates (see Figure 2-3(e)),

u=ky, v=0, w=0.

The components of the deformation tensor calculated according to (2-33)
are
1d6 1(ov ou 1
D, :Dzlz_zzzg(é_ _j:_k’
X Oy

2
D11:D22:D33:D23:D31:07

which is a pure shearing motion in the xy-plane. -dé/dt=k is called the
shear rate. The angle, &, becomes smaller and smaller in figure 2-5(e) as
time increases for positive value of k.

(¢) Principal axes

If D=0, the motion is called rigid, i.e., the distance between any two
fluid particles remains unchanged during the fluid motion. An example is
the steady state fluid motion within a cylindrical tank, which is rotating
about its principal axis at a constant rate. If D=0, it is always possible to
find three perpendicular directions (at a point) along which there is
straining and such that the angles between them are instantaneously rigid,
the axes along these directions are called the principal axes. We want to
find directions, e, e, and e,’, such that in these coordinates, D,'=0

unless ;7 =11, 22 and 33, i.e.,
D=D,'e'e'+D,,'e,'e,'+D,;'e;'e,’". (2-40)

If this is the case, we have
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D-e'=D,'e’,
D-e,’=D,'e,’,
D-e,’=D,'e,.

Therefore, we are looking for directions e (stands for e, e,’ and e,')
such that

D-e=le, (2-41a)
or D-A)-e=0, (2-41b)

where A is called the eigenvalue of the tensor D, which is also the
principal strain rate. Equation (2-41b) consists of three algebraic
equations for three unknowns, the three components of e. The solution is
nontrivial if

Dn -4 D12 D13
D, Dy-4 D, |=0, (2-41c)
D13 D23 Dss -4

which is a cubic algebraic equation for 4. As D is a symmetric second
order tensor, the three roots of (2-41c) are real. For a given root, A, we

may find a corresponding principal direction, e, using (2-41b). Here i
= 1, 2, and 3. The three axes defined by e’ e, and e, are
perpendicular to one another, and are called the principal axes. In the

principal coordinates,

D= e, 'e'+1e,'e,+1e,'e, . (2-42)

The readers may review the eigenvalue problem of a square matrix in the
textbook of undergraduate engineering mathematics for evaluating the
principal strain rates and the principal axes.

(ii) Vorticity tensor and vorticity vector

The vorticity tensor,

has the property
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1(ou, Ou;| 1 .1 . .
e Q2 =e; E(GTj—a—)C:Jzz(qu)-lJrg(qu)-l:(qu)-lza)i, (2-43)

where o, is the component of the vorticity vector, ®, which is defined
as

0= (V X u) . (2-44)

The three independent components of the vorticity tensor are directly
related to the three components of the vorticity vector through (2-43). To
see this further, we dot (2-43) by ¢, from both side,

ilm

e.

ilm

el.ij k= €@

Im~7i "

With ¢,e, =6,6,, — 6,0

ilm mj

eilma)i = (5lj§mk - é‘lké‘mj)gzjk = le - le = Zle 1 (2_45)
or in matrix form,
0 ia)3 - 1a)2
0 Q, Q; . 2 12
—le 0 QZS = —ECUS 0 Ea)l y (2'46)
- -Q, 0 1
sz -—o, 0

which provides a clear relation between the components of the vorticity
tensor and the vorticity vector. As

%(dr):du:dr-Vu:dr-D—i-dr-Q,

the part of motion associated with Q is

dr -Q=dxe, -¢Q, e

Im™~m

i~ilm™~m

=dx,e, -e,%a)e e (using (2-45))
:dxlla)e e

2 i“ilm~m

=1(oxdr,
2
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which is a solid body rotating with angular velocity %m.

Example 3: Solid body rotation may be described by the velocity field in
the cylindrical coordinates (r,0,z) as v,=rA, v.=0, and v, =0, with A

r

the angular speed of the rotation. The vorticity vector

e rle, e,
0
o=Vxu=—|— — —[=2Ae_,
rlor 00 oz
r VVG vz
and the components of the vorticity tensor,
Q,=-Q =A, other components = 0.

(iii) The general local motion

We have learned from the above discussion that the rate of strain
tensor, D, is related to the deformation (stretching and shearing) and the
vorticity tensor is related to the rotation of the fluid element. The
instantaneous general local motion of a fluid at time ¢ can be written as

u(r+dr)=u(r)+du
= u(r) + dr - Vu
=u(r) +dr-D +dr - -Q

=u(r)+dx,' e, '+dx," Le,'+dx,' Le, '+%(0 xdr, (2-47)
which consists of a translation with uniform velocity u(r), plus a local

stretching along the principal axes, and a rotation with angular velocity
/2.

(V) A brief review in thermodynamics

Classical thermodynamics deals with systems in equilibrium states;
all the processes involved are sufficiently slow processes. Strictly
speaking, a fluid system is in equilibrium only when it is at rest.
Therefore, we shall consider first the thermodynamics of a uniform fluid
at rest.
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A fluid cannot withstand shear forces without flowing according to
its definition. Thus if the fluid is at rest, the traction must be of form
t=—p(r,/)n, and T=-pI, where p is the thermodynamic pressure. p is
one of the thermodynamic variables, other important variables include the
temperature 7, the density p, the internal energy e, the enthalpy 4, the
entropy s, the specific volume v (= 1/p), and etc.. For fluid, the local
thermodynamic state is fixed by any two of these intensive
thermodynamic variables, provided there are no chemical reactions. The
rest variables can be expressed in terms of the specified two variables.
For example, if we choose p and T as independent variables, we may
write

p=p(p.T), (2-484a)
e=e(p,T), (2-48Db)
s=s(p,T), (2-48c)

and etc., which are called the equations of states. A familiar equation of
state that we have learned before in elementary Physics and Chemistry is

p=pRT, (2-49)

which describes the equation of state for a perfect gas, and is regarded as
a special case of (2-48a). Here R is the gas constant. The variables in the
above equations are also called the state variables. The plane constructed
by the two independent variables, say, p and 7, can be used to describe
the variations of the thermodynamic states of a system (see Figure 2-4).
Any point in the plane is referred to a state. The lines joining two points
in the plane are called the processes. There are two kinds of processes one
may consider, the reversible process and the irreversible process. An
example of the reversible process is the infinitesimal work done on a
compressible fluid by the pressure, and that for the irreversible process is
the work done by the friction force.

The changes of state variables are related by the first and second
law of thermodynamics, which can be written as

de =60 + oW (2-50a)
and

ds = % vds, (2-50b)

respectively. Here de and ds are the changes of e and s between two
neighboring states, 50 and ow are the heat addition and the work
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done, respectively, on the system, and d.s is the change of entropy

associated with the irreversible processes. Note that the heat addition
and work done processes in general are irreversible. For a reversible
process,

ds=0, (2-51a)

and
dW =—pdv =—-pd(1/ p) . (2-51b)

Here we use the symbol “dW” instead of “sw ” to represent that the work
Is done for a (particular) reversible process.

The entropy, s, is a useful parameter in fluid mechanics primary
because it may be taken as constant in many flows under certain plausible
assumption. The following is to discuss how to evaluate the entropy.
Since the entropy is a function of state of the fluid, changes in entropy do
not depend on the particular process. Therefore, we can use a reversible
process to find the entropy, and (2-50a) and (2-50b) reduce to

de =00 - pd(1/ p) (2-52a)
and
ds = %, (2-52b)

with the aid of (2-51a) and (2-51b). By combining (2-52a) and (2-52b),
we can find

A stafe 2

roCessSes

Stata !

>
>

$

Figure 2-4: Sketch for illustrating thermodynamic states and processes.
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Tds = de+ pd(l/ p), (2-53a)

which is called the Gibb’s equation. If we can integrate (2-53a), we can
obtain s=s(p,p) (see Example 4 later). As the enthalpy, 4, is defined
through

h=e+plp,
then

dhzde—i—pd(l/p)-i—ldp,
o)

and the Gibb’s equation may be written in another form as

Tds = dh— L dp. (2-53b)
o,

We may also integrate (2-53b) to express s in terms of other
thermodynamic variables. In the fluid mechanics problem, the operator
“d” in the Gibb’s equation may stand for the material derivative “ d/dt ”,
the spatial gradient operator “v ™, or the time derivative “o/o:t”, i.e., the
Gibb’s equation implies the following equations:

ds de d(1
TVs =Ve+ pV(ij : (2-54b)
yo,
and
Os Oe o1

which will be employed later in the text.

The fluid is in motion for most fluid mechanics problem. One of
the basic assumptions in fluid mechanics is that the equilibrium
thermodynamics is locally applicable to fluids in motion. This is valid
when the time required for a given fluid change associated with
marcoscopic phenomenon is much greater than the relaxation time
associated with a distributed quantity to regain its equilibrium value in
the molecular level (see P. A. Thompson, “Compressible-fluid dynamics,”
McGraw-Hill, 1972 Chapter 2).

Three are two types of specific heat that one may consider, the
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specific heat at constant volume, C,, and the specific heat at constant
pressure, C,. C, is the heat added per unit mass per unit temperature
change during a constant volume process, i.e.,

50 =C,drT . (at constant volume)
For a constant volume process, pd(1/p) = pdv =0, thus

de = 50 = Tds (at constant volume)

according to (2-52a) and (2-53a). It follows that

Oe .
C, == with  e=¢(T,p). (2-55a)

p

On the other hand, C, is the heat added per unit mass per unit
temperature change during a constant pressure process, i.e.,

80 =C,dT . (at constant pressure)

For a constant pressure process, we have
dh =60 = Tds (at constant pressure)
according to (2-52b) and (2-53b). Thus

oh
c ==
»or

P

o with  A=(T,p). (2-55h)

Although e=¢(T,p) in general, we may show that e=e¢(7) only
for a perfect gas (see Example 5). With p=pRT, h=e+ plp=e+RT, We
also have #=n(T). Thus (2-55a) and (2-55b) reduce to

cvzﬁ and C=ﬁ,
dT Pdr
or
dh d
=—=—(e+RT)=C. +R. 2-56a
»=ar S ar T RD=C ( )

for a perfect gas. If we define,
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g 2-
r=¢ (2-56D)
we may obtain
c -f and c - (2-56¢)
y-1 " R-1

by solving (2-56a) and (2-56b) for ¢, and C,.
Example 4: The entropy for a perfect gas.

We have p=pRT, e=e(T) and de=C, (T)dT for perfect gas, then the
Gibb’s equation, (2-53a), gives

C,(T)

ds =—==dT + pRd(1/ p) .

Integration gives

s=[C,(T)d(InT)+ RIn(1/ p) + constant .
If C (T)=constant, then

=C, InT + RIn(l/ p) + constant,

or
=InT + (y —1)In(L/ p) + constant (using (2-56¢))
=In T_l j + constant
4
=1In LJ + constant (using p=pRT)
PR
=In ﬁj In R + constant
o’
=In ﬁj + constant . (R is also a constant)
o’
Therefore,
" In(%]—ln[p—’;]: IanRy (2-57)
C, P Pr (P! pr)



for a reference state with the related properties denoted by subscript “R”.

Example 5:  Prove that e=e(T) for perfect gas.
For a perfect gas, Gibb’s equation, (2-53a), gives
Tds = de + pdv = de+ pRTdV . (2-58)

If e=e(7T,v), then

de:@
ov

Oe

av +—| dT .
T

"

T

By substituting the above equation into (2-58), we have

1 Oe

ds = (1@ + pRjdv +=—1 dT. (2-59a)
T ov|, T oT|,
On the other hand, for s=s(7,v), we have
ds =2 v+ 2 ar. (2-59b)
ov|, or |,
By comparing (2-59a) and (2-59b), we obtain
&1 Lo, ,r  and ) L)
ov|, Tov|, or|, T oT|,

After differentiation, we have (recall that the two independent variables
for s are T'and v)

0%s 1 0e 1 o 0%s 1 %
=—=—+= and == :
oTov T°ov T ovoT ovoT T ovoT
Thus
1 0e_
T?ov

or eze(v),0r e=e(T) alone.
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(VI) Energy equation

The first law of thermodynamics states that the rate of increase of
energy in a closed system (fixed mass) is equal to the rate at which heat is
added to the system plus the rate at which work is done on the system.
Consider the material volume in Figure 2-5. The material volume
contains the same mass all the time, and is thus a closed system. Let q be
the heat flux vector, which is defined as the energy flux relative to the
moving material. —q-ndS is the heat flux through an element of surface
dS to material inside. The energy of the system is fﬁ pe,dV , Where e, iS

40)]
the total energy density (i.e., energy per unit mass), is made up of two
parts: eand u-u/2. e is the internal energy per unit mass, which includes
the energy of molecules relative to the mean motion and strain energy etc..
u-u/2 is the kinetic energy per unit mass, which is a result of the fluid
motion. By applying the first law of thermodynamics to the material
volume in Figure 2-5, we have

%{:ﬁp(eﬁ-%u-u)dV: ff-q-nas+ {ff ot -uav + fft-uas. (2-60)

40] S(1) 40 8(1)

The first, the second and the third terms on the right hand of (2-60) are
the total heat flux into the system, the rate of work done by the body force,
and the rate of work done by the surface traction on the system,
respectively. With the Reynolds transport theorem, the Cauchy stress
principle and the divergence theorem, (2-60) becomes

Figure 2-5: Sketch for illustrating the heat flux vector out of a local
surface element of a material volume.
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{:ﬁp%(e+%u-u)dl/ = -V aav + {ff ot -vav +{f{v-(T-w)av. (2-61)

(1) V(1) 40} 40}

Since V(¢) is arbitrary, (2-61) implies that
d, 1
pE(e+Eu-u):—V-q +pof - u+V-(T-u), (2-62)

which is the direct consequence of the first law of thermodynamics, and
is called the “total energy equation”.

On the other hand, we may derive a kinetic (mechanical) energy
equation as follows. By dotting the momentum equation, (2-11), with u,
we have

p%-u=pf-u+(V~T)-u. (2-63)

The last term can be manipulated using its component form as follows.

or, ou,
V-Tyu=e,LeTe ue, =iy =2 (7u)-7, 29—V (T-u)-T:Vu,
Ox 0 v Ox

L AV J ij
i Xi axi i

where T:Vu is the scalar product of two tensors, and can be written
further as
T:Vu=T:(D+Q)=T:D=D:T,
since
T:Q=Q:T=Q, T} + Ty, + T3 + Q0,15 + QT + QT3 + Q5T + Qg0 Tog + Q55754
=0+ Q12T21 - QslTls - leTn +0+ Q23T32 + Q31T13 - stTsz +0

-0,

by using the conditions that Q is anti-symmetric and T is symmetric.
Thus (2-63) finally becomes

p%(%u-ujz,of-u+V-(T-u)—D:T, (2-64)

which is called the kinetic (mechanical) energy equation.

By subtracting (2-64) from (2-62), we have
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p%:—v-q +D:T, (2-65)

which is called the internal energy equation. To see further the physical
meaning of the term D:T, we decompose the stress tensor as

T=-pl+1 (2-66)
then

D:T=D:(-pD+D:t =D, +D,, +Dy;)+D:t =pV-u+D:t

=— [—id—p]+D:r : (2-67)
p dt

where the continuity equation has been employed. The term -pv.u
represents the rate of work done by compression (i.e., the —pdv work in
(2-51b)), which is the reversible part of the rate of work done by the
traction force. The rest term, D:t, represents the irreversible part of the
work, which will be dissipated as heat and is called the dissipation term in
the literature. With (2-67), the internal energy equation, (2-65), becomes

e__g.q-p-L9%],p. ]
pdt_ V-q p( tj+D.1'. (2-68)

Recall the Gibb’s equation, (2-54a), we may rewrite (2-65) as

pT%:—V-q +D:7, (2-69)

which is another useful form of the internal energy equation, and is

employed frequency in gas dynamics.

(VII) The entropy equation

The entropy equation derived below is a result of the second law of
thermodynamics. We shall not employ the entropy equation to solve fluid
mechanics problem directly, instead, we shall use it to put restriction on
the constitutive equation discussed later in section (IX) of this chapter.

For a closed system as that in figure 2-5, the total entropy
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contained in the material volume is j‘:ﬁpst, and has the following

V()

property,

% ff psav = SEJQLT'“CJS +fffpsav . (2-70)

40 S(1) V(1)

The first term on the right hand side of (2-70) is the reversible part of the
change of entropy within the material volume due to the heat addition.
The second term on the right hand side of (2-70) represents the

irreversible part, which has the characteristics that s',. >0. By using the
Reynolds transport theorem and the divergence theorem, (2-70) becomes

ﬁ:jp%drf =)€ﬁ—v-(%j+ﬁ:fp§id1/.

V(1) V(1) (1)

Since V(¢) is arbitrary, the above equation implies that
d .
p—S+V-(%j=psi20 (2-71)

By substituting (2-69) into (2-71), we obtain

q-VI' D:t
—+
T T

= psji >0. (2-72)

Equation (2-72) puts a restriction on the forms of q and = in the
constitute equations.

(VIII) Summary of equations

Here we summarize the equations governing the continuum fluid
mechanics.

(i) Continuity equation (conservation of mass)

d—p+pV-u=0. (2-4)

dt

(i) Momentum equation (conservation of momentum)
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p%: of-Vp+V.1, (2-11a)

if the stress tensor decomposition, T=-pI+t , IS substituted into
(2-11).

(iii) Energy equation (conservation of energy)
There are three useful forms of the energy equation as follows, and
either one of them may be employed for solving the fluid mechanics

problem.

(1) The total energy equation

p%(e+%u-u):—v-q +pof - u+V-(T-u). (2-62)

(2) The internal (or thermodynamic, or thermal) energy equation

d_ g.q-p-1%],p. ]
pdt_ V-q p( pdtj_'_D'T' (2-68)

(3) The internal energy equation (using the Gibb’s equation)

pT%=—V-q +D:T. (2-69)
(iv) Equations of state
p=p(pT), (2-48a)
and
e=e(p,T), (2-48b)

if (2-62) or (2-68) is employed, or
s=s(p,T), (2-48c)

if (2-69) is employed.
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(v) The entropy equation

S = ps, 20, (2-72)
provides a restriction on the forms of q and t in the constitute
equations. It is not employed directly for solving the problem.

Now we have totally seven scalar equations: one from (2-4), three
from (2-11a), one from (2-62), (2-68) or (2-69), one from (2-48a), and
one from (2-48b) or (2-48c), but we have sixteen unknowns: p , u (3
components), p, T (6 components), e or s, q (3 components) and T,
provided that the body force, f, is specified. In order to make the number
of unknowns equal the number of equations, we had to postulate certain
relationships (9 scalar equations) for t and q in terms of the deformation
tensors, D, and temperature gradient, v7, respectively. Such relationships
are called the constitutive equations; they vary for different materials
(fluids), and are required to satisfy (2-72).

(IX) The constitutive equations

We have different constitute equations for different materials (fluids).
Here we consider several kinds of fluids of interest.

(i) Perfect fluid (i.e., non-conductive and inviscid fluid)
The constitute equations are
q=0 and =0, (2-73)

which implies that

5,=0 (2-74)

1

according to (2-72). All the dissipation mechanisms are neglected, and
every process is reversible for the flow of a perfect fluid, i.e., the lower
bound (equal sign) of the condition imposed by (2-72) is satisfied.
With (2-73), the governing equations become

cji—/;+pV~u=0, (2-75a)
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du

pr= of-Vp, (Euler equation)  (2-75b)
de__ [_1ldp o _ ]
dt p( pdtj o A0 (&-759)
p = p(p’T) ’ (2'75d)
and
e=e(p,T) oOr s=s(pT). (2-75e)

There are seven scalar equations for seven unknowns: p , u (3
components), p, e or s, and T, for given f. The perfect fluid is a good

approximation for studying certain high-speed flow of gases, i.e., the
gas dynamics problems.

(ii) Ideal fluid (i.e., incompressible and inviscid fluid)

The nomenclature of this fluid is adopted from Currie’s book.
The incompressible condition implies that

p =constant , (2-76)
which may be regarded as an equation of state. The constitutive
equation is

t=0. (2-77)

With (2-76) and (2-77), the continuity and momentum equations
become

V-u=0, (2-78a)
and
p% =pf -Vp, (Euler equation)  (2-78Db)

which are four scalar equations for four unknowns : u (3 components)
and p, with known f and p. Here the energy equation is not required
for solving u and p, and the constitutive equation for q is irrelevant if
we do not consider the problem of heat transfer. The assumption of
ideal fluid can be applied to study certain hydrodynamics problems.
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(iii) Newtonian fluid (compressible and viscous fluid, called the “real”
fluid in some texts)

Real fluids are compressible and have certain viscosity in general.
The simplest model for the constitutive equation of a real fluid is the
Newtonian fluid, which is a special case of the so-called Stokesian
fluid. A Stokesian fluid is one for which the component of t can be

expressed as

v, =7,(Dy, p:T) (2-79)

where D,, isthe component of the deformation tensor. A Newtonian

fluid is a special case of a Stokesian fluid in which (1) 7 is a linear
function of the components of D, and (2) there are no preferred

direction properties (i.e., isotropy).

The most general linear function is

y

T = ﬁzjlekl ) (2_80)

where g, is a fourth order tensor having 81 components, whose

values depend on the two chosen independent thermodynamic
variables, say, for example, the pressure, p, and the temperature, 7.
According to the theory of Cartesian tensor, the most general fourth
order isotropic tensor can be written in terms of Kronecker delta as
(see H. Jeffreys, “Cartesian tensors,” Cambridge Univ. Press, 1984;
or Y. C. Fung, “A first course in continuum mechanics,”

Prentice-Hall, 1969)

ﬂijkl = aé‘ijé‘kl + ﬁajkajl + 75i15fk ) (2'81)

where «, p and y are functions of thermodynamic state, i.e.,
they depend on the two chosen independent thermodynamic

variables. By substituting (2-81) into (2-80), one obtains

T@‘/‘ = (aé‘g‘/‘é‘kl + ﬂé‘ik5jl + 75[15jk)Dk1 '
=ao,;Dy, + D, + 1D,
=ad; Dy +(B+y)D; (since D,=D,)
=6,V -u+2

ij
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where
l=a and u=(B+y)12

are called the second viscosity and the dynamic viscosity, which are
determined experimentally in general. They are functions of
temperature and pressure in principle, but depend mainly on
temperature in practice. By substituting (2-82a) into the component
form of (2-66), we have

T,=—pd;+ A6,V -u+2uD,. (2-82b)

Equation (2-82a) or (2-82b) relates the stress tensor to the
deformation tensor, which is the constitutive equation for a
Newtonian fluid. The vector forms of (2-82a) and (2-82b) are

T=AV-u+2uD, (2-82c¢)
and

T=-pl+ V- -u+2uD, (2-82d)
respectively.

The constitutive equation for the heat flux vector, q, is as
follows. It is proposed that q is linearly proportional to the gradient
of the temperature field according to the experimental observation.
In component form, we write

- T

— 2-
Y axj ’ ( 83)
where K, is a second order tensor. Equation (2-83) can be

simplified further by requiring that the conduction of heat in a fluid is
isotropic. The most general form of a second order isotropic tensor
can be written as (see Jeffrey or Fung’s books as mentioned before)

K, =—ks,, (2-84)

y y

where k is function of thermodynamic state, called the thermal
conductivity. By substituting (2-84) into (2-83), we have
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g, =-kL, (2-85a)
ox,
or in vector form as
q=—kVT. (2-85b)

Equation (2-85a) or (2-85Db) is called the Fourier’s law. The minus
sign in the equations is used to represent the fact that the heat is
transferred from a location at a higher temperature to that at a lower
temperature.

By substituting (2-82c) and (2-85b) into (2-72), we found that
the second law of thermodynamics implies that

WV, @20, (2-86)

Here the energy dissipation, @, is defined as

®=D:t =1t :D=(AIV-u+2uD):D
=AV-w)l:D+2uD:D
=A(V-u)+2uD:D
= AUDy + Dy, + Dyp)* + Zﬂ(DnZ + D122 + D132

+ Dz12 + Dzzz + Dzs2 + D312 + Dszz + D332)
2 2
=(A+ EIU)(DM + Dy + Dss)z + gﬂ[(Du - Dzz)2 +(Dy, — D33)2

+ (D - D11)2] + 4/1(D122 + Dzsz + D312) 1 (2'87)

where the symmetric condition for D has been employed. By
substituting (2-87) into (2-86), we found

k>0, u>0  and sz%yzo, (2-88)

as the absolute temperature, 7, is always greater than zero. Here «
Is called bulk viscosity, which is sometimes employed instead of the
second viscosity, 4. Equation (2-88) put restrictions on the values of
k, ¢ and A, provided that the second law of thermodynamics is
satisfied. These three material constants are determined by
experiments in general, and are functions mainly of temperature in
practice.
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Example 6 : Interpretation of u, the viscosity coefficient.
Consider simple shear flow in Cartesian coordinates (x, y, z) :
u=u(y), v=0, w=0.

The flow is incompressible since V-u=0. The components of the
stress tensor

T, =-pd, + A0,V -u+2uD,

ou. ou.
=-po, + L+ —L ],
POy ”[ax. ax]}

1

or in tensor form

T=—pl+u d—uij+@ji .
dy ~ dy
The traction (force) on a surface element with normal j is

) . . du .
t(j)=j- T=-pj+u—i,
dy

which consists a normal part —pj and a shearing part ,u%i. In
ly

general cases, the traction is

t(j) =j-T=T,i+T, j+T.k

V

=2uD i+ (—p+AV-u+2uD, )j+2uD k.

The shearing forces along the i and k directions are 2uD_i and
2uD, K, respectively. The normal force includes the pressure part —pj
and an addition part (Av-u+2uD,)j, Which is absent in the above
example for simple shear flow.

The interpretation of the second viscosity, A, or the bulk viscosity,
K(= /1+§,u), is as follows. The average pressure, p, can be evaluated as

- 1 1 1
—pP= 57;! :g(ﬂl +15 +Tas): 5[_ 3p+3AV-u+ Zﬂ(Dll + Dy, +D33)]
= %[— 3p+ (34 +2u)V -ul. (2-89a)
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Thus the difference between the thermodynamic and the average
(mechanical) pressure

=&V -u (using definition of x)
= K[— ld—pj (using continuity)
p dt
1ldv .
:KQE_J. (with v=1/,) (2-89h)
v dt

The term (dv/dr)/v is the rate of change of specific volume. The
thermodynamic pressure equals the average (mechanical) pressure only
when the fluid is incompressible. If p, p and (dv/dr)/v are measurable,
we can use (2-89b) to determine x. However, it is hard to measure since it

requires large value of v.u so that the measured data are sufficiently
greater than the experimental errors.

Stokes proposed that

k=0, or ﬂz—%y. (2-90)

Equation (2-90) is called the Stokes relation, which is true for monotonic
gasses according to the kinetic theory and experiment. In general, x =0,
and is of the same order as ..

With the constitutive equations (2-82d) and (2-85b) for Newtonian
fluid, the governing equations become

dp

4 pVu=0, (2-91q)
p%=pf—V(p-/1V-u)+V-(2,uD), (2-91b)
p%zV-(kVT)—pV-H%—CD, (2-91c)

T=T(p,p), (2-91d)

and
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e=e(p.p), (2-91e)

iIf the internal energy e is chosen for solving the problem (one may
choose the entropy, s, instead of ¢). The energy dissipation function

d=D:1 =A(V-u)’+2uD:D
2
_ 4 9 +2u 1f0u;  Ou || LfOu;  Ou || (2-92)
Oox;, 2( dx, ox; )| 2| ox; Ox,
Equations (2-91a)-(2-91e) describes a set of seven scalar equations,
which are solved for the seven unknown, p, u (3 components), p, T'and e,
provided the material parameters, 4 A and %, are specified. These
material parameters are expressed as functions of temperature in practice.
Note that the two most common fluids, air and water, are well described

as Newtonian fluid. Equation (2-91b) is known as the Navier-Stokes
equation.

(iv) Incompressible fluid
The definition for incompressible fluid is
p =constant , (2-93)

which may be regarded as an equation of state. The continuity
equation implies v-u=0. The constitutive equation, (2-82d), then
becomes

T=-pl+2uD. (2-94)

The second viscosity disappears automatically in (2-94) since
V-u=0, which is good news since the second viscosity is difficult to
measure. The incompressible fluid described by (2-94) is an
incompressible, viscous fluid, which is different from that of the ideal
fluid (incompressible, and also inviscid) discussed before. Although
all the fluids experience certain compressibility, many liquid and gas
flow (at low Mach number) occur in nature and practice can be
approximated as incompressible flow. A good discussion for the
criteria for incompressibility can be found from Thompson’s book (P.
A. Thompson, “Compressible-fluid dynamics,” McGraw-Hill, 1972,
Chapter 3). Also for incompressible fluid, the equation of state,
e=e(p,T), becomes e=e(T). Thus
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e=CT. (2-95)

if the definition of the specific heat at constant volume is employed.
With (2-93), (2-94), (2-95) and (2-85b), the governing equations
become

V-u=0, (2-96a)
du
p = PE-Vp V- (2uD), (2-96b)
and
pCvcji—{:V-(kVT)+(D, (2-96¢)

which describe five scalar equations for five unknowns : u(3
components), p and 7, for given x and k. The viscosity x and the
thermal conductivity £ are functions of temperature 7 in practice.
Thus equations (2-96b) and (2-96¢) are coupled through the
temperature dependence of the viscosity coefficient, (7). If the

temperature variation is sufficiently small so that «# and k& can be
approximated as constant, then we can solve (2-96a) and (2-96b) for
u(3 components) and p first, and then calculate 7 from (2-96c¢) with u
as known variable. Equation (2-96b) is called the incompressible
Navier-Stokes equation.

(X) Boundary and initial conditions

In order to solve the governing equations of the continuum fluid

mechanics in the last section, we need to impose appropriate boundary
and initial conditions for a given problem.

(i) Boundary conditions

Since there exist spatial derivative terms in the governing
equations, it is required to specify certain values of the flow quantities
on the boundaries of the fluid domain of interest. There are different
kinds of boundary conditions as follows.

(a) At solid boundaries

51



Experimentally, it is found that the fluid adheres to the
boundary surface, i.e.,
u:uB’ (2-97&)

where u, is the velocity of the solid boundary. Equation (2-97a)
Is called the no slip boundary condition, which is valid for fluid
with nonzero viscosity. Thus (2-97a) is appropriate for the
Navier-Stokes equation, i.e., the governing equations of the
Newtonian fluid in (2-91b) and of the incompressible Newtonian
fluid in (2-96Db). If we put the coordinates on the solid boundary,
or the boundary is stationary, u=u, =0, which is a special case of
(2-97a).

For inviscid fluid, such as the perfect fluid and the ideal fluid
discussed before, (2-97a) is too strong to satisfy since the Euler
equation (i.e., (2-75b) and (2-78b)) is of one order less than the
Navier-Stokes equation (i.e., (2-91b) or (2-96b)). Therefore, we
had to modify (2-97a) as

u'‘n=u,-n, (2-97b)

where n is the local unit normal vector of the solid boundary.
Equation (2-97b) states that the fluid cannot penetrate the solid
boundary, but we do allow the fluid to slip on the solid surface.
Equation (2-97b) is thus called the slip boundary condition, or the
no cross flow boundary condition. Physically, the fluid adheres to
the solid boundary because of its viscous property. If the viscosity
is turned off, the fluid can certainly slip on the solid surface.

For the energy equation, it is assumed that there is no
temperature jump at solid boundaries, i.e.,

T=T,, (2-98)

for both viscous and inviscid fluid, where 7, is the temperature
of the solid surface.

There is a little comment on the no slip boundary condition
in (2-97a). Recall from chapter 1 that the Knudsen number is a
measure of whether we should employ the continuum or the
molecular approach to describe the fluid mechanics problem. The
continuum assumption is valid when the Knudsen number is
sufficiently less than unity. As the Knudsen number increases up
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to a certain value, say, 0.2, the fluid may slip partially on the solid
surface, which accounts for certain molecular effect (see the text
in Rarefied gas dynamics or Molecular fluid dynamics).

In some engineering applications such as those in the field of
flow control in aerodynamics, the solid boundary may be porous
so that the fluid may flow across the boundary. In such cases, the
suction/blowing velocity which is normal to the boundary with
magnitude v, is given, and the boundary condition is (consider

stationary boundary for example)

u'n=v,, u-n,=0, u-n,=0, (2-99)
where n, and n, are the two local perpendicular tangential unit
vectors on the surface.

(b) Far field conditions

For external flows, the velocity and the temperature far from
the body are specified in general, i.e.,

u=u, and T=T,. (2-100)
However, for flow with finite inertia, a wake is formed in the
downstream region behind the body, and (2-100) cannot be
applied in the wake region. The wake problem will be discussed
later in chapter 7.

(c) Inlet and/or outlet conditions

For some internal flows, the velocity and temperature and/or
their spatial normal derivatives at the inlet and outlet are specified.
Details of these conditions are always discussed in the course of
computational fluid dynamics.

(d) At free surface or interface

A free surface is the boundary between the liquid and the air.
An interface is the boundary between two different liquids. We
may deal with such kind of boundary for many fluid mechanics
problems, such as the motion of water waves, which is an
important topic in ocean engineering and geophysical fluid
dynamics. As the displacement of the free/interface is varying with
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time during the fluid motion, it is also an unknown, which had to
be solved together with the governing equations. Therefore, a
double condition (kinematic and dynamic) is imposed on the
free/interface. We shall not study this kind of boundary condition
in this course because of the tight schedule. Details of the condition
can be found from chapter 6 of the book by Currie.

(ii) Initial conditions

If the flow is not steady, then it is necessary to specify the flow
quantities having time derivatives at some specified time.

(XI) The vorticity equation

Recall that the vorticity (vector), m, is a measure of the rotation
of an infinitesimal fluid element, having its definition as Vxu. The
flow is called irrotational if o=0. In many of the flows of interest, a
large region of the flow domain is irrotational. Therefore, it may have
certain advantage to study the flow in terms of vorticity. First, lets
derive an equation governing the evolution of the vorticity field.
Consider the Newtonian fluid with conservative body force, i.e., the
body force can be represented by a scalar function, ¢, through f=vg.
The momentum equation, (2-11a), then becomes

g_‘;w.vl.:w-lhlvt . (2-101)

p P

By taking curl operation of the above equation, and using the vector
identity

u-Vu:V(%j+c)xu,

we obtain
a—m-i-VXV(Hj-FVX((DXU)ZVXV¢-VX(EJ+VX(V—.TJ. (2-102)
ot 2 yo, Yo,

The second term on the left hand side and the first term on the right
hand side of (2-102) are identity zero because the curl of the gradient
of any scalar function is zero. The third term on the left hand side,

Vx(@xu)=u-Vo-o-Vu+oV-u-uV-o

54



=u-Vo-o-Vu+oV-u,

since V-@=V-Vxu=0 according to the vector identity. The second
term on the right hand side of (2-102),

-v{ﬁj:—iva—v"xzv’o :_vpxzv;;

p p p p

using again the fact that the curl of the gradient of a scalar function
Is zero. Finally, (2-102) becomes

20 _20  yVo-o-Vu-oV-u-LV2 v [ Y1) (2103)
dt ot Y P

which is called the Helmoltz equation. The equation says that the
rate of change of vorticity following the fluid motion, dw/d:, is due
to the four mechanisms shown by the four terms on the right hand
side of (2-103), namely, the vortex stretching term, the compression
term, the baroclinic term, and the viscous (or diffusion) term,
respectively. These mechanisms are illustrated as follows.

The vortex stretching term o-Vu can be expressed as

®-Vu =m-D+m-Q:m-D+%mxm:m-D

0 0
=e,m %+eﬁa)ﬁﬁ+eya)yi, (2-104a)

ox 5 ox

a 4

which implies that the stretching/or shrinking along the principal
axes, (e,, e,, e ), of the deformation tensor D, can increase/or

decrease the vorticity. This mechanism is important in studying
vortex dynamics and turbulence. For two-dimensional flow, the
velocity u=wi+vj and the vorticity e=wk , then o LVu or

o-Vu=0. There is no vortex stretching in two-dimensional flow.

The compression term -V -u can be written as
p dt
using continuity, which implies that the vorticity can be increased
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by compression (dp/dt >0) or decreased by expansion (dp/dt <0).

The baroclinic term - (VpxVp)/ p* is zero when p = constant,
p = constant, and Vp parallel to vp. Otherwise, it is not zero and
can generate vorticity.

The viscous (or diffusion) term implies that the vorticity can be
diffused within the flow field due to the viscous effect of the fluid.
Consider the case when both p and 4 are taken as constants. The
viscous term can be written as

Vx[%}:VVX[V-(ZD)]:VVX(V~Vu):VV-V(qu):VVZ(D,

(2-104b)

which indeed in the form of a diffusion term, with the kinematic
viscosity, v, as the diffusion coefficient. Here v= u/p.

For incompressible fluid, p = constant; both the compression and
the baroclinic terms are identically zero, and the vorticity equation,
(2-103), becomes

d—m=a—m+u-Vm=m-Vu+VV2m, (2-104c)
dt ot

If the viscosity is taken to be constant.

As discussed before, the baroclinic term can be regarded as the
source term of vorticity. Vorticity can also be generated when there
exists “discontinuity” of velocity, such as the encounter of two
streams with different velocities. However, the most common
vorticity source is associated with the no slip condition at the solid
boundary. For viscous fluid, the velocity u = 0 at solid boundary, but
not the vorticity. As the vorticity is generated at the solid wall, it is
diffused away into the flow through the diffusion term. The detailed
evolution of vorticity then follows (2-103).

(XII) Bernoulli’s equation

For inviscid fluid, including both the perfect fluid and ideal fluid
discussed before, we can use the so-called Bernoulli’s equation (an
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algebraic equation) to relate the velocity and the pressure field, instead of
using the momentum equation (the Euler’s equation), which is a partial
differential equation. We have different forms of the Bernoulli’s equation.

(i) Steady flow of a prefect fluid with conservative body force
The flow is not necessarily barotropic or irrotational, which are special
cases of perfect fluid, but must have the condition of conservative body

force. The flow is called barotropic if the pressure can be expressed as
p = p(p), which may be regarded as a special equation of state. Under the

conditions of perfect fluid (q=0, v =0), steady flow (o()/or=0),
conservative body force (f =V¢), the momentum equation becomes

u-Vu=Vg-—. (2-105)
By dotting both sides of (2-105) by u, and using the vector identity
u-Vu=%V(u~u)—ux(qu), (2-105a)

we have

u-V(%)—u-ux(vXu):_“'Vp+u.v¢. (2-106)
0

The second term in (2-106) is zero because the vector wu is perpendicular
to the vector ux(Vxu). Recall the Gibb’s equation, we have

TVS:Vh—EVp.
P

As s is constant, or Vs=0 for steady flow, the above equation implies

u-Vp
Yo,

u-Va.

Thus (2-106) becomes

u-v(%+ h —¢j =0, (2-107a)
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or
%+h ¢ = constant (2-107b)
on a given streamline. The constant in (2-107b) is called the Bernoulli’s

constant. One may have different constants for different streamlines. If
the body force is due to gravity, ¢=-gz, where g is the gravitational

acceleration, and z is the vertical coordinate. In general, the body force
can be neglected, and (2-107b) reduces to

hy=h+ %u -u = constant (2-107c)

on a given streamline.

Consider the special case for incompressible fluid flows,

E:v(ﬁ)
p p

Equation (2-106) then becomes (without using the Gibb’s equation)

u- V(T+p ¢j (2-108a)

which implies that

H+——¢ constant (2-108b)
2 p

on a given streamline. By comparing (2-107b) and (2-108b), and using
the definition n=e+ p/p, we obtain

e = constant (2-108c)

on a given streamline for an incompressible flow.

(if) Unsteady flow of an irrotational, incompressible, perfect fluid with
conservative body force
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For irrotational (e=Vxu=0, thus u=Ve according to the vector
identity VxVe=0), incompressible ( p=constant), perfect fluid (q=0,
v =0) with gravity as the conservative body force (f=-Vgz), the
momentum equation becomes

%(V(ﬂ) + v(?) - —V[%] ~Vez,

with the application of the vector identity, (2-105a). The above equation
can be rearrange as

or
_+_. +£+gz=f(l‘) , (2'109)
P

where f(¢) is an arbitrary function of time. Equation (2-109) applies for

all the points in the flow field, not necessarily for points along a given
streamline. If a point in the flow is steady, then £(¢) = constant.

(XIII) The Croccos’s equation

For steady inviscid flow with conservative body force, the
momentum equation becomes

u-Vu=%V(u-u)—uxw=—E+V¢. (2-110)
P

Here the fluid of interest need not be the perfect fluid, and we may have
Vs 0. For example, we are considering the flow through a shock wave,
the fluid on both sides of the shock can be treated as perfect fluid, but the
entropy on the downstream side is greater than that on the upstream side.
By using the Gibb’s equation,

TVSZVh—in’

yo,

equation (2-110) becomes
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V(%+h—¢j=ux(o+TVs, (2-111)

which is called the Crocco’s equation. It states that both the rotational
effect (i.e., ®=0) and the non-isentropic effect (i.e., s=constant) can
make the “Bernoulli constant” (in (2-107b)) not constant along a given
streamline.

(XIV) Equations in a non-inertial frame

The governing equations of continuum fluid mechanics that we have
discussed before is for the problem in an inertial frame. For some
practical problems, it is better or necessary to study the problem in a
non-inertial frame. The continuity equation, the energy equation, and the
equations of state remain unchanged in a non-inertial frame. All we had
to do is to modify the acceleration term of the momentum equation, since
the Newton’s second law applies only in an inertial frame. Recall from

particle dynamics, the acceleration of a particle in an inertial frame, % :

1

can be expressed in terms of the quantities in a non-inertial frame as

du :du”+2£2xu+9x(ﬂxr)+£zxr+@, (2-112)
|, dr a

where r and u are the position and velocity vector, respectively, in the
non-inertial coordinates, w_(r) is the translating velocity and @ is

angular velocity of the non-inertial frame. Here Q is rotating about an
arbitrary axis passing through the origin of the non-inertial coordinates.

As a material fluid point can be identified as a particle, the term % in

tl
(2-112) will be employed to replace the term % in the momentum
equation (for example, the Euler’s equation in (2-75b) and the
Navier-Stokes equation in (2-91b)), if the equation is studied in a
non-inertial coordinates. The second and the third terms on the right hand
side of (2-112) are called the Coriolis acceleration and the centrifugal
acceleration, respectively.
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Appendix — some useful vector identities (from Currie’s book)

In the following formulas, ¢ is any scalar and a, b and ¢ are any
vectors.

VxVg =0
V.-(ga) =¢V-a+a- Vg
V x(da) = Vg xa+ gV xa)

V-(an):o
(a-V)a=%V(a-a)—ax(an)

Vx(Vxa)=V(V-a)-Va
Vx(axb)=aV-b)-b(V-a)-(a-Vb+ (b V)
V-(@axb)=b-(Vxa)—a-(Vxb)

Via-b)=ax(Vxb)+bx(Vxa)+(a-Vb+(- Vh
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Homework

(1) Carry out the detailed derivations of equation (2-104a) and (2-104b).

(2) Write down the equations governing the velocity and pressure in the steady,

(3)

(4)

(5)

two-dimensional flow of an inviscid, incompressible fluid in which gravity may
be neglected. If the fluid is stratified, the density p will depend, in general, on
both x and y coordinates. Show that the transformation

u*=lplpu, v*=plpv,

in which p, is a constant reference density, transforms these governing equations

into those of a constant density fluid whose velocity components are »* and v*.
(from Currie’s book, problem 1.1)

Derive the total energy equation when there is a volume source of heat, A(7; ¢), per
unit volume in addition to the heat flux vector. Assume both the Reynolds
transport theorem and the Cauchy stress principle hold.

Derive the continuity equation in spherical coordinates in two ways. (i) Starting
from first principles using an infinitesimal control volume, which is fixed in space.
To do this, set up a small elemental control volume in the spherical coordinate
system, and identify the rates of inflow through each face of the control volume;
setting the net inflow equal to the rate of mass accumulation in the element. (ii)
Starting from the vector form of the continuity equation derived in the course note
and using the divergence and/or gradient operators for spherical coordinates.

Assume slug flow (i.e., u=u(x,t)alone) in the constant area tube shown below.

Also assume that the flow is irrotational, inviscid and incompressible. Use the
unsteady Bernoulli’s equation to determine the differential equation for A(z),

where ¢ is the time. What is the frequency of the oscillation? What is the
distribution of pressure in the tube?

Op% to anspkefg , P: PA

S Q‘é«iﬁ:bﬁum positoom
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CHAPTER 3: EXACT SOLUTIONS OF THE

GOVERNING EQUATIONS

The governing equations for continuum fluid mechanics derived in
chapter 2 are sets of coupled nonlinear partial differential equations,
which cannot be solved analytically in general. Actually, we have only
limited number of analytical solutions of the governing equations under
restricted conditions. Such analytical solutions are called the exact
solutions.

Exact solutions, however simple and restricted, are essential because
(1) it can disclose indisputable important features, and provide insight for
construction of approximate solution, and (2) it can serve as test cases for
plausible approximate and numerical method.

We shall consider here the incompressible viscous flow with constant
viscosity since most of the exact solutions belong to this group. The
governing equations are the Continuity and the Navier-Stokes equations,

V-u=0, (3-1a)
and

a—u—i-u-Vu:—E+VV2u+g, (3-1b)
ot o,

where v =ulp is the kinematic viscosity of the fluid, which is taken to
be constant in this chapter, and g is the gravitational acceleration. Here
the gravitational force is taken to be the body force. Such body force can
be removed from the governing equations if the modified pressure (or
called the dynamic pressure) is employed, and the derivation is as follows.
Consider first the hydrostatics problem. When u = 0, we set p=p,,, and

(3-1b) becomes
0=-Vp,s +pg.
The hydrostatic pressure, p,., can be solved, and the result is
Pus = Do+ P8°T,
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where p, isa constant, and r is the position vector. On setting

P="pys+P,

where P is called the modified pressure, or the dynamics pressure,
equations (3-1a) and (3-1b) become

and
6—u+u-Vu=—V—P+VV2u. (3-2b)
ot P

The body force is absorbed into the pressure term. The above concept of
modified pressure can be employed only under the following conditions:
(1) p=constant and the body force f = g, and (2) the boundary
conditions involve u alone. This will always be so when the fluid under
discussion is gas; but may not be so for liquid. For example, if there
exists a free surface or interface, g re-enters the problem through the
dynamic boundary condition at the interface (see Chapter 6 of Currie’s
book). The rest of this chapter is to find solutions of equations (3-2a) and
(3-2b) under certain restricted conditions. The terms in (3-2b) are called
the unsteady term, the convection term, the pressure term and the viscous
(or diffusion) term, respectively.

(I) Flow with parallel streamlines

The major difficulty of solving the problem arises from the nonlinear
convection term, u-Vu, which can be written as

0
u-Vu=g--(ge,), (3-3)

in a natural coordinates system shown in Figure 3-1. The natural
coordinates system is a local Cartesian coordinates with unit vectors e,

e, and e, where e  is parallel to the local velocity, and s is the

coordinate along the streamline. The local velocity, u, can be expressed as
u = ge, (the components in other directions are zero), and equation (3-3) is

thus derived. If the magnitude of u, g, is not zero, then u-Vu=0 when
both
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—+=0 and < =0. (3-4)

Figure 3-1: The natural coordinates system. The surface of the tube is a
stream-surface, which is constructed by streamlines.

With the application of the integral form of the continuity equation of
incompressible flow and the definition of streamline, the first equality in
(3-4) implies that the stream tube in figure 2-1 does not change its cross
section. The second equality in (3-4) implies that the streamline does not
change its direction, except at g = 0 (the flow may reverse there). If the
streamlines of the flow are parallel, both conditions in (3-4) are satisfied.
Thus if the x-axis of the Cartesian coordinates is taken to be parallel to
the streamlines, the velocity in (3-2a) and (3-2b) can be written as

u=u(y,zi)i. (3-5)

It follows that the continuity equation, (3-2a), is satisfied automatically
by (3-5), and the momentum equation, (3-2b), becomes

2 2
ou__1oP V[a—ljﬁ—@‘] , (3-6a)
ot p Ox oy® oz
0--Lo, (3-6b)
p Oy
and
0-_1% (3-6¢)
p Oz

Equations (3-6b) and (3-6¢) imply that
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P =P(x,1),

and thus
1 6P

-y ). (3-72)

On the other hand, with the functional form of u in (3-5), equation (3-6a)
implies that

1 0P
———=f,(nz1). (3-7b)
p Ox
Thus we have
1 o0P
i ) (3-7¢)
p Ox

according to (3-7a) and (3-7b), and
P=—pxf(1)+E, (1), (3-8)

where f(t) and P(r) are arbitrary functions of time. Finally, the rest
unknown, u(y,z,t), of the problem, is governed by

E_f(t)ﬂ/[ayz +822J (3-9)

according to (3-6a) and (3-7c). Equation (3-9) is in the form of the heat
equation with a time-dependent heat source. The solution of the steady
and unsteady problem will be discussed separately. A collection of
solutions of (3-9) for different geometries and boundary conditions can be
found from the book “Conduction of heat in solids” by H. S. Carslaw and
J. C. Jaeger (Second edition, Oxford University Press, 1959).

(i) Steady flow

When the flow is steady, u = u(y, z), f(t) = C = constant, and (3-9)
becomes

v =S, (3-10)

|4

where Vv? is the Laplacian operator in the plane perpendicular to the
flow. For example,
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a.nd VZ——Z"F— +—2—2
or- ror r°o0

Vi=

for Cartesian coordinates and cylindrical coordinates, respectively.
Equation (3-10) is a Poisson equation, which is solved subject to Dirichlet
boundary conditions. The general procedure is to write

u=u +u,,
such that
v, =& (3-10a)

14
subject to the homogeneous boundary conditions, and
Vu, =0 (3-10b)

subject to the inhomgeneous boundary conditions. The driving
mechanism of the problem described by Equation (3-10) is the applied
constant pressure gradient, C, which is balanced by the viscous effect.

Consider the steady flow through a long straight pipe of constant
arbitrary cross section with contour D(y,z) = 0 as shown in Figure 3-2,
The flow is driven by an imposed constant negative pressure gradient
along the x-direction. For region sufficiently far from the inlet, the
velocity profile can be assumed as parallel to the pipe wall and is
independent of x, i.e., the flow is fully developed. It follows that the
velocity is of the form u=u(y,z)i, and u(y,z) is governed by (3-10). The
associated boundary condition is the no-slip condition at the wall, i.e., u =
0 on D(x,y) =0.

4 z

Y NN

TN

D(Y2)=0

Figure 3-2: A long straight pipe of constant arbitrary cross section with
contour D(y,z) = 0.
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(a) Hagen-Poiseuille flow

Consider the special case when the cross section is circular, i.e., the
steady fully developed flow through a circular straight pipe. This problem
was first studied by Hagen (1839) and Poiseuille (1840), and was called
the Hagen-Poiseuille flow. As the shape of the contour is circular, it is
better to study the problem in polar coordinates, (r, 6 ). Equation (3-10)
then becomes

O’u 1lou 1 d%u C
g, rouw__C 3-11
o’ ror r?oo? v ( )

which is solved subject to
u(a,0)=0, (3-11a)

where a is the radius of the pipe. As the driving mechanism, i.e., the
Imposed constant pressure gradient, is independent of 6, and both the
geometry of the pipe and the boundary condition are also axial symmetric,
it is reasonable to expect that the velocity profile is axial symmetric, and
takes the form u(r). Thus (3-11) reduces to

o L 14/ d)

o Lde_1df dv) C
dr rdr rdr dr 1%

, (3-12)
which has general solution

u:—1r2(£j+Alnr+B.
4 v

The constant of integration, A equals zero since u is bounded at r = 0. The
other constant, B, is determined by the no slip condition as described in
(3-11a), and B=(a’/4)(C/v). Thus

. %a(%)[l—c:—] | (3-13a)

The centerline velocity, u., is related to the applied constant pressure
gradient through
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Uy :u(O)zlaz(gjz—la2 1dp :
4 1% 4 M odx

Equation (3-13a) may then be written as

Ao (3-13b)

Uer a

which shows that the normalized velocity profile is parabolic. The shear
stress at the wall,

ou|  2ug __gd_P
" " or| _ H a 2 dx

This is expected since it may be written as

t,(27a) = —ma’ ar :
dx

which is a direct consequence of the force balance of the flow in a
cylindrical control volume with radius a and an infinitesimal axial length

dx. If P, r, u and t are normalized by pu.,’, a, u, and pu,’,
respectively, we found the normalized pressure gradient

d(P/pMCLZ) _ _i (3-143.)

d(x/a) R
and the shear stress coefficient

Con b
1 2 R
~PlUcp

(2-14b)

N

where R = pu.alu is the Reynolds number. The volume flow rate, Q,
and the average velocity, u, , are defined through

av !

QO=u, m’ = jZﬂm(r)dr : (3-15)

With (3-13b), we found
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Q = Eﬂ'a uCL = —575 (3'153.)
and
0 = %u . (3-15b)

If Q and dP/dx are measurable, we can use (3-15a) to determine u, which
Is the basis of one of the methods for determining the viscosity of the
fluid. Flow in an annular pipe driven by an imposed axial pressure
gradient can also be studied in a similar manner except the boundary
condition is different.

(b) Flows through pipes with other cross sectional areas

Consider the elliptical cross section with major axes 2a and 2b. The
boundary of the pipe in the yz-plane can be described by y*/a®+2°/b* =1.

The governing equation according to (3-10) is

Ou ou _ C _10P

y g = —; = ;g = constant y (3-16&)
which is solved subject to
yZ ZZ

According to the boundary condition, (3-16b), one may seek solution of
form

u(y,z):A[l—y—j—Z—z], (3-16¢)

which satisfies (3-16b) automatically. The constant A is determined by
substituting (3-16c¢) into (3-16a), it follows that

1 0P 1
A:——— T 2 2 |
uox\1la®+1/b

The solution for steady fully developed flows through pipes with other
cross sectional areas, such as triangular pipes and square pipes, can be
found in a similar way (see Problem 1 of the Homework).
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Figure 3-3: Illustration for plane Poiseuille flow. The flow is of infinite
extent in the y-direction.

(¢) Plane Poiseuille flow

This is the fully-developed flow in a two-dimensional channel with
width 2h as shown in figure 3-3. The flow is driven by an applied
constant negative pressure gradient along the x-direction. The flow is of
infinite extent in the y-direction, and thus the velocity profile is
independent of y, i.e., u = u(z) only. The governing equation according to
(3-10) becomes

d’u C 1lopP

T T wa constant , (3-17a)
which is solved subject to
u=0 at z=+h. (3-17b)
The solution is
2
o _[ij | (3-17¢)
Uy, h

which is also parabolic as that in the Hagen-Poiseuille flow in example 1.
The centerline velocity, u,,, is related to the applied pressure gradient

through
h* oP

Uy = .
< 21 Ox
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However, u, =(2/3)u, , Which is different from (3-15b) in Example 1.

\Z gbelt Croving)
upper plate (moving) — U @ U @
T -
ho |
l ! 35— X 77777 7777 v 77 22X

fower plaTe (fixed)

Figure 3-4: lllustration for the plane Couette flow. The figure on the right
shows an experimental apparatus for generating a local
Couette flow if the moving belt mechanism is immersed in a
tank with sufficiently large extent in the x-direction.

(d) Plane Couette flow

The flow in the above three examples are driven by imposed axial
pressure gradients. However, flows in channels/pipes can also be driven
by the shear associated with the motion of the solid boundary. The
simplest example is the so-called Couette flow, which is illustrated in
Figure 3-4. Fluid is contained in a two-dimensional channel with width h.
There is no imposed pressure contrast, and the flow is driven solely by
the motion of the upper plate, which is translating with a constant speed
U along its own plane in the x-direction. The governing equation for u(z)
according to (3-10) is

? = 0 y (3'18&)
which is solved subject to
u=0 at y=0, (3-18Db)
and
u=U at y=h. (3-18c)
The solution is
u z
T (3-19d)



which is a linear profile. One may combine Example 3 and 4 to study the
case when the two-dimensional fluid motion between two parallel plates
driven by both the above mechanisms: the imposed pressure gradient and
the shear associated with the motion of the upper plate. The resulting
flow is called the Poiseuille-Couette flow, which forms the basis of the
theory of lubrication.

(ii) Unsteady flow

The flow is unsteady because the driving mechanism is unsteady.
There are two main types of unsteady problems, the transient problem
and the quasi-steady problem associated with a periodic driving
mechanism, which will be discussed later in this section. Similar as
before, the driving mechanisms for the present unsteady flows with
parallel streamlines include the imposed pressure gradient and the shear
associated with the motion of the boundary in its own plane.

(a) Fluid motion above an infinite flat plate driven by the motion of
the plate in its own plane

Consider the motion of the fluid above an infinite flat plate, which moves
in its own plane as shown in Figure 3-5. The Cartesian coordinates in
Figure 3-5 are chosen such that the plate is on the xz-plane and moves
along the x-direction with arbitrary time varying speed U(t). The flow is
driven solely by the shear associated with the motion of the plate, and
there exists no imposed pressure gradient. According to the nature of the
driving mechanism and the geometry of the flow domain, we may seek
solution of form

u=u(y,t). (3-20)

The governing equation according to (3-10) becomes

2
%27 (3-21)

which is solved subject to the boundary conditions,
u=U(t) at y=0, (3-21a)

and
uis bounded as y >0, (3-21b)
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Figure 3-5: Fluid motion in the upper half space driven by the imposed
motion of the boundary at y=0.

together with an initial condition
u=Uy(y) at t=0. (3-21c)

The above equation set can be solved by using the method of Laplace
transform. The Laplace transform is defined as

0

Ty) = J.e_”u(y, t)drt ,

0

which transforms u(y,7) into u(y), with s as a parameter. By multiplying
(3-21) by e, and integrating both side fromt=0t0 «, we have

9=

~Up(3) + su = v% , (3-22)

which is an ordinary differential equation for u(y) subject to the
boundary conditions
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0

u(0) = je‘“U (t)dt = known, (3-22a)

0
and
u(y) isboundedas y— . (3-22b)

Once u(y) is obtained, one may employ the inverse Laplace transform to
obtain u(y,?).

(1) Stokes’ first problem
The simplest case is
U,(y»)=0 and U(t)=U, = constant, (3-23)
for the initial and boundary conditions, respectively, which is called the
Stokes’ first problem. Physically, both the fluid and the plate are rest

initially, then the infinite plate at y = 0 suddenly starts moving with
constant velocity U.i at its own plane. The problem is to find the

transient response of the fluid motion due to the motion of the plate.
Under the condition of (3-23), (3-22) becomes

Pu  s—

—="u. 3-24
o v y ( )
The associated boundary conditions are
=Ye at -0, (3-24a)
S
and
u—0 as y =0, (3-24b)

according to (3-22a) and (3-22b) together with the initial nature of the
problem. The general solution of (3-24) is

U= Ae_ﬁy + Be\/fy . (3-25)

The constant B is zero by applying (3-24b). The constant A equals to U/s
according to (3-24a). Thus (3-25) becomes
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u =

. (3-25a)
By looking up in the table of Laplace inverse transform, we found
u(y,1) Y
=1- -
aaly)  ew
where
erf (x) = ife-’fdn (3-27)
Vg

is the error function, which increases rapidly to unity as x increases. By
looking up at the mathematical handbook, we found erf(2)=0.995, and

practically, erf(3)=1. The resulting normalized velocity profile according
to (3-26) is sketched in Figure 3-6. The thickness of the fluid layer, y,,
dragged by the plate is (define y=y, when »=0.005U; u is essentially
zero outside the fluid layer)

Y =2
N
or
y, 24w . (3-28a)

The length scale of the fluid layer is vz, which increases with both the

kinematic viscosity (v) and the time (t), and is independent of the
coordinate (x). The shear stress at the wall can be calculated as

ou o 2% 2 1
=yl U 2L -5 [e"d =uU,.| - 3-28b
P ”ayyzo H “ov| rx !e 7 . C( N Zx/vtj \/m/t X )

y=0

where the Leibniz rule has been employed for the derivation.

Remark: The Leibniz rule is as follows.
b(x) b(x)

LN snan= | LEDy L i) -2 fix,a)

a(x) a(x)

76



Q<
|

as! t intveases
|

,____
—
i
t———-——

v
5|

»
—————

l
I
l
l

A
Y

Gig
o
25
wn
Gls

Figure 3-6: Sketch of the velocity profiles for the Stokes’ first problem.
The profiles at different times collapse into one if they are
plotted in terms of the dimensionless variable, y/(2vw), as
shown on the right figure.

(2) Method of similarity transformation

An alternative method, called the method of similarity transformation,
will be introduced here for solving the above Stokes’ first problem.
Although the method of similarity transformation finds no obvious
advantage for solving the present linear problem, it may be employed to
solve nonlinear problem under restricted conditions, and will be
employed later in this chapter.

The Stokes’ first problem is governed by

ou o%u
5 = Vy, (3 29)
with boundary conditions,
u=U at y=0, (3-29a)
and
u—>0 as y—> o, (3-29Db)
together with an initial condition
u=0 at t=0. (3-29¢)

Before we start to solve the problem, lets estimate the terms in the
governing equation, (3-29). If we take the velocity scale of the problem to
be U, the time scale to be t since we are studying the transient response
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of the fluid motion, and set the length scale as y,, we may estimate

ou U,

2
= . Zc and a_zzg(a_uja.i&..U_Cz’
ot v\ y) ys Vs Y
and thus (3-29) implies
Ve, Ve,
4 Vs
It follows that
v~ (3-29d)

which is actually the length scale discussed before in (3-28a). The
achievement of the above crude analysis (called the scaling analysis) is
remarkable since we have obtained the correct length scale of the
problem without actually solving the differential equation. The scaling
analysis is quite useful in the research work.

The nature of the length scale in (3-29) suggests that we may try to
seek solution of dimensionless form as

L _F(), ith - L 3-30
. &) wi §=17r (3-30)
By using the chain rule for differentiation, we have

1cdr
“2¢de’

ou _,, dF 0¢ _ dF{ 1L3]

—=U——=U—| —-—F¢
ot “dioar “dE| 24

2 2
a—Z—Uci dF 8¢& U o(dF 1 U d(drF 1 ag_U 1 d*F
oy oy

o) Vgl ) Ve g i o Vv

and thus the partial differential equation, (3-29), becomes

gdr _dr (3-31)
2dE " de

which is an ordinary differential equation. Furthermore, the boundary
condition, (3-29a), becomes
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F(0)=1, (3-31a)

and both the boundary condition, (3-39b), and the initial condition,
(3-29c¢), imply

F(x)=0. (3-31b)

After integration, the general solution of (3-31) is

¢ 1.
F&)=[e * ds+D,
where C and D are the integration constants, and  is the dummy variable
for integration. By applying the boundary conditions (3-31a) and (3-31b),
we found

D=1 and ef=———

respectively. Thus the solution is
s

O _ oy 1 2 F o q (o)1 or] Y i
o= F@)=1 J;j dp=1-erf(£/2)=1 f(zﬂj, (3-32)

C

which is the same as that in (3-26) as expected.

In summary, the transformation described by (3-30) transforms the
partial differential equation (3-29) with three conditions (3-29a-c) into an
ordinary differential equation (3-31) with two conditions (3-31a-b). The
type of the transformation described by (3-30) is called the similarity
transformation, & is called the similarity variable, and the solution of the
ordinary differential equation (3-31) subject to (3-31a) and (3-31b) is
called the similarity solution. Although the solution procedure of an
ordinary differential equation in general is much simpler than that of a
partial differential equation, there are strict limitations on the method of
similarity transformation. Mathematically, it is required that: (1) the
partial differential equation transforms into an ordinary differential
equation, and (2) the boundary and initial conditions transform into
appropriate boundary conditions, including the situation that two
conditions can collapse into one condition after the similarity
transformation. Physically, it is required that there exists no imposed
length (or time) scale in the flow.

(3) Solution for general plate motion
If both the fluid and the plate are rest initially, and the plate starts to
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move with an arbitrary velocity U(t)i when >0 (see Figure 3-7), we
may use the method of superposition (with the solution of the Stokes’ first
problem as the basic solution; denoted the basic solution here in
dimensionless form by u,(y,r)) to build up the solution since the

governing equation is linear. The result is
u(y,f) = jub(yt t)dU(t ) di+U @), (1) (3-33)
0

by using the Duhamel’s theorem (see Carslaw & Jaeger, 1959).

Uy

ol

¥
U@
i

' 4
+

Figure 3-7: A sketch for the time varying speed of the plate.

Of course, this problem can also be solved by using the method of
Laplace transform as discussed in (3-22). However, it is wonder if we can
solve this problem using the method of similarity transformation, and the
rest of this section is to study its possibility. As in (3-30), let

u(y,))=U@) f(),  with n:%, (3-34)

The governing equation becomes

d°f 1 df ,(tdU) . _ _
v 4(Udtjf_0. (3-35)

The boundary condition at y = 0 reduces to
f(0)=1, (3-35a)
and both the boundary condition as y -« and the initial condition at

t=0 collapse into
f()=0. (3-35b)
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The coefficient of the last term in (3-35) is a function of time in general,
and thus (3-35) is reduced to an ordinary differential equation only when

$du_ M = constant, (3-36a)
U dt

or

U= Um(tLJM , (3-36b)

m

where U, and ¢, are constants. Therefore, we have similarity solution

for the case of time varying plate motion only when (3-36a) or (3-36b) is
satisfied. In particular, if M = 1, (3-35) reduces to

df L A ]
Gzt gy A =0, (3-36)

and the solution of (3-36) subject to (3-35a) and (3-35b) is
2 2 -n?
f0) =@+ n*)L=erf () - e (3-36a)
T

Solution can be obtained similarly for cases with other values of M.
(4) Stokes’ second problem

Consider the case when the flow is driven by the harmonic oscillation
of the plate. The velocity u(y,t) of the problem is governed by

2
Tever (3-31)
ot oy
with boundary conditions,
u(0,t) =U, cosar , (3-37a)
u(eo,t) =0, (3-37b)
and initial condition,
u(y,0)=0. (3-37¢)

Here the amplitude and frequency of the oscillation, U, and «», are

taken to be constants. The solution of (3-37) subject to (3-37a-c) can be
found by using the method of Laplace transform as studied before in
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(3-22), and includes both a transient response part (which decays to zero
at large time) and a long-term response part (which also oscillates
harmonically but with phase shift). The Stokes’ second problem is to
study the long-term response of the fluid motion, i.e., the so-called
quasi-steady solution.

In order to solve the quasi-steady solution of (3-37) subject to
(3-37a-c), lets consider a complementary problem for «,(y,) as follows.

o _ 0 (3-38)
ot oy
with the boundary conditions
u,(0,t) =U,sinat (3-38a)
u,(o,¢) =0, (3-38b)
and initial condition
u,(y,0)=0. (3-38c)

Next, we consider a complex velocity defined by
u(y,t) =u(y,0) +iu,(,1), (3-39)
where i=+/-1. By adding (3-37) to i times (3-38), we obtain

ou _ du

5 = VW . (3'40)
The associated boundary conditions are
u(0,0) =U,e™, (3-40a)
u(oo0,£) =0. (3-40b)
The initial condition is
u(,0)=0, (3-40c)

but is irrelevant to the solution since we are seeking the long-term
response. Once we have solved u(y,r), we may obtained u(y,/) by

taking the real part of u(y,r). The solution procedures are as follows.
First, the boundary condition, (3-40a), suggests that the solution takes the
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form,

;gﬁzgwwm, (3-41)

which may Dbe regarded as a kind of separation of variables. By
substituting (3-41) into (3-40), (3-40a) and (3-40b), we found

iwg =V i’z‘g . (3-42)
with
g(O) = 1! (3-42a)
and
g(x)=0. (3-42Db)

The general solution of (3-42) is

g(y)=Ae

With /i =(@1+i)/~/2, the boundary condition (2-42b) implies 4=0, and
(2-42a) implies that B=1. Thus
—\/;ye-iJ;y’

g(y)=e
and

u(y,t) = UORe{e“;"ye’“;}V)e’””} = er_”%y cos[wt - /—;0 y]. (3-43)
v
bz

The amplitude of the fluid oscillation, er_ g decays exponentially as
y increases. The effect of the boundary (i.e., the plate) oscillation is
confined to a layer of finite thickness, 5. If the layer thickness is defined
as

y=0 when u=0.01U,,
then

o=z46V2viwm.

There also exists a phase difference, ‘/ﬂy, between the plate and fluid

2v
oscillation.
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By using the so-called unsteady Galilean transformation (see next
section and Section 10.7 of Panton’s book), the result in this sub-section
can be applied to study the problem for “an oscillating stream over a
stationary plate,” and hence we can estimate “the thickness of the
boundary layer for wave motion over a flat plate” (see Panton’s book,
p.269-272). Furthermore, the present result can also be applied to study
the damping behavior of certain lateral vibrating structures in
micro-electrical-mechanical-system (MEMS). For example, see Cho,
Pisano and Howe, “Viscous damping model for laterally oscillating
microstructures,” Journal of Microelectromechanical systems, Vol.3, No.2,
pp.81-87, 1994,

Finally, it is worth to point out that the method of similarity
transformation cannot be applied in the present problem since there exists

an imposed time scale, w™. Such time scale corresponds to an imposed
length scale /v/w , which is different from the length scale associated
with viscous diffusion, /vr .

(5) Unsteady Galilean transformation

When a rigid body translates with a constant speed U, in an

unbounded fluid at rest, it is convenient to solve the problem in a
coordinate system fixed at the body (Figure 3-8(b)) since the boundary
condition can be applied easily. For example, if the body is a sphere with
radius a, we may set u=0 at r=a, where r is the radius component of
the spherical coordinates fixed at the center of the sphere. However, if the
problem is solved in a coordinates fixed at the surrounding stagnant fluid,
we have u=U_ on the body surface, where the body surface is

described by a spherical surface which translates with time, and is thus a
time varying function. The governing equations are the same for both the
coordinates (x,y,z) in Figure 3-8(a) and the coordinates (x,7,z) in
Figure 3-8(b), which are fixed in space and at the body, and are called the
fixed and translating coordinates, respectively.

Now, consider the case when the body is translating with a time

varying speed V(z), instead of a constant speed, along a straight line as
shown in Figure 3-8(c). We may also choose a translating coordinates
system, (x,7,z), which is fixed at the body, for solving the problem. It is
interest to see if the governing equations are the same for different
coordinates in the present unsteady translating problem. In the inertia

coordinates (x,y,z) in Figure 3-8(c), the governing equations for the
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incompressible flow, written in index form, are

s _g (3-44a)
ox,
and
2
ou, ou, _ OP ou, (3-44b)

gy =ty :
o ox; ox, Ox,0x

The associated boundary conditions are

u, =V,(t) on solid boundary, (3-44c)

and
u, =0 far away from the body (i.e., at infinity).  (2-44d)

Here x are the components of X (x,y,z), u, are the components of the
fluid velocity u(x, ,t), and 7,(r) are the components of V(t). The relations

i —_—
1 —
2 X
D) (6>
> \
> Vb
Vet \\; ;
D — 8
Y \,\ SB

2
LX

Figure 3-8 : Illustration for the steady (a, b) and the unsteady (c, d)
Galilean transformations.
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A A A

between the non-inertial translating coordinates (x,y,z) in Figure 3-8(d)
and the fixed coordinates (x,y,z) in Figure 3-8(c) are

% =x - [V (), (3-45a)
0

and
0 =u —Vi(t). (3-45b)

1 1

A A A A

Here x are the components of x (x,7,7). Equations (3-45a) and (3-45b)

are called the unsteady Galilean transformation. By using (3-45a) and
(3-45b) together with the chain rule, we can derive the governing

A A A

equations in the translating coordinates (x,y,z) from (3-44a-d) as

o _ g (3-46a)
ox,
and
A~ A~ ~ 2~
O g O OP,, O (3-46b)

with boundary conditions

u, =0 on solid boundary, (3-46¢)
and
u, =-V,(¢) far away from the body (i.e., at infinity).  (3-46d)
where
2 - dv, -
P—P+pxl.z. (3-47)

Thus the governing equations have the same form in both coordinates, but
the pressure fields are different as described by (3-47). When
V.(1)=U, =constant, (3-47) reduces to P=P as in the steady Galilean

transformation described in Figures 3-8(a) and (b). An example is to
employ the solution of the Stokes second problem to evaluate the
damping of the water wave (see Problem 5 of the homework).

(b) Fluid motion inside pipes and channels

We have studied two types of unsteady problem in a semi-infinite
domain in the last section, the transient problem via the Stokes’ first
problem, and the quasi-steady problem via the Stokes’ second problem.
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We may also have these two types of fluid motion inside pipes and
channels.

(1) The transient problem

Consider the transient response of the set up of the Couette flow in
Figure 3-9(a), i.e., the planar flow between two infinite rigid plates with
the lower plate moved suddenly and the upper plate held fixed or vice
versa. The governing equation is

o 27 (3-48)
with boundary conditions
u(0,£)=U, =constant, u(d,t)=0 for ¢>0, (3-48a)
and initial condition
u(y,00=0 for 0<y<d. (3-48b)

The method of similarity transformation cannot be applied here since
there exists an imposed length scale, d. Of course, the problem can be
studied via the Laplace transform. However, we solve the problem here
using the method of separation of variables. In order to apply the method
of separation of variables for the present problem with non-homogeneous
boundary condition, we first change the dependent variable into w(y,?)

by setting
W) =12 )=t (3-49)

Equations (3-48) and (3-48a,b) then become

ow O*w
5 = Vy y (3 49&)
with boundary conditions
w(0,0)=0, w(d,©)=0 for ¢>0, (3-49b)
and initial condition
w(,0) = U{l—%j for 0<y<d. (3-49c)

By using the method of separation of variables, we found
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w(y,t) = ZA exp(—n T dtjsm

The coefficient, 4 , is determined by satisfying the initial condition with
the application of the orthogonal property, and

el e

u(y,t)=U, (1——}— Zexp( 2 2szm ey (3-49)

d
which is sketched in Figure 3-9(b). The first term on the right hand side
of (3-49) is the steady part, which is the solution of the steady Couette
flow studied before; the second term on the right hand side of (3-49) is a
transient term, which decays to zero as ¢ — .

Thus

The transient responses to the starting of the plane and circular
Poiseuille flow with the applied pressure gradient as the driving
mechanism can be studied in a similar way as above (see Problem 7 of
the homework).

4
A
(ot rest)>
zZLeel
I ' (a)
U=0U, fortzo
4
d
/
Ds ;—g increases. (b)
Y
or— | g t)-c

Figure 3-9: (a) Configuration of the transient of Couette flow. (b)
Qualitative result of the velocity profiles according to (3-49).
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(2) The quasi-steady problem

Here we consider the pulsating flow between two parallel plates (see
Figure 3-10) driven by an imposed axial oscillating pressure gradient. A
characteristic length scale, 2a (width of the channel), exists, and thus we
are not expecting to have a similarity solution for this problem. However,
we may apply the method using complex variables as that in the Stokes’
second problem discussed above if our goal is to obtain the long-term
behavior. The governing equation for the velocity component, u(y,t),
along the x-direction in Figure 3-10 is

ou__op, 0u ]
Por ™ o Hgr (3-50)
with the pressure gradient
1or_ K coswt = K Re(e™) (3-502)
p Ox
and boundary conditions
u(a,t) =u(-a,t)=0. (3-50Db)

Here the amplitude and frequency, K and ®, of the driving pressure
gradient are taken to be constants. Similar as before in the Stokes’ second
problem, let

u(y,t) = Re(w(y)ei‘”’), (3-51)

T%

e D —ple— P

Figure 3-10: Configuration of the flow between two parallel plates driven
by an imposed oscillating pressure gradient.
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equations (3-50) and (3-50b) then imply

d*w iw _K )

dy2 —TW— y , (3 52)
and

w(a) = w(-a)=0. (3-52a)

The general solution of (3-52) is  (with i =(@1+i)/~/2)

w(y) = i£ + Acosh{(1+ i)\/zy} + Bsinh{(1+ i)\/zy} _
0] 2v 2v

The constants of integration, A and B, are obtained by using (3-52a), and
the results are
A= LS ,  B=0.
a)COSh|:(1+i) wa}
2v

Thus
cosh[(1+i)‘/2wy}
w(y):ig 1- v : (3-53)
w w
cosh[(lﬂ‘) a}
2v
and

, cosh (HN yj
IK 1 \/E a

0] - 1+
cosh| = = N

where N =wa’/v isadimensionless parameter governing the flow.

e v, (3-54)

u(y,t) = Re(w(y)ei“”) = Rex

.

For small N,
144 1(1+i  yY 1 ?
Cosh—llel+—(—lNlJ T zl+—iN2[Zj Fooe
\/E a 2 \/E a 2 a

thus
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2 2
u(y,gz_ia_(mosm)[l_y_zj, (3-54a)
2v a

which states that the quasi velocity has a parabolic profile. Equation
(3-54a) is the same as the steady solution in (3-17c¢) if the steady pressure
gradient is replaced by the periodic pressure gradient in (3-50a) under this
low frequency limit (i.e., for ~ <<1).

For large N,
cosh(ﬂNlJ - 1(81}2"@ + e_lJ;NZ)] . Ee%zvf ’
\/E a 2 >
and thus
ZK EN Y .
103 Re{_[l_ - qe} (3-54b)
0

For region not close to the wall (called the core region), (3-54b) further
reduces to (note that y/a < 1)

1.9 —Ksin
: } _—hsiher (3-54c)

u(y,t) = Re{—
@

)

under the condition N — o, which is also the solution of (3-50) with the
viscous term set to zero. Thus the flow in the core region is essentially
inviscid. For region next to the wall (called the boundary layer region),
we may re-scale the problem by setting

such that »=0(@) within the boundary layer region. Equation (3-54b)
reduces to

u(y,t) = Re{ﬂ{(l—e_ﬁ’q)e"‘“’} e~ _Ksino +5e-% Sin(wt —177) (3-54d)
w w \/E

6{)

The first term on the right hand side of (3-54d) is the same as the flow in
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the core region in (3-54c), the second term accounts for the viscous effect,
which is required for u(y,7) to satisfy the no-slip boundary condition at

the wall.

Other examples for quasi-steady flows include the pulsating flow in a
circular straight pipe driven by an imposed periodic pressure gradient, the
oscillating plane Couette flow driven by the harmonic oscillation of the
upper and/or lower plate(s), and the pulsating flow in a circular straight
pipe driven by the axial oscillation of the pipe wall.

(IT) Flow with circular streamlines

We have found that the nonlinear convection term in the
Navier-Stokes equation is identically zero for cases with parallel
streamlines. When the streamlines are curved, the convection term is not
zero in general. However, for cases with circular streamlines, the equation
governing the azimuthal velocity component is linear although the
convection term is nonzero. Consider the planar flow for example. Let’s
choose a polar coordinates system (r,0) with velocity components (u,,u,).

The governing equations are the continuity equation,
10 (1 )4 L0

——\ru, )+ =0, (3-55&)
ror r 06

the r-component Navier-Stokes equation,

ou, Ou, u, ou, ugz 10oP
+u R A A

o0 "or r o0 r p or

(3-55b)

Ou, lou, 10w, u 2 ou,
4 2 T = 2 2 2 J
or ror r°00 r° r° o6

and the 6-component Navier-Stokes equation,

ot or r 00 r pr 00

2 2
o Tty LUy 10, u, 204 (3550
or ror r°-o0° r° r°oo

6u9+u 8u5+u_56u9+uru6 __1lor
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For flows with closed circular streamlines, we may seek solution with

u =0. (3-56a)

”

It follows from the continuity equation, (3-55a), that
u, =V(rt). (3-56b)
The radial component Navier-Stokes equation, (3-55b), then reduces to

2
_r__1op (3-57a)

r p@r’

which shows a balance between the centrifugal force and the force
associated with the radial pressure gradient. In particular, the convection
term reduces to -v?/r, which is not zero in general. Also the
0-component Navier-Stokes equation, (3-55c), reduces to

2
6_V=_ia_P+V(a V+16_V_1J, (3-57b)

ot pr 06 ot ror i’

With the functional dependence of V in (3-56b), (3-57a) implies that

P=f(r0)+g6.1), (3-58a)
or
OP _0g _ ]
0" 20 2,(0,1), (3-58b)

where f(r,t) and g(6,r) are arbitrary functions. With the functional
relationships in (3-56b) and (3-58b), (3-57b) implies that

oP ]
5 C, () (3-58¢)

alone, where C,(r) is an arbitrary function. After integration, we have
P=C,()0+C,(r,1) (3-58d)

according to (3-58c), where C,(r,t) is an arbitrary function. As
P(r,0,t) = P(r,0 +21r,t), it is required that C,(r)=0. Thus
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P=C,(r1), (3-58e)
or
oP
- 0. (3-58f)

With (3-58f), (3-57b) reduces to

ov :v(anﬁaV_V]:vla(rsﬁ(VD, (3-59)

ot or’ ror r r’or\ or\r

which is a linear equation governing »(r,f). After we have obtained
V(r,t), we may calculate the pressure field by integrating (3-57a).

(i) Steady flow

For steady flow, (3-59) reduces to

L2 =

which has general solution
V=é+ar, (3-61)

r

where a and b are constants of integration. We have the following three
situations according to different boundary conditions.

(1) Flow inside an infinitely long circular cylinder with radius R,
which is rotating about its own axis with constant angular speed

Q,

We have »=0 for finite solution at »=0 and «=0Q, according to
the no-slip condition. Thus

V=rQ,, (3-61a)

which is the same as a solid body rotation.
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(2) Flow outside an infinite long circular cylinder with radius R

which is rotating about its own axis with constant angular speed
Ql

We have «=0 for finite solution as r -« and »=R’*Q, according
to the no-slip condition. Thus

Ly (3-61h)

which describes the velocity field of a vortex.

(3) Flow between two infinite concentric long circular cylinders with
inner radius R and outer radius R, rotating at constant

angular speed Q, and Q,, respectively.

The constants of integration, a and b, are determined according to the
no-slip conditions

V= R]_Ql at r= R]_ y
and

V =R, at r=R,.

The result is

2 2
:[ Q-0Q, J1+91R1 ~Q.R (3-61¢)

1/R*-1/R?Jr  R’-R)}

for R <r<R,. As R, >~ and with Q,=0, (3-61c) reduces to (3-61b).
As R —0, (3-61c) reduces to (3-61a). With @, =0 and R —> R, (i.e.,
R,—R << R =R,), (3-61c) reduces to

Vz&Q{%%%J, (3-62)
2 1

which is the same as the linear velocity profile of the plane Couette flow
in (3-19d) if RQ,, r—R and R,-R are identified as U, z and h,
respectively in (3-19d). Thus we may generate a Couette flow (called the
circular Couette flow) in the gap between two concentric circular
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cylinders if the outer cylinder is rotating with constant speed and the
inner cylinder is held fixed, provided that the gap width is sufficiently
less than the radii of the cylinders. Such apparatus (concentric cylinders)
can generate “better” Couette flow than the apparatus shown in figure 3-4
since there exists no end effect of the apparatus.

For Q, =0, (3-61c) reduces to

2
yo| |1, R (3-63a)
1R?-1/R})r R’-R,

The shear stress at the inner cylinder is

oV R}
— . =2 2__Q.. 3-63b
Tro ﬂ(’” ( j)h& :uRzz _R12 1 ( )

or\ r

The shear force per unit length of the cylinder is
F =2nRz,, = -4nu—-*—% . (3-63c)

For a given apparatus, i.e., @, R and R, are known, if F is

measurable, we can use (3-63c) to determine the viscosity of the fluid, p.
Finally, the rate of work done by the inner cylinder per unit length is

2n2p 2
W =-F(QR)=4nu 2, le R22 , (3-64d)
Rz _Rl

On the other hand, the dissipation function

2 454~ 2
oV R, R, Q) 1
N LIT) O RS
or\r (Rz _Rl)zr

and the total energy dissipation per unit axial length of the cylinder is

R, 4 4~ 2

=, 3-64
: (R22 ~ Rlz)z 4 ( e)

which equals the rate of work done in (3-64d) for this steady problem as
expected.
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(ii) Unsteady flow

The general unsteady flow is governed by (3-59) with appropriate
boundary and initial conditions. We may also have both the transient and
quasi-steady problems as discussed before. The decay of an ideal line
vortex (called the Oseen vortex) is an example for the transient problem,
which can be found from Chapter 11 of the book by Panton.

(IIT) Nonlinear problems

When the streamlines are not straight and parallel as those in (I) and
not circular and closed as those in (Il), the convection term is not zero,
and the governing equations for the flow are nonlinear. There are only
limited numbers of exact solutions of this kind, and some of them are
discussed as follows.

(i) Radial flow: Steady flow between two non-parallel plane walls

Consider the steady planar converging (flow toward the origin, r = 0)
or diverging (flow outward from the origin) flow between two
non-parallel planes as shown in Figure 3-11 with the volume flow rate, Q,
fixed. Q > 0 for diverging flow and Q < 0 for converging flow. The flow
is driven by the applied pressure contrasts at both ends, or may be
regarded that the flow is induced by an imposed line source or sink at the

//’//

, 1 LA g u O\(
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|

|

1

,)

-~

6=0

Figure 3-11: Configuration of the flow between two non-parallel planes.
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origin of Figure 3-11. The present problem was first studied by Jeffrey
(1915) and independently by Hamel (1917), and is thus called the
Jeffrey-Hamel flow. If the fluid is inviscid and incompressible, and the
flow is further irrotational, the flow may be regarded as a piece of sink
(or source) flow (will be discussed later in Chapter 6), and is purely radial.
The velocity field is

u,=0 and u, =QI2ar), (3-65)

with 2a the angle between the two planes.

For the present viscous flow, it was found that the flow is still purely
radial, i.e., u,=0 and the streamlines are lines of constant 6 in Figure
3-11. However, the radial velocity component for viscous flow,
u =u(r,0), instead of u =u (r) alone in (3-65) for inviscid flow. For
purely radial flow,

u, =0, (3-66a)

the continuity equation in the polar coordinates in Figure (3-11),

rur)+1%—0,

10
o r o0

r or

reduces to ru = £(9) for arbitrary function £(®), or

u

r

_ 19 (3-66b)

r

which represents a source/sink flow (same r-dependence as in (3-55)).
With (3-66a) and (3-66b), the radial and the circumferential components
of the Navier-Stokes equation reduce to

2 2
a1 @Pw[a u, 10y, _u_g+i2%j, (3-67a)

ro— —_—— ———

" or p or o’ ror oo
and
o-_ Lo 20 (3-67h)
prod  r° o0

respectively. After integration, (3-67b) implies

P_2 o)+ g, (3-68)
p T
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where g(r) is an arbitrary function. With (3-66b) and (3-68), (3-67a)
reduces to

_f_z_ﬂ_d_g+v(2_f_i_i+id2fj,

P P dr r Pt P do?
or
d’f _ .dg
2t 4vf v ===, 3-69
SR =y, (3-69)

The left hand side of (3-69) is function of 6 alone, while the right hand
side is only function of r. Thus (3-69) implies that

2% (3-69a)
dr
and
2 d°f .
[ sy =C, (3-69h)

where C is a constant to be determined, which is related either to the
specified constant flow rate, Q, or the given pressures at both ends. The
solution of (3-69a) is

g(r)= —%%-ﬁ- constant . (3-70)
r
To solve (3-69b), lets define a dimensionless variable, F(0), through

F(6) E@ - (3-71)

|4

which may be regarded as a local Reynolds number. With (3-71), (3-69b)
becomes

2
d6€+F2+4F:%E—A, (3-72)

which is solved subject to the no-slip conditions
F(a)=F(-a)=0, (3-72a)

and the constraint
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ju,,(r,e)rde =Q= given constant,

which can be expressed through (3-71) in dimensionless form as
TF(@)d& _2 (3-72b)
—a 14

By inspecting the problem governed by equations (3-71), (3-72a) and
(3-72b), we found that the velocity profile, F(), is symmetric about the
axis, @=0. Thus we may replace (3-72a) by

dF - ]
a0, 0 and F(-a)=0. (3-72¢)

Equation (3-72) subject to (3-72c¢) and (3-72b) can be solved numerically,
and the results are shown in Figure 3-12. The results are expressed in
dimensionless form with the radial velocity component, «,, normalized
by its maximum value, which occurs at #=0. The angle ¢ is
normalized by «. As «=0 for the situation of parallel plates, i.e., the
plane Poiseuille flow, the horizontal axis for the curve with ek =0 in
Figure 3-12 is equivalent to z/h in Figure 3-3. The profile for aR=0 is
parabolic as shown in (3-17c). Here R=(ur/v)|,_,= F(0). The curves for

Figure 5.6.4. Symmetrical distributions of radial velocity in a divergent channel for
which a=7/36 at various values of aR(=a?u,/v). Positive values of aR represent out-
flow at the centre of the channel.

Figure 3-12: \elocity profiles for the flow between two non-parallel
planes. This figure is adopted from Batchelor’s book
(1967). « in the figure is the radial velocity component,
., In the text. u, is the radial velocity along the

centerline, i.e.,at 6=0.

u
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aR <0 correspond to converging flows, which becomes flatter and flatter
as |aR | increases. The curves for «r >0 correspond to diverging flows.
Numerical result shows that the shear stress at the wall vanishes (i.e.,
drldé|,.,=0) when aR=10.31. Reverse flows occur next to the walls,
and the profile (see case for aR =38.0) shows a maximum at #=0 with
two relative minimums (negative).

The problem can also be studied analytically, and an implicit solution
is obtained as follows. By multiplying (3-72) by an integrating factor,

dF 1d6 , we obtain
2
ii d_F _,_li(}ﬂ)_,_gi(FZ)Z_Ad_F_
2do|\ do 3d6 deo deo

After integration, we have

2
E(d—Fj Lpor e ar—B-o0. (3-73)
2\do) 3

Here B is the constant of integration, which can be related to the
normalized centerline velocity, F,=F(©@=0), as

1
B:§F53+2F;,2+AFO,

or the dimensionless shear stress at wall, F '=dr/dé|,_.,, as

12
p=to
2

through the application of the boundary conditions depicted in (3-72c).

The solution of (3-73) subject to (3-72c) can be solved, and expressed
in implicit form as

i dF
ezij - _ —-a (3-74)
V2B —2AF —AF? —2F%/3

for 2B—24F -4F?-2F%/3%0 (i.e., dFld6=0), where the “+” sign
depends on direction of the flow near the wall ¢ =-«, we choose the plus
sign for drF/d0 >0 and the minus sign for dr/d6<0. Equation (3-74)
can be expressed as elliptic integral (see L. Rosenhead, “Laminar
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boundary layers,” Dover (1988), p.149).

The qualitative behavior for the profile of the diverging flow shown
in Figure 3-12 can be studied as follows. Equation (3-73) can be written

as
2
i(d—Fj V=0, (3-75)
2\ do
where
V=%F3 +2F*+ AF - B (3-75a)

is a cubic function of F, and can be rewritten in the following form as
v —%(a _FY(F—b)(F -c). (3-75b)

The constants a, b and ¢ can be related to A and B by comparing (3-75a)
with (3-75b). Equation (3-75) is the same as the equation of motion for a
point mass under the influence of a force potential, ¥(#). The first and

the second terms in (3-75) represent the kinetic energy and the potential
energy, respectively. According to (3-75) and (3-72c), we observe:
(1) At the wall, F=0 and hence

-V(0)= %abc >0 (3-76)

for any real value of F,'.

(2)As |Fl> o, V—F33.

(3) For real value of dr/de, we must have V(F)<0. This implies that
the solution is in the lower half of the FV-plane.

(4) The relative maximum or minimum value of the profile for F(9)
occurs at dF/do=0 or V=V (F)=0. According to (3-75b), there are
three roots of V=V (F)=0. There are two situations for these three

roots: one real root and a pair of complex root (as in the case for
aR =5.2 in Figure 3-12), and three real roots (as in the case for
aR =38.0 In Figure 3-12). For the former case, lets denote the real
root by a. For the later case, we arrange the roots in the order a > b >
C.

(5) For diverging flow, 0>0. a should be positive, and equals to the
maximum velocity which occursat #=0.

With the above five items, the locus of the variations of V with F for
cases with one and three real roots are plotted qualitatively in Figure
3-13(a) and 3-13(b), respectively. Also sketched in the figure are the
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corresponding velocity profiles across the channel.

For case with one real root, the curve intersects with the horizontal
axis at only one point (at F = a), which is denoted by point “M” in the
figure. The intersection of the curve with the vertical axis (denoted by
point “W?”) corresponds to place where the velocity equals to zero (F = 0),
which occurs at the wall. The portion of the curve between “W” and “M”
are the locus of V versus F for the flow within the plates. As we move
from point “W” to “M” and then back to point “W” along the curve in the
left figure of Figure 13(a), the velocity changes from zero at the lower
wall to the maximum value at the centerline and then back to zero at the
upper wall as shown in the right figure of Figure 13(a).

v V£
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% .=

(a>

3
E
\ _E
v )
w
w8
/\M M > F — . = .
c \/a
w w
3
v~E

(b)

4

\

W

/

Figure 3-13: Qualitative sketches for the locus of V(F) and the
corresponding velocity across the channel. (a) Case with
one real root. (b) Case with three real roots.
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For case with three real roots, the curve intersects the horizontal axis
at three points, F = a, b, and c, as shown on the left figure of Figure 13(b).
The point at F = a is denoted by M, and that at F = b by M’. The velocity
at the intersection between the curve and the vertical axis is zero (F = 0)
Is denoted by “W” similar as before. The portion of the curve between
point M’ and M refers to the flow within the channel, which contains two
parts, the negative part (F < 0, reverse flow) from M’ to W, and the
positive part (F > 0, positive flow) form W to M. The point W
corresponds to the state with F = 0, the point M corresponds to state with
maximum positive velocity, and the point M’ corresponds to the state
with maximum negative velocity. The correspondence between the
characteristics of the velocity profile (see Figure 3-13(b), right) and the
locus on the V-F curve (Figure 3-13(b), left) is as follows. On the V-F
curve, we start from W (the velocity at the lower wall), move leftward to
M’ (the flow reaches maximum reverse velocity), then turn back toward
the right, passing through W (the velocity is zero), and reach M
(maximum velocity at the centerline), which constitute the first half of the
“journey” within the lower half of the channel. The second half of the
“journey” corresponds to the upper half of the channel, we start from M,
move leftward to W (zero velocity within the flow), then M’ (maximum
reverse velocity), and then turn rightward, and finally stop at W (the
upper wall).

(ii) Curved streamlines: stagnation flow

This is an example for flow with general curved streamlines. The
problem was first studied by Hiemenz (1911). Imagine that a uniform
flow is approaching an infinite rigid wall, which is located perpendicular
to the flow, as shown in Figure 3-14(c). The fluid cannot flow through the
wall, and thus turn its direction. The resulting flow field is called the
stagnation flow. For two-dimensional flow in a plane, there exists a
dividing streamline, i.e., the y-axis in Figure 3-14(c). The flow is
symmetric about the dividing streamline. The velocity at the point
denoted by “S” is zero, and thus we call the point “S” the stagnation point.
The fluid turns a right angle and flows along the wall away from the
stagnation point. For axial symmetric case, the y-axis in Figure 3-14(c) is
the symmetric axis. The fluid turns as it approaches the wall, and flows
away from the stagnation point along radial directions. In practice, the
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flow around a blunted nosed body as those in Figure 3-14(a) (for planar
flow) or 3-14(b) (for axial symmetric flow) can be approximated locally
as a stagnation flow. Here we shall consider both cases simultaneously.
Consider the coordinates (x,y) in Figure 3-14(c). It may represent the
Cartesian coordinates in planar problem, or the cylindrical coordinates in

— t
: — 1*!
) —_— . \
A \
_— ._-_{ . N — - g —5X
"\ xl /
—
—_—
inffrile c.g(’fndu with (xyl’syhncfrrc Bunt
' axis alorg the Z-diypction nosed bod,
b2 b
rY

ST IT I T T STTTT 77777777777

cC

Figure 3-14: For uniform flow over (a) a long circular cylinder, and (b) an
axial symmetric blunt nosed body, the flows near the forward
stagnation point (denoted by S in the figure) can be
approximated as a 2-dimensional (planar) and axial
symmetric stagnation flow, respectively. The configuration of
the stagnation flow is sketched in (c). x and y are the axes of
a Cartesian coordinates for the planar flow, but are the radial
and axial axes of a cylindrical coordinates for the axial
symmetric flow. The origin of the coordinates is set at the
stagnation point.
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the axial symmetric problem. Let (u,v) be the velocity components in the
(x,y) directions. The continuity and the Navier-Stokes equations can be
expressed as

a n—2 6 n—2
P + — = 0 , 3'77&
8ot 2 e 772
2 n—-2 2
ua—u+v8—u=—£a—P+v 8_L21+£ u_z +6_L21 : (3-77b)
ox Oy 0 Ox ox®  ox\ x" oy
and
2
u@wtv@:—la—PJrv 172 ﬁ[x”_2@j+a—‘2} : (3-77¢c)
ox Oy p Oy x"7° Ox ox) Oy

The flow is planar when »=2, but is axial symmetric when »=3.
Equation (3-77a) is satisfied automatically by defining a stream function
w(x,y) such that

1 oy __ 1oy _
7o and Ve (3-78)

For frictionless stagnation flow (will be discussed later in chapter 6),
the stream function y ~xy for planar flow, and w~x*y/2 for axial

symmetric flow, or may be written as

B
n-1

Y=y, = xn—ly’ (3-79&)
where B is a constant. The corresponding inviscid velocity field is

x and v,=-By. (3-79Db)

We have u,=0 when x=0 and v,=0 when y=0. The point x=0
and y=0 Iis a stagnation point. However, the no-slip boundary condition
at wall (y=0) cannot be satisfied.

For (real) viscous fluid, we modify (3-79a) as
B n-1
y=—"x"f(»), (3-80a)
n-1

in order to satisfy the no-slip condition at y=0. Note that the
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x-dependence relationship, w ~x"*, in (3-80a) is still the same as that in
(3-79a). The velocity components corresponding to (3-80a) are

u=

?1xf(w and v=-Bf(y), (3-80b)

n
where 7'(y) =df /dy. By substituting (3-80Db) into (3-77c) we found

1P prgpe (3-81a)
p Oy

which is function of y alone. Thus

o’P
Ox0y '

(3-81b)
With (3-81b), we may differentiate (3-77b) by eliminating P, and obtain

I+ g(ﬁ” ") —g o 1_1) (r2) =o0. (3-82)

The no-slip conditionat y=0 implies that

£'(0)=0 and f(0)=0. (3-82a)
For region sufficiently away from the wall, the viscous effect is negligible,
and the flow is expected to match with the inviscid result. Thus we
require

f'(0)=1 and f(0)=y, (3-82b)

by comparing (3-80b) with (3-79b). By integration, we obtain

(-2 . L SUr)=c (3-83a)

from (3-82). The constant of integration C is determined from (2-82b) as

_B_1
v(n-1)"

Here we have employed £ («)= f""(«) =0, which implies that the flow
matches smoothly with the inviscid flow as y-—»o . Thus (3-83a)
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becomes

() ) =0, (3-830)

Note that B has the dimension as “1/time” and f has dimension as
“length”. By setting

n=yJBlv and F(n)=+vBIvf(n), (3-84)

equation (3-83b) becomes

F'"+FF"+

L @-r2)=o0, (3-85)

n-1
which is in dimensionless form, and is solved subject to
F()=F'(0)=F'(x)-1=0 (3-85a)

according to (3-82a) and (3-82b). A numerical program for the planar
case (n=2) is shown in Figure 3-15, and the numerical results are shown
in Figure 3-16.

From Figure 3-16, the x-component velocity approaches a constant,
the y-component velocity approaches a linear relationship, and the shear
stress approaches zero as the dimensionless distance from the wall, n,
increases. This is expected since the flow approaches the inviscid flow
sufficiently far from the wall. The viscous effect is confined in a region
next to the wall. If the thickness of the viscous region, 8, is defined
through

y=0 when F'(n)=0.99, (3-86)

we found
S+Blv =24  forthe planar stagnation flow  (3-86a)

according to the numerical result in Figure 3-16. It is important to note
that & is a constant and is independent of x! The thickness of the viscous
region does not grow with x because the approaching flow confines the
vorticity generated associated with the no-slip condition next to the wall.
Similarly, we can solve the axial symmetric problem numerically, and
find
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SBlv =275 for the axial symmetric stagnation flow. (3-86b)

The shear stress at the wall is calculated as

=y(a—”+@j w[ o F"(O)JE +0j=y B F"(O)ﬁ, (3-87)
d ox) n-1 1% n-1 1%

which increases linearly with x. There is no contribution from the term
uovloyl,_, . For the planar case, we have »=2, and F"(0)=1.23

according to the numerical result. The shear stress at wall is usually
written in dimensionless form as

r, 2F"(0)Wn-1 ]
- = R : (3-87a)

PU;

C, =

1
2

where C, is called the skin friction coefficient, and R=u,x/v is the

Reynolds number. Finally, with the velocity field obtained, we can
evaluate the pressure field by integrating (3-81a).

(iii) Other nonlinear exact solutions

There are also some other nonlinear problems having exact solutions.
For examples, the flow induced by a rotating disk (the “von Karman’s
viscous pump”, Problem 4 of the Homework), the steady jet from a point
source of momentum (called the Squire or Landau’s jet, see Batchelor’s
book), and some other interesting problem in Yih’s book (pp.332-334).

(IV) Concluding Remarks

For steady incompressible flow with constant viscosity, the Reynolds
number is the only dimensionless parameter governing the flow.
Mathematically, exact solution is valid for all Reynolds number.
Unfortunately, this is not true! As claimed by L.D. Landau and E. M.
Lifshitz (1959), “Yet not every solution of the equation of motion, even if
it is exact, can actually occur in nature. The flows that occur in nature
must not only obey the equations of fluid dynamics, but also be stable.”
For example, we may observe parabolic velocity profile in a circular pipe
under the steady, fully developed condition only when the Reynolds
number (based on the mean velocity and pipe diameter) is less than a
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critical value, say, less than 2100. When the Reynolds number exceeds
the critical value, the flow becomes unstable, and we observe turbulent
flow when the Reynolds number is sufficiently large. The shape of the
mean turbulent profile is more flat (may be approximated as a
1/7-power profile) in comparing with the parabolic profile. The book by
Drazin & Reid is a good introduction to the study of the stability of fluid
motion (P. G. Drazin and W. H. Reid, “Hydrodynamic stability,”
Cambridge University Press, 1981).
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A Forlran program for Soﬁu;nj ( 2-D Staqgnation flows )

FI4FFZF+1=0, FOSFl)=Fl=-I=0

‘implicit real*8(a-h,o-z)

dimension x(10001), y1(10001), y2(10001), y3(10001)

write(*,9) ; "y
9 format(’ input h, y30, n, m’) Zjlé_»}:) %ZHFI (jie—,F

read (*,*) h, y30, n, m

x(1) = 0.d0

yl(1l) = 0.do h e pihP Size inXx
y2(1) = 0.40 .
i Sr S (L=060l 5 0KD
y3(1i) = y30 N 0 i
do 100 i=1,n-1 I
yli=y1(i) Y30 <> Quessed F (o)
2i=y2(i .
Yaioya (1) (the covract quess is [23269)
al=h*ff1(y2i) T %
bl=h*ff2(y31i) Number of ¢lepe Ty
cl=h*ff3(yli,y2i,y3i) m <> f ZT
a2=h*ff1(y2i+.5d0%bl) (m=Sool it <)

b2=h#*ff2 (y3i+.5d0*c1)
c2=h*ff3 (yli+.5d0%al,y2i+.5d0%bl,y3i+.5d0o%c1) Mer dulpul your
a3=h*ffl(y2i+.5d0*b2) v 2 sulfs wery
b3=h*ff2 (y3i+.5d0%c2) . ateps,
c3=h*ff3 (yli+.5d0%*a2,y2i+.5d0*b2,y3i+.5d0%c2)
a4=h*ff1(y2i+b3)
b4=h*ff2 (y3i+c3)
c4=h*ff3(yli+a3,y2i+b3,y3i+c3)
xX(i+1)=x(i)+h
yi(i+1l)=yi1(i)+(al+2.d0*a2+2.d0*a3+a4)/6.d0
Y2 (i+1)=y2 (i) +(bl+2.d0*b2+2.d0*b3+b4) /6.d0
y3(i+1)=y3(i)+(cl+2.d0*c2+2.d0*c3+c4) /6.40
write(*,120) x(i),y2(1)
100 continue
open(unit=3,file=’output.dat’)
do 104 i=1,n,m
104 write(3,120) x(i),y1(i),y2(i),y3(1)
close(3)
120 format(4(1x,el2.5))
stop
end

c kkkkhkkhhhhdkkhkk .
function ff1(y2)

C kkkhkkhkhkkhkhkkkkhkhkk*k
implicit real*8(a-h,o-2z) Qyueq['z Ya
ffi=y2
return
end

C kkhkkkhkkhkkkkhkkkkk
function f££2(y3)

C kkkkkkkkhkkkkkkk P
implicit real*8(a-h,o-2) Ff?eljz = Yz
ff2=y3
return
end

C kkkhhhhkhhhhhkhkkkdhkk
function ff3(yl,y2,y3)

C kkkkkkkkkkkkhhkkkkkikk ¢ " 3
implicit real*8(a-h,o-z) faeYs = <~ "+ £y
f£3==-yl*y3+y2%y2-1.d0 .
remwg e =‘@DW9+U@“I
end

Figure 3-15: The Fortran program for solving the planar stagnation flow
using shooting method (with fourth order Runge-Kutta
method).
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Figure 3-16: Numerical results for the planar stagnation flow.
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Homework

(1) The cross section of a tube in an equilateral triangle with sides of
length | and a horizontal base. Flow in the tube is produced by an
imposed pressure gradient dp/dx. Verify that the velocity profile is

given by
Ao L (Y B
uly )_2\/3/11( dxj[ 2 l](3y )’

where the coordinate origin is at the apex of the triangle with z
bisecting the angle and positive downward, and y is horizontal. Check
that the flow rate is

This problem is adopted from Panton’s book, Problem 11.1.

(2) Consider the annulus formed between a rod of radius » and a tube
of radius 7. Find the steady fully developed velocity profile driven
by both the following mechanisms simultaneously. (i) The rod is
translating in the axial direction at a constant speed ¥, and rotating

about its own axis with a constant angular speed Q. (ii) A constant
pressure gradient dp/dx is imposed along the axial direction (from
Panton’s book, Problem 7.4).

(3) Extend the plane Poiseuille flow analysis to describe stratified flow.
One fluid, filling half the channel, has density o, and viscosity . ;

the other fluid has p, and x,. Check your result by setting p, = p,
and ., = u,. What happens if the upper fluid is much less dense and

less viscous than the lower fluid, as would be the case with air
flowing over water? (Hint: let the velocity and the shear stress be
continuous at the interface)

(4) Consider the flow around an infinite long circular cylinder with radius
a. The flow is driven by the rotation the cylinder about its own axis
with angular velocity «=0 when <0 and o =Q=constant when
t>0. Here tis the time.

(a) Starting from the incompressible Navier-Stokes equation in
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cylindrical coordinates, show that the velocity in 6-component
satisfy the “diffusion equation” under certain assumptions. State
your assumptions and the appropriate boundary and initial
conditions.

(b) Show that the problem cannot be solved by similarity
transformation.

(c) Solve the problem by using the Laplace transform or other
appropriate method.

(5) Consider an infinite stream oscillating according to u(¢) = u,sinQz.

What pressure gradient would cause this oscillation? A solid wall is
inserted into the flow so that it is parallel to the motion. What is the
shear stress on the wall? What is the phase of the shear stress with
respect of the velocity u(y —»o,7)? What is the y location, as a
function of time, where the particle acceleration is a maximum (of
either sign)? How much of the acceleration is due to pressure and
how much to viscosity? (Panton’s book, problem 11.4)

(6) The flat bottom surface under a liquid of depth h is moved in its own
plane according to u(f)=u,sinQs. Find the velocity and vorticity

profiles in the liquid. (Hint: What boundary condition would you
apply on the upper free surface? This problem is from Panton’s book,
problem 11.10)

(7) Solve the transient starting Poiseuille flow in a circular pipe. Plot the
velocity profiles for different values of ¢v/a* together with the
steady solution. Here t is the time, v is the kinematic viscosity of the
fluid, and a is the radius of the pipe.

(8) Consider the so-called von Karman’s viscous pump problem as
follows. Incompressible Newtonian fluid with constant viscosity is
filled in the semi-infinite domain above the rigid plane z = 0.
Consider the steady flow which results if the infinite plane z = 0
rotates at constant angular velocity ok about the z-axis. The viscous
drag of the rotating surface would set up a swirling flow toward the
plane. Let (u,,u,,u.) be the velocity components in the cylindrical

coordinates (r,6,z) and p be the dynamic pressure. Assume that the

flow is independent of 6.
(@) Write down the governing equations for w,,u,,u. andp, i.e., the

continuity and the incompressible Navier-Stokes equation in
cylindrical coordinates with the flow properties independent of 6.
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State the appropriate boundary conditions.
(b) Karman proposed (1921) that the appropriate solution to be
u lr,u,lr,p=function of z alone,
and hence wrote
u =roF(z%), u,=raG(z*), u, =~NovH(z*), p=povP(z*), (1)
where z*=zJw/v . Derive the ordinary differential equations
governing the dimensionless function F, G, H and P by substituting

equation (1) into the governing equations in (a), and state the

appropriate boundary conditions for the ordinary differential
equations.

(d) Express the shear stress on the rotating surface in terms of the

function G at z*=0, and estimate the torque exerted by the fluid on
the plane from »=0 to =5, where 7 is a finite value.

—_
>

v
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CHAPTER 4: THE FLOW PHYSICS FROM SMALL TO

LARGE REYNOLDS NUMBER

As discussed in chapter 3, we have only limited numbers of exact
solution to the governing equations of the fluid motion, and the equations
cannot be solved “exactly” in general. In order to solve the governing
equations, we may either employ the numerical methods (which is the
topic of Computational Fluid Dynamics), or simplify them into simpler
equations under certain conditions so that we may carry out further
analysis. The results of the simplified equations are approximate but not
“exact” solutions to the governing equations, i.e., the continuity and
Navier-Stokes equations. In the rest of this course, we shall discuss two
types of approximations under condition of either very small or very large
Reynolds number.

We shall consider here only the steady incompressible flow with
constant viscosity. The governing equations are

V-u=0 (4-1a)
and

pu-Vu=-VP+ NV, (4-1b)

where P is the modified pressure. The terms in (4-1b) represent the inertia,
the pressure and the viscous forces, respectively. At solid surface, the
no-slip condition should be satisfied for a given flow.

The problem can be normalized by choosing suitable velocity scale,
U,, length scale, L , and pressure scale, P.We may choose U, and L,

as the characteristic speed and length, respectively, of the problem of
interest. The choice of the pressure scale depends on different situations
as follows.

(I) Cases for small inertia (low Reynolds number flows)

When the inertia force is small, we require that the pressure and the
viscous terms in (4-1b) be of the same order, i.e., —VP ~ uV*u, Or
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LIt
L, # L’
Thus
p -4
LS
On setting
~ u ~ X ~ ~ P
i=—o, X=—, V=LV and P= . (4-2)
U, L, : uU | L

equations (4-1a) and (4-1b) can be written in dimensionless form as

V.i=0 (4-3a)
and
Ria-Va=-VP+Va, (4-3b)
where
rR=PYL (4-4)
MU

Is the Reynolds number, which represents the ratio of the inertia to the
viscous force since

pU Y
pu-Vu L ~pUSLS:R.
WU 7
LZ

A

As R —0, the inertia force is negligible in comparing with the viscous
force, and (4-3a) and (4-3b) reduce to

V-a=0 (4-5a)
and

0=-VP+Va. (4-5b)
The equivalent dimensional equations of (4-5a) and (4-5b) are

V-u=0 (4-6a)
and

0=-VP+uVu. (4-6b)

Equations (4-6a) and (4-6b) are the simplified governing equations for
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low Reynolds number flows (i.e., for R<<1), and (4-6b) is called the
Stokes equation. The low Reynolds number flows are sometimes called
the Stokes flows (because (4-4b) is called the Stokes equation), or the
creeping flows (because the flow velocity is usually small for this type of
flow). Strictly speaking, there are three situations for the Reynolds
number to be small: when the characteristic velocity is small, when the
characteristic length is small, and when the viscosity is large. Recall that
the inertia force is identically zero for flows with parallel streamlines as
discussed in chapter 3, such parallel flows together with the low Reynolds
number flows described by (4-6a) and (4-6b) are sometimes called the
inertial-free flows (because the inertia term is neglected) or inertialess
flows (in Liggett’s book). The governing equations become linear when
the inertia term is neglected, which implies that we can carry out further
theoretical analysis under R<<1. More details of the low Reynolds
number flows will be discussed in chapter 5.

(IT) Cases for large inertia (high Reynolds number flows)

By balancing the inertia with the pressure term, i.e., pu-Vu-~-VP,
we have

or

On setting

i=t, k=X, Gonv o oand A=l (@)
Ug L y710)

N N

V=0 (4-84a)
and

a-Vi=-VP+ Va4, (4-8b)

As R — «, equations (4-8a) and (4-8b) reduce to

V.i=0 (4-9a)
and

a-Vi=—=VP, (4-9b)



The equivalent dimensional form of (4-9a) and (4-9b) are

V-u=0 (4-10a)
and
pu-Vu=-VP, (4-10b)

which are exactly the equations governing the inviscid flow. Equation
(4-10b) is the steady Euler equation, which is of one order less than
(4-1b). Thus the no-slip boundary condition at wall should be replaced by
the associated slip boundary condition.

In order to satisfy the no-slip condition (the real situation) for flow
with large Reynolds number, we must retain at least some part of the
viscous term in the equation of motion. Therefore, it is proposed that
there exists a thin region next to the solid boundary with thickness & (see
Figure 4-1), where the viscous force is not negligible and of the same
order as the inertia force. Such thin region is called the boundary layer,
and was first proposed by Prandtl at 1904. Define a local Cartesian
coordinates (x,y,z) within the boundary layer. Let x, y, and z be the
streamwise, the cross-streamwise, and the spanwise direction,
respectively, with L, 5§ and L. the representative length scales. We

have
s<<L, ~L, ~L, forflow inside the boundary layer. (4-11)

The viscous term for the streamwise momentum equation within the
boundary layer locally can then be evaluated as

AN CAC AN
# 'uﬁxz oy? oz’ 'ULZ 5 L° ,1152,

s s

which is much greater than that outside the boundary layer, U, /L?,

according to (4-11). By balancing the viscous term with the inertia term,
i.e., pu-Vu~ uV?u, inside the boundary layer, we have

or

ol L i
. , (4-12)
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which is much less than unity as R — «, and is consistent with (4-11).

Thus there are two regions having different characteristics for the
flow field (see figure 4-1(b)) at large Reynolds number. Most of the
region is essentially inviscid, and is called the inviscid main flow. The
viscous effect is confined in a thin region next to the wall, called the
boundary layer. The thickness of the boundary layer is much less than its
streamwise extent, which is of the same order as the length scale of the
inviscid main flow. Mathematically, the boundary layer is inserted for
satisfying the no-slip boundary condition. Vorticity is generated at the
wall associated with the no-slip condition, and swept downstream by the
flow. The diffusion of the vorticity by the viscous effect across the stream
is relatively small in comparing with the streamwise convective effect
due to the imposed flow at large Reynolds number, and thus the boundary
layer is kept thin although its thickness is evolving slowly downstream.
The boundary layer at the upper surface and that at the lower surface of
the body merge, and form a wake region behind the body. The wake
region contains mainly the relatively high vorticity fluid generated inside
the boundary layers upstream, and is fundamentally different from that in
the inviscid main flow. In fact, due to the drag of the body, the velocity
inside the wake is less than that in the inviscid main flow, say, U_, in
Figure 4-1, even at far downstream location from the body. This can be
understood by carrying out a momentum analysis of the flow inside a
large control volume containing the body, as will be discussed later in
Chapter 7. For large Reynolds number, the wake is a slender region, with
its cross streamwise extent much less than the streamwise extent, and can
also be analyzed using the boundary layer assumption in (4-11). Thus we
shall group the boundary layer next to the body surface and the wake
together, and called them simply the boundary layer region in the text.
The boundary layer region has two main characteristics: (1) it is a slender
region, and thus the spatial variation of the flow properties across the
flow is much greater than that along the flow, and (2) viscous effect is
important in the region. When the Reynolds number is large enough, the
flow inside the boundary layer and the wake are turbulent, and the
thickness of the boundary layer region becomes larger in comparing with
that in laminar case. However, the main characteristics remain unchanged.
If the flow inside the boundary layer experiences a sufficiently severe
adverse pressure gradient, it may separate from the body surface, and the
boundary layer grows rapidly. The boundary layer assumption in (4-11) is
not valid locally where the boundary layer separates. Also the boundary
layer assumption fails in the wake region near the body (called the near
wake). Numerical solution of the continuity and Navier-Stokes equations
Is required for understanding the local detailed features of such cases.
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However, the structure of the inviscid main flow can still be analyzed
using the continuity and Euler equations, but the shape of the body for
inviscid calculation should be modified.

Therefore, in case with high Reynolds number, we may replace “the
original problem governed by the continuity and Navier-Stokes equations
subject to the no-slip boundary condition at solid surface as in Figure
4-1(a)” by “the problem with two regions governed separately by simpler
equations as in Figure 4-1(b)”. The whole flow domain is separated into
two parts in Figure 4-1(b), the inviscid main flow and the thin boundary
layer region, which includes the boundary layer next to the solid surface
and the wake region in the downstream of the body. The

U
—
) 1:2:_0 on bodg surface
— G~
—_
ar
Uso
laviscid main {lowr
———
8 wake
7 (éj>\\~——f“f"
L;andA»J lAJAr

(b)

Figure 4-1: (a) The flow governed by the continuity and Navier-Stokes
equations subject to the no-slip boundary condition at solid
wall is replaced by (b) the inviscid main flow plus the thin
boundary layer region when the Reynolds number is
sufficiently large. The viscous effect is confined inside the
boundary layer region, which consists the boundary layer and
the wake region downstream of the body.
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inviscid main flow includes most of the flow region of the original
problem, and is governed by the continuity and the Euler equations (with
slip boundary condition). The flow in the boundary layer region is
governed by the so-called boundary layer equations (will be derived later),
which include the continuity and a “simplified” form of the
Navier-Stokes equation. For the boundary layer next to the solid surface,
the boundary layer equations are solved subject to the no-slip condition at
the solid boundary and the matching condition at the outer edge of the
boundary layer. The matching condition enforces that the flow fields
obtained in both the inviscid main flow region and the boundary layer
region obtained from different sets of governing equations to be matched
smoothly in a common region. The wake region sufficiently far
downstream from the body (i.e., the far wake) can also be approximated
as a thin boundary layer (without solid boundary), which is also governed
by the boundary layer equations.

As an illustration for deriving the boundary layer equations, consider
the two-dimensional planar flow over a wedge at large Reynolds number.
An incompressible uniform stream is approaching the wedge along its
axis with speed, U_. If the fluid is inviscid, a velocity field can be
obtained using the potential flow theory (will be discussed later in
Chapter 6), and the flow is slipping along the wedge surface with speed
U,(x), which is a function of x and is not equal to the approaching

uniform speed U, . In order to satisfy the no-slip boundary condition at
the wedge surface, a thin boundary layer is inserted between the inviscid
main flow and the solid boundary as illustrated in Figure 4-2. A Cartesian
coordinates (x,y) is set up in the figure, with (x,v) the corresponding
velocity components. The governing equations written in component
forms are

ou 0ov

- = 0’ (4'13&)
ox Oy
2 2
PLCOMNUCIE O (G (4-13b)
ox 0oy L Ox ox® oy
and
2 2
u@Jrv@:—la—P V 8_\2/+8_\2/ ) (4-13c)
ox 0oy p Oy ox® Oy

with P the reduced pressure and v the kinematic viscosity of the fluid.
The relative importance of various terms in the above equations can be
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studied using the scaling analysis as follows. Let £ _ and ¢ be the length

scale for the x and y directions, respectively. The scale for u can be

chosen as U, a representative speed of U, (x), and the scale for P is thus

pU?. The scale for v, ¥, can be determined through the continuity

equation, (4-13a), i.e.,

u,_v,
L &
Thus
- (4-14a)
N Lx N
We have
V.<<U, aS O0<<L, (4-14b)

according to the boundary layer assumption, (4-11). With (4-14a), the
scales for various terms in (4-13c) are

2
USIL, +(UWLX)USMLX _1pul USIL  USIL,

U 5 14 5
L, o p o L, o

s

respectively, or their relative importance can be expressed as

oF & 16° 1
—+—5~1l+=——+=,
L’ L RL’ R

X X

where R is the Reynolds number. All the terms are negligible in

comparing with the pressure term in (4-13c) under the conditions & << L,

and R — o, and thus (4-13c) reduces to

oP

. 0. (4-15)
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Figure 4-2: Sketch of the boundary layer for flow over a two-dimensional
wedge.

Equation (4-15) implies that the pressure variation across the boundary
layer is negligible, or that the pressure gradient along the x-direction
inside the boundary layer, oP/ox, can be evaluated using the flow outside
the boundary layer, i.e.,

oP dP

—= 4-1
ox  dx ( 5a)

where P =P (x) is the pressure along the wedge surface according to the

solution of inviscid main flow. With v=0, the x-momentum equation
along the wedge surface for inviscid flow according to (4-9b) is

du dP
oo 4-1
pU,— =" (4-15b)

Thus the pressure gradient inside the boundary layer can be expressed as

oP dUu
——=pU s, 4-15¢
ox PYs dx ( )
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The relative importance of the terms in (4-13b) are evaluated in a similar
way as

2
UYU“+Ug£ﬂ~£pU‘ +vU“2+v—§',
L. L. 6 p L L o
or
2
1+1-~1+1+iL"2 .
R R6

The streamwise diffusion term, wo%u/ox*, in (4-13b) is negligible under
R - . The relative importance of the cross-streamwise diffusion term,
w’uloy®, In comparing with the inertia (and pressure) term depends on

(.2152)/R , which is a product of a very large value (L.?/5%) and a small
value 1/R. There are three possibilities:

(i) If (5/L,)> >0 slower than 1/R—0 as R —x, the streamwise

diffusion term is negligible and (4-13b) reduces to the x-component of
the Euler equation. The no-slip condition cannot be satisfied, and this
IS not a correct possibility.

(i) If (s/L)>—>0 faster than 1I/R—>0 as R-—>« , the streamwise
diffusion term dominates and (4-13b) reduces to o*u/oy*=0. Its
solution subject to the no-slip condition is a linear profile, u=cy,
which cannot be matched smoothly (the velocity is continuous but not
its derivates) with the “external’ inviscid main flow. Therefore, this is
also not a correct possibility.

(i) If (5/L,)>—0 is of the same order as 1/R—>0 as R-—> o, the
streamwise diffusion term is of the same order as the inertia and
pressure term, and (4-13b) reduces to

ou ou_ 1oP du

u— PR —

vV—. (4-16)
ox 0Oy p Ox oy

It is important to note that (4-16) is a “parabolic” type partial
differential equation, which is simpler than the “elliptic” partial
differential equation, (4-13b).

Therefore, with the application of (4-15a-c), equations (4-13a) and
(4-13c) reduces to

ou Ov

ZiZ oo, 4-17a
6x+8y ( )

and

125



ou  Ou dU, o’u
v—=U—"+v—,
ox Oy dx oy

(4-17b)

which is called the boundary layer equations. These equations are solved
subject to

u=0 at y=0, (4-17¢)
u=U,(x) as y—> o0, (4-17d)
and a suitable condition at a specified x.

The boundary layer equations in (4-17a) and (4-17b) are for planar
steady boundary layer flow over a “flat” surface. In general, the body
surface is curved. In such a case, we define a curvilinear coordinate
system, (x,y), as shown in Figure 4-3, where x is measured along the
surface from a fixed point, and y is measured along the local normal
direction with y=0 on the surface. Under the boundary layer assumptions,
we obtain the same equations as those in (4-17a) and (4-17b) for the
boundary layer flow over a curved surface as that in Figure 4-3, provided
that the boundary layer thickness is much less than the local radius of
curvature of the body.

For unsteady flow, the surface velocity of the inviscid flow is

function of both x and ¢, i.e., U, (x,z). Similar analyses as those in steady

flow above can be applied, and the boundary layer equations for planar
unsteady incompressible flow over a curved surface in Figure 4-3 are

oy, (4-18a)
ox oy

and

ou oOu ou O0U, oU, o’u
—tu—-+ =—+U,—+v

LA : . (4-18b)
ot ox oy ot ox oy

For those who are interest in the problems of unsteady boundary layers,
please read the books by Schlichting (Chapter 15) and Rosenhead
(Chapter 7). In a similar way, the boundary layer theory above can also be
extended to boundary layer flows over axial-symmetric and general
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three-dimensional bodies (see Schlichting, Chapter 11 and Rosenhead,
Chapter 8).

Figure 4-3: The curvilinear coordinates system for planar boundary layer
flow over a curved surface.

For unsteady flow, the Reynolds number is not the only governing
dimensionless parameter of the problem. There exists an additional
parameter, called the Strouhal number, which expresses the ratio of the
unsteady term to the convection term. In fact, the numbers of the
governing dimensionless parameters increase as the problem becomes
more and more complicated. White (1991) had summarized more than ten
dimensionless parameters, which are important for vary problems in
Chapter 2 of his book.

(ITI) Cases for intermediate Reynolds numbers

When the Reynolds number, R, is of intermediate value, say, for
R = 0(1) - 0(100), the inertia, the pressure and the viscous terms in (4-1b)
are of the same order, and the governing equations cannot be simplified.
Note that the range for R =0O()—-0O(00) corresponds to
SIL, =0(1)-0(@0) according to (4-12). For moderate Reynolds number,

the problem can be studied via numerical method (see Chapter 15 of
Panton’s book).
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(IV) An example for illustrating the flow physics from small to large
Reynolds number

The change of the flow from small to large Reynolds number is
complicated and interesting. Here we conclude this chapter by
considering the problem of steady planar flow over a circular cylinder.
Detailed calculation procedures and results can be found from Chapter 15
of Panton’s book. Essential flow physics can be summarized and sketched
in Figure 4-4 below. It is interesting to note that the flow is unsteady at
intermediate Reynolds number as the Karman vortex street sets on
although the approaching flow is constant and the cylinder is fixed.
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Flow regimes for a cylinder: (a) Re = 0, symmetrical; (b) 0 < Re < 4;
(c) 4 < Re < 40, attached vortices: (d) 40 < Re < 60-100, Karman vortex street; (¢)
60-100 < Re < 200, alternate shedding; (f) 200 < Re < 400, vortices unstable to
spanwise bending; (g) 400 < Re, vortices turbu-
lent at birth; (h) Re < 3 x 10°, laminar boundary layer separates at 80°: (i) 3 X 10° <
Re < 3 X 108, separated region becomes turbulent, reattaches, and separates again at

120°; () 3 X 10° < Re, turbulent boundary layer begins on front and separates on
back.

Figure 4-4: Sketch of the essential flow physics for uniform flow over a circular

cylinder (from Panton’s book).
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CHAPTER 5: LOW REYNOLDS NUMBER FLOWS

As discussed in chapter 4, we may have low Reynolds number flow
when the characteristic velocity is small, when the characteristic length is
small, and/or when the viscosity is large. For steady flow, the governing
equations for low Reynolds number flows are the continuity and the
Stokes equations (4-6(a) and 4-6(b)),

V-u=0 (5-1a)
and

0=-VP+uVu. (5-1b)
(I) Simplifications of the governing equations

Equations may be simplified further in the following ways, and their
applications depend on different situations.

(i) Equation with pressure as dependent variable

By Taking divergence of the momentum equation, (5-1b), we found
0=-V°P+ uV*(V-u).

The last term in the above equation is zero by using the (5-1a). Thus we
have
VP=0, (5-2)

which is solved by imposing suitable pressure conditions. This
formulation is employed frequency for lubrication problem.

(if) Equation with velocity as dependent variable

By taking Laplacian operation of (5-1b), we found
0=-V(V2P)+ uV?(V?u).
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With (5-2), the above equation becomes
Viu=V?*(Vu)=0, (5-3)

which is a biharmonic equation for the vector quantity, u. We may
employ two of the component equations of (5-3) to determine two
velocity components, and the rest velocity component is determined by
the continuity equation, (5-1a).

(iii) Vorticity and stream function as dependent variables
By taking curl of (5-1b), and using the definition of vorticity
0=Vxu, (5-4a)

we found
0=VxVP+ V.

The first term on the right hand side is identically zero according to the
vector identity. Thus

Vio=0. (5-4b)
We have seven equations, (5-4a), (5-4b) and (5-1a), for six unknowns,
three components for u and three components for . Thus only two of the
component equations of (5-4b) will be employed. This formulation is

always employed for external flow.

For two-dimensional flow, we may define a stream function, v,
through

u=Y and v:—a—‘”, (5-5a)
X

such that the continuity equation, (5-1a), is satisfied automatically. Here
(x,y) is the Cartesian coordinates with (u,v) the corresponding velocity
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components. The vorticity according to its definition in (5-4a) is
———] = —kViy, (5-5b)

where k is the unit vector perpendicular to the (x,») plane. It follows
from (5-4b) that

VWV =0. (5-5c¢)

Similar results may be obtained for axial-symmetric flow (see later in
section I11).

We shall discuss two problems in the next two sections, the
lubrication problem (an internal flow) in section Il and the flow past a
sphere in section 111 (an external flow).

(IT) Lubrication problem

We shall consider a simple case, the plane slider, first, and then
extend to the general lubrication theory. The basis of the lubrication
theory is to induce fluid motion between two surfaces, usually via the
relative motion of the surfaces, so that a large pressure can be built up
between such two surfaces in comparing with that in the surroundings,
and thus the two surfaces can be kept separated.

(i) Plane slider

Although we can derive the followings using the governing equations
of the low Reynolds number flow, i.e., (5-1a) and (5-1b), we shall derive
the theory from the continuity and Navier-Stokes equations directly. The
sketch of the problem is shown in Figure 5-1, which occurs in the (x,y)
plane with velocity components (x,v). A stationary block with certain
weight and/or even under loading is immersed in the fluid above a
moving blade with uniform velocity Ui. The gap between the bottom
surface of the block and the blade has width d(x) and length L. The key
assumptions are that (1) the gap width is much less than the gap length
and (2) the angle between the lower surface of the block and the blade is
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much less than unity. i.e.,

d(x)<<L and a~tana = <<1. (5-6)

Thus we are studying the flow in a two-dimensional long channel with
slowly varying cross sectional area, with fluid motion driven by the
uniform motion of the lower surface in its own plane. The continuity and
the Navier-Stokes equations, written in components form, are

ou Ov

—+—=0, 5-7a

ox Oy ( )
ou ou oP o’u 0u

—tpy—=——ty —+— |, 5-7b

P ox P oy ox ,u[ o’ oy’ j ( )

and

ov ov oP v %

—tpy—=——+y —+—|. 5-7C

Mo Py o “[axz 6y2j (5-7¢)

First, we estimate the relative importance of the terms in the above
equations. The scales for x, y and u are chosenas L, d,-d, (or L) and

¢
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Figure 5-1: Sketch of the flow for the problem of a plane slider.
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U, respectively. The velocity scale for v is thus aU according to (5-7a). Let P be
the pressure scale. The scales of the terms in (5-7b) are

U

U—+pal—~"4 g—+ ——
pL p al. L ﬂLZ ”aZLZ
or
PUL o, PUL 2 L +a’+1. (5-8)
M u ulY
a’L

The first two terms in (5-8), i.e.,, the convection terms in the
Navier-Stokes equation are negligible for «<<1 except when the
Reynolds number, R = pU(al) / 4 > O(a™), Which is a large value; for
example, if «=0.1°=0.001745radian, R=573. The second term on the
right hand side, i.e., the diffusion term along the x-direction is also
negligible for a<<1. The pressure term is passive, which is a direct
consequence of the fluid motion in the channel driven by the moving
blade. It cannot be neglected otherwise there is no mechanism for
balancing the y-diffusion term. Therefore, we set P =uU/(a’L), and

(5-7b) reduces to

3 oP o0*u

O=——+u—7,
ox ”ayz

(5-9a)

which is the same governing equation as that in plane Poiseuille flow in
Chapter 3. Here we have employed only the assumption «<<1 with R
of order less than o™ for deriving (5-7b). The scales for (5-7c) are

U
aU ay H 2r aU aU
U—+ palU—~—%L 4 + :
PP T T T e

or
pUL ot pUL o
H H

~1+a* +a’.

All the terms are negligible in the above equation under «<<1 with R
less than O(a®) except the pressure term. Thus (5-7¢) reduces to

P o, (5-9b)
oy
which states that the pressure is essential constant across the channel, or
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9P _dP _ginction of x alone. (5-9c)
ox dx

Therefore, in view of (5-9a) and (5-9c) together with the boundary
conditions, the flow in the two-dimensional channel with a slowly
varying cross sectional area in Figure 5-1 is locally a Poiseuille flow
(with a local width d(x) and a local pressure gradient oP/ox )

superimposed by a Couette flow.

The solution of (5-9a) subject to the no-slip boundary condition is

u(r)=——2LL @y rud=2, (5-10)
7 y

The first and the second term in (5-10) represent a local plane Poiseuille
flow and a Couette flow, respectively. Here dP/dx is function of x
instead of a constant in the “exact” plane Poiseuille flow in Chapter 3. We
can calculate v from (5-1a) by using (5-10), which is different from zero
as that in Chapter 3. Thus the streamlines are not parallel here although v
is indeed a small value in comparing with w.

The volume flow rate, Q, is evaluated as

d(x) 3

dP d°® Ud
= [ u(ey)ay =L Ud 5-11
0 !u(xy)y i i2n 2 (5-11)

which is a specified constant in the present problem. From (5-11), we can
express the pressure gradient as

P _ (U 20 _
6l 5:-22). (5-11a)

With d=d,-ax, (5-11a) can be integrated easily, and the result is

p_g:%{ug_dilj_g(%_d%ﬂ, (5-12)

where the initial condition P=p£ at x=0 has been employed. If there is

no pressure contrast (the situation as that shown in figure 5-1) at both
ends of the channel, i.e., P=pP =R at x=L, we can relate the volume
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flow rate to the blade speed as

0= U%. (5-13a)
1 2

Then (5-12) may be written as

_6uU (d,—d)(d -d,)
o d¥(d,+d,)

P - P (5-13b)

which is indeed greater than zero. A qualitative picture for the pressure
distribution in (5-13b) is sketched in Figure 5-2. The flow induced by the
moving blade can indeed generate a pressure field, which is greater than
its surrounding pressure, B . With (5-13b), we can calculate the
hydrodynamic force on the block as

0 6uU|, d, . d,—d
N=|(P-Ppx=-"~|InL-2"1 "2 5-14a
l( thx=="2 {ndz dﬁdj (5-142)

which is greater than zero. The tangential force on the lower surface, i.e.,
the moving blade, is evaluated by using (5-10) as

L
ou dy = 2uU [3
a

T'=—|\pu—
0

d—d; —2|nﬂ} . (5-14b)
d +d, d,

y=0

P-B A

/ N,

o L

Figure 5-2: A qualitative sketch for equation (5-13b).
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The coefficient of friction,

dl_dZ —ZIn ﬂ

2
L d)=a b3 3 (5-15)
v ol .
d, d +d,

For practical situation, (d,-d,), 4, and 4, are of the same order, or
f(d,d,)=0(@), then T/N =0(«), Which implies that we may apply a small
input force (7) to generate a large output force (V).

(if) Reynolds lubrication equation

Now, we generate the above result to a general case for flow inside a
channel as shown in Figure 5-3. The width of the channel, d(x,y,?), is a
slowly varying function of the spatial coordinates x and y, and also a time
varying function. The flow is generated by the motion of the lower
surface, which is moving with local velocity vi+Vj at the origin of the
coordinates (x,y,z) shown in the figure. The upper surface is allowed to
move along the z-direction with respect to the lower surface. With the
scaling analysis similar as above, we found equations similar to those in
(5-9a) and (5-9b) provided that the time scale is chosen to be L/U for
evaluating the unsteady term of the Navier-Stokes equation. Thus at a
fixed x, the local flow is a combination of the Poiseuille flow and Couette
flow, i.e.,

Figure 5-3: Sketch for the flow inside a long channel with slowly varying
width. At a given X, the lower surface is moving with velocity
Ui+Vj and the upper surface with wk, where w =ad /ot .

137



1 oP d—z

u :—Za—xz(d—z)+U o (5-16a)
and
v:—ia—PZ(d—z)+Vd_Z : (5-16b)
24 Oy d

The instantaneous flow rate in the x and y direction are calculated as

T oP d°*  Ud
Qx = .([M(X, Vs Z, t)dZ = — a E + 7, (5-17&)
and
o oP d* vd
Qy = I';V()C,y,Z,t)dZ = —5121u +7 y (5'17b)

respectively. By integrating the continuity equation,

ou oOv ow
—+—+—=0,
ox Oy Oz

across the channel, and using the Leibniz’ rule, we found

00, od 00, od

ul o+ — v
ox ox Y oy oy ¥

+ W

y=d N VVIy:O - 0'

The second, the fourth and the sixth term of the above equation are zero,
and the fifth term equals to od/6: according to the boundary conditions.
Thus

20, 99, _od _

ox Oy Ot
With (5-17a) and (5-17b), the above equation finally becomes

i[a’e’a—Pj+i dsG—P =6,uUa—d+6,uVa—d+12,ua—d, (5-18)
ox ox ) Oy oy ox oy ot

which is a linear partial differential equation governing the pressure,
P(x,y,t), within the channel, provided that 4(x,y,7) is a given function.
Equation (5-18) is called the Reynolds equation (incompressible version),
which forms the basis of lubrication theory. If d(x,y,z) is given, equation

(5-18) can be solved rather “easily”, say, using numerical method. For
practical situation, d(x,y,f) IS unknown in advance and is governed by
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the equation of motion of the body associated with the upper surface, say,
the Newton’s second law. Thus the fluid mechanics problem (equation
(5-18)) is coupled with the dynamic problem, and should be solved
simultaneously for the unknowns, P(x,y,r) and d(x,y,t). An example is
the slider bearing inside the disk drives as shown in Figure 5-4. The slider
bearing is sometimes called the air bearing, which consists of the slider
where the sensor (the “magnetic head”) installed, the rotating disk, and
the thin air film between the slider and the disk. The length and the width
of the slider are of order 1mm, and the average thickness of the air film is
reduced continuously from 20um at 1960°s to 0.33um at 1981, 0.05um
at 1995, and 0.02uxm at 2000. This tendency is associated with the fact
that the storage of the disk drive is inversely proportional to the spacing
of the slider and the disk, i.e., the thickness of the air film. The fluid
motion within the air film can be analyzed using an extended
compressible version of the above Reynolds lubrication equation, (5-18),
with certain modification accounting for the rarefied gas effect. Note that
(5-18) is derived under the incompressible condition, the compressible
version of (5-18) is derived using the compressible continuity and
Navier-Stokes equation together with suitable equations of states, and is a
non-linear partial differential equation. The shape of the slider is crucial
for the design of an ultra thin air film (see E. Cha and D. B. Bogy, Trans.
ASME, Journal of Tribology, V.117, pp.36-46, 1995).

For fluid motion driven by the relative normal motion of the surfaces,
for examples, the upper surface approaches the lower surface and
squeezes the fluid out of the gap between the surfaces (see W. S. Griffin,
H. H. Richardson and S. Yamanami, Trans. ASME, J. Basic Engineering,
V.88, pp.451-456, 1966), the upper surface oscillates harmonically and
rapidly with respect to the lower surface (see J. J. Blech, Trans. ASME, J.
Lubrication Technology, V.105, pp.615-619, 1983), the compressibility of
the fluid cannot be neglected. Such problem is called the “squeeze film
problem”, and a nonlinear partial differential equation for pressure is
obtained by combining the continuity equation, the Navier-Stokes
equation and suitable equation of state. Such equation can be obtained
from the compressible version of the Reynolds equation by setting
U=V=0. The squeeze film problem has been employed recently in
studying certain microelectromechanical systems (see M, Andrews, I.
Harris and G. Turner, Sensors and Actuators A, V.36, pp.79-87, 1993).
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. pitch axis

roll axis teccw)
leccw!

pitch axis

vertical axis —

roll axis

Figure 5-4: Sketch of the flying of a slider over a rotating disk in a disk
drive. The figure is adopted from Bolasna et al. (IBM Disk
Storage Technology, Feb. 1980).

(IIT) Uniform flow past a sphere at small Reynolds number

Here we consider an external flow as sketched in Figure 5-5, which
was studied first by Stokes (1851). A uniform stream, Ue. , is
approaching a sphere with radius a. A spherical coordinates system
(r,6,¢) is set up with its origin at the center of the sphere, and (e, .¢,.¢,)
the corresponding unit vectors. The corresponding velocity components
in this spherical coordinates are denoted by (u,,u,,u,). For low Reynolds
number flows, the governing equations together with the flow geometry
imply that the flow is symmetric with respect to the z-axis as indicated in
Figure 5-5, i.e., all the flow variables are independent of ¢, and w,=0;
and the velocity and pressure fields are the same for any meridian plane

(plane with constant ¢). The continuity equation in spherical coordinates
thus becomes

1062 ) s L2 (4, sin0)=0. (5-19)

reu. .
re or "7 rsin@ 06
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A Stokes stream function, w(r,0), is defined through

P S R —_—L (5-20)
resing 06 rsin@ or

such that the continuity equation, (5-19), is satisfied automatically. The

vorticity is thus calculated in terms of w(r,8) as

e, re, rsinée,
®=08, =Vxu-= 1 96 & :{lﬁ(ru)—layr}é
e FZsin@lor 060 of ror ) T a0 [
u, ru, 0
or
~ 1 )
= =TT 4 D ] 5'21
@ = O rsin @ Dk, (5-21)
where
2 -
Dt = 82+sm20i( .1 ij
or r° 06\sind 00
The alternative form of the Stokes equation, (5-4b), implies that
D'y = D*D*y = 0. (5-22)

The boundary conditions for (5-22) are the no-slip condition at the
surface of the sphere,

Us Uy
Ue, Y
N O DY
s

Figure 5-5 : The coordinates for uniform flow past a sphere.
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u,=0 and  u,=0 at r=a, (5-23a)
and the far field condition,

ue +ue,=Ue. a8 r—o. (5-23b)

With (5-20), these conditions can be expressed in terms of y(r,0) as

w = constant =0 at r=a, (5-24a)
6_1” =0 at r=a, (5'24b)
or
u, =—; 1 6—W:UCOSH as r— o0, (5-24c¢)
r<sing 06
and
1 oy .
U, =—————=UsIin0 as r—> o0, (5-24d)
rsin@ or

The constant in (5-24a) is taken to be zero without loss of generality
because it is the derivative of the stream function (i.e., the velocity) but
not the stream function itself is of physical interest. Equations (5-24c) and
(5-24d) together imply that

t//—)%UrzsinZG as r—oow. (5-24¢)

The solution procedure of (5-22) subject to (5-24a), (5-24b) and (5-24e)
Is as follows. Equation (5-24e) suggests that the solution should be of the
form (may be regarded as a special form of “separation of variables™)

w(r,0) = %Uf(r)sinz 0. (5-25)

By substituting (5-25) into (5-22), we have
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a  2Y, (a* 2Y4* 2), ]
(d__jf(d__J(d__Jfo (>-20)

By substituting £()=r" into the above equation, we found »=-1, 2,
1 and 4.Thus

f(r) A Brior +Drt, (5-27)
r

where 4, B, C and D are constants for integration. By comparing (5-24e)
with (5-25), we have f(r)—>r* as r—w, thus C=1 and D=0. With
(5-25), equations (5-24a) and (5-24b) imply that =0 and df/dr=0 at
r=a, it follows that 4=4°/2 and B=-3a/2. Finally, by substituting
(5-27) into (5-25), we obtain

w(r, 0) = %Uaz sin? 9[13 _3r, (ﬁj j (5-28)

It is interested to note that w(r,8) is symmetric with respectto 9=r/2,
which implies that there is no wake region behind the body for low
Reynolds number flow, as indicated in Figure 4-4 before. The velocity
components and the vorticity can be calculated via (5-20) and (5-21).
They are

B 3
u, = 21_ W _Ucoso l(ﬁj _3a : (5-29a)
r‘sin@d o6 2\ r 2r
B 3
u, =— Y _sing l(ﬁj 39 _q], (5-29b)
rsin@ or 4\ r 4y
and
2 H 2
0=0e,=- 1 81/2/+8m2‘9i( _1 a—‘”j é¢:—§g(sin0)(ﬁj e,. (5-29c)
rsin@| or r° 06\sin@ o6 a r

The pressure is evaluated by using the momentum equation, i.e., the
Stokes equation, which is written in component form as

0= ——6(2/’0) + V(Vzur 24, 20w, 2u, _Cotﬁj (5-30a)
r



and

10(P/ p) ( 2 2 Ou u )
0=-= +v| Vi, + ——F———2 -
- 00 Y7750 T 7 sinte ) (5-30)
where
veo 10,0, 1 0G0

Zor o singog 00
By substituting (5-29a) and (5-29b) into (5-30a) and (5-30b), we found

o(Plp) 3walU

or P

cosé (5-31a)

and

oAPIp) _3aU g, (5-31b)
00 2r

The pressure can be obtained by carrying out the integration of (5-31a)
and (5-31b). The result is

P, 3 uaU
?__ 2

r

r_ cosé, (5-32)
0

where P, is the pressure far from the body where the velocity is Ue..
On the surface of the sphere, P attains a minimum value at =0 but a

maximum value at @ =r. The stress tensor for the present problem has
the following non-zero components,

_r - 0 (ug), 1 0u, ]
r, =1, _ﬂ[rar(errr 89] (5-33a)
and
T =P+ 2y (5-33b)
or
The traction is
t = 7—;‘rér + 7—;‘060' (5-34)

The magnitude of the force exerted by the fluid on the sphere along the
z-direction is calculated as (see Figure 5-6)

F = | (T, cos@ — T, sin @) _2ma(sin 0)add . (5-35)

O =33

The stress components at the wall,
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3
T, == —(Pw - Eﬂcos&’j + 2uU cos 6| - Ea_4 + Eﬁz
r=a 2 a 2 - 2 . -~
= —(POO _ 3 AU s 6’], (5-36a)
2 a
and
= 23 Ging. (5-36b)
e 2 a

It is interested to find that the contribution from the term 2uou, / o in
(5-33b) to 7,| s identically zero, and thus 7,| is due only to the

pressure. By substituting (5-36a) and (5-36b) into (5-35), and carrying out
the integration, we have

F = 2mapU(@ + 2) = 6mauU . (5-37)

One third of the force is contributed from the pressure (resulting from the
first term of (5-35)), and two third of the force is associated with the
shear stress. The moving stream drags the sphere with a force re_, and
(5-37) is thus called the Stokes drag law. The drag may be expressed in a

dimensionless form in terms of the so-called drag coefficient,
F

C, = (5-38)
1 pU%ma?
2
A
Ue;
—_
- > Z
—

Figure 5-6: Illustration for calculating the force on the sphere. The
differential area for integration is a circular “ring” with radius
asin @ and thickness ad@, and thus equals 27a(sin 8)adé .
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With (5-37), we found
C, = —, (5-38a)

where R = 2apU / u is the Reynolds number. Equation (5-38a) is
plotted in Figure 5-7 together with the experimental result. It is found that
(5-38a) coincides with the observation when R <10*, and is
approximately valid when R < 1.

The above results are obtained by setting the convection term to zero,
I.e., by totally neglecting the inertia effect. This is a good approximation
for flow near the sphere, but is not valid for flow sufficiently far from the
body as was pointed out by Oseen (1910). To see this, lets estimate the
relative importance of the convection term to the viscous term using the
results in (5-29a) and (5-29b). By using the scaling analysis, we found

u - Vu U?lr r
p,uVZu ) ZU/}*2 ) RZ' (5-39)

For region near the sphere, » ~ @, and thus the convection is indeed
negligible in comparing with the viscous term as R << 1. However, for
region at » ~ O(a/ R), the convection term is comparable to the viscous

term, which implies that the convection term is not negligible for region
sufficiently far from the body. In such a far field region, the velocity
approximately equals to ve.. Thus Oseen proposed to account partially
the convective term by replacing the Stokes equation with the following
linearized momentum equation,

3 \
\ Second

2 N
approximation
Log,,C l .
S10%p N Observation
Nt . \
AN

1 NN

RS
| N .
Stokes’s law / \ Se-

\\
N\,

hY
-2 —1 [+] 1 2
Log,oR

Figure 4.9.2. Comparison of measured values of the drag on a sphere (taken from Ca§tlen}an
1925) and two theoretical estimates, Stokes’s law Cp = 24/R, and a second approximation
Cp = 24R~Y(1 +%R), where R = 2apU]p.

Figure 5-7: Comparison of the Stokes drag law with the observation (this
figure is adopted from Batchelor (1967)).
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0

pU ol ~VP + 1Vu, (5-40a)
z
or
Ul o= W, (5-40b)
0z

which is obtained by taking curl operation of (5-40a). Similar as before
for deriving (5-22), we found

D'y = R (cos p o _sino ijch,//, (5-41)
a or r 00

which is solved subject to the no-slip boundary conditions, (5-24a) and
(5-24b), and the far field condition, (5-24e), at upstream. The result is
(see Yih’s book)

3 ~ Y a-cos
Y = %Ur2 sin® @ + %U 2 sin? g - gva(l + C0S 9)[1 P 9)]. (5-42)
r

This stream pattern is not symmetric with respect to ¢ = » /2, which is
different from that in (5-28) for Stokes flow. The flow corresponding to
the result described by (5-42) is called the Oseen flow. The stream pattern
for the Oseen flow is plotted in Figure 5-8 together with the result of the
Stokes flow. There exists a wake region behind the sphere for the Oseen
flow. The drag based on the Oseen flow can be obtained in a way similar
to that in Stokes flow before. The result is

F = GﬂyaU(l + % Rj, (5-43)

which was also plotted in Figure 3-7 (the line denoted by “second
approximation”). Equation (5-43) is called the Oseen’s drag law in
literatures. Neither the first approximation (Stokes drag) nor the second
approximation (Oseen’s drag) predicts the experimental data (the line
denoted by “observation”) nicely as R increases.

In fact, the linearized assumption in Oseen flow over predicts the
convective effect near the sphere. The Oseen flow is a better
approximation only for region sufficiently far from the sphere, while the
Stokes flow is a more appropriate representation of the flow near the
sphere. Thus neither the Stokes nor the Oseen solution is uniformly valid

147



(valid for the whole field). An approximate uniformly valid solution is
obtained by Produman and Pearson (J. Fluid Mechanics, V.2, pp.237-262,
1957) using the perturbation method. They found the drag as

_ SR+ 2 re(R 2 i
F = 67z,uaU(1+16R+160R In(2j+O(R )j (5-44)

which agrees nicely with the observation in Figure 3-7 for R < 1. For
Reynolds number greater than unity, the drag can be estimated by using
the experimental result as shown in Figure 3-9. One useful correlation for
the experimental data of the drag shown in Figure 3-9 is

F = 6zuaU(l + 0.15R**")  for R < 1,000 (5-45)
= 0.22pU %’ for 1,000 < R < 200,000,

Figure 4.9.1. Streamlines, in an axial plane, for flow due to a moving sphere
at R < 1 (with complete neglect of inertia forces).

Figure 4.10.1. Streamlines in an axial plane for the outer part of the flow field fiue toa
moving sphere, according to the Oseen equations. ¥ is equal to some constant times the
numbers shown on the streamlines.

Figure 5-8: Sketch of the stream patterns for Stokes (upper figure) and
Oseen (lower figure) flows. Note that the frame of reference
Is set in the fluid instead at the center of the sphere, which
implies that the stream function corresponding to the uniform
flow is subtracted from equation (5-28) for the Stokes flow
and (5-42) for the Oseen flow, respectively.
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which is employed frequency in the field of two-phase suspension flow.
When the sphere is translating with U,e. instead of that fixed in Figure

5-5, the speed U in the above expressions for the drag is replaced by the
relative speed, U - U,. If the center of the sphere is translating with a

velocity U,, which has direction different from e_, the drag law should

be expressed in vector form. For example, the Stokes drag law in vector
form is

F = 6zua(Ue. — U,). (5-56)

The direction of the drag force is parallel to the direction of the relative
velocity, (Ue, - U,).
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Fig. 1.5. . Drag coefficient for spheres as a function of the Reynolds number

Curve (1): Stokes’s theory, eqn. (6.10); curve (2): Oseen’s theory, eqn. (6.13)

Figure 5-9: Experimental data for the variation of the drag coefficient
with the Reynolds number. This figure is adopted from
Schlichting (1979).
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Homework

(1) Consider the low Reynolds number flow around a sphere. (i)
Calculate the drag by first finding the dissipation of energy in the
fluid-filled space. (ii) Compute n - Vo at the surface of a sphere.
Find its integral over the surface.

(2) For the lubrication problem, find the pressure drop versus flow rate
relation for a slot with width given by % = h, + 4sin2mx / L).

(3) Work out the Stokes-flow drag for low Reynolds number flow around
a fluid sphere with viscosity, x,, which is different from the viscosity

of the fluid outside the sphere, . The boundary conditions at the

surface of the fluid sphere are (same notations as those in the Stokes
flow around a solid sphere discussed above)

u, =0, T, and u, arecontinuous.

It is not possible to make 7, continuous; assume any imbalance is

taken up by surface tension. The flow inside is described by the same
equation as that outside the sphere, i.e.,

D' =0  for flow outside the sphere,
and
D%, = 0  for flow inside the sphere.

Take the solutions of form

v = %Usin2 OF (r),
and

w, = %Usinz ().

Solve for the flow field, the pressure field, and the drag on the fluid
sphere. The result of the drag is
1+ 2u /()

T+ pulp
Note that as u — o, the result reduces to that of a solid sphere as
discussed before; and as x, — 0, the result is the drag on a bubble.

F = 6rnuaU
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CHAPTER 6: POTENTIAL FLOWS

As discussed in Chapter 4, the flow is essentially invisicd for most of
the flow region at high Reynolds number, except in the thin boundary
layer next to the body and in the wake downstream behind the body, as
shown in Figure 4-1(b). The governing equations for such inviscid fluid
are the continuity and Euler equations. For incompressible flow, the
continuity and Euler equations are

V.-u=0 (6-1a)
and

(Z—l; + pu-Vu = -VP, (6-1b)

where P is the modified pressure which absorbs the effect of gravity. The
corresponding vorticity equation for incompressible, inviscid fluid
according to (2-104) is

—=—t+u-Vm=co~Vu, (6-2)

which states that the rate of change of vorticity following the fluid motion
Is due only to the vortex stretching mechanism shown on the right hand
side of (6-2). The baroclinic, the compression and the viscous diffusion
mechanisms in (2-103) are all absent in the present inviscid,
incompressible flow. Also the no-slip condition is not applied here for
inviscid fluid, and thus there is no vorticity generation at the solid
boundary. If @ = 0 initially throughout the field, ® = 0 later according
to (6-2).

We call the flow irrotational if @ = V x u = 0 throughout the field.
By using the vector identity, V x Vg = 0, for any scalar function

¢ = ¢(x,t), we thus may define a scalar function called the velocity
potential, ¢(x, ¢), such that

u = Vg(x, t). (6-3)
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According to the continuity equation, (6-1a),
Vi =0, (6-4)

which is solved subject to the no cross flow boundary condition at solid
surface,

u~n=V¢-n=%=UB-n, (6-4a)
on

where U, is the velocity of the body associated with the solid surface,
and n is the local unit outward normal vector of the surface. Once 4¢(x, ¢)
Is known, we may calculate the velocity, u, through (6-3). It is interested
to note that here we have obtained u by using only the irrotational
condition and the continuity equation, without reference to the
conservation of momentum, i.e., the Euler equation. As in the low
Reynolds flow in Chapter 5, we may integrate the Euler equation to
obtain the pressure field, provided u is known. However, it is simpler
here to use the Bernoulli equation for irrotational flow, (2-109), instead of
integrating the Euler equation. The Bernoulli equation is rewritten below
for convenience,

%_(:JF“Z +p+gz f(1). (6-5)

The incompressible, inviscid and irrotational flow is called the potential
flow, because the governing equation, (6-4), is the Laplace equation. The

results of the potential theory in mathematics can be applied here for
potential flow,

(I) Some simple three dimensional potential flows
We first consider several simple potential flows.
(i) Point source or sink

The potential

o(x, y,z,t) = @, with 7 = \x* + »* + 2%, (6-6)
r
Is a solution of the Laplace equation, (6-4), which can be validated by
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direct substitution. The velocity field expressed in spherical coordinates
according to (6-3) is

__C0

P T 2

ug =0, u, =0, (6-7)
which is singular as » — 0. The fluid is flowing radial outward or
inward, depending on the sign of C(¢), and is thus called the source or
sink flow. The strength of the source or sink is characterized by using the
total volume flow rate, O(¢), from or to the singularity at » = 0. For the

present purely radial flow, the total volume flow rate in spherical
coordinates is calculated via

V4

o) = j u (r, )27 sin 640 = —4xC (). (6-8)
Thus
__900)
C(t) - 472_ ]
or
=20 and 0, =20 (6-9)
4r dr

For a source flow, Q(r) > 0;but Q) < 0 for a sink flow. For steady
flow, Q(t) is constant. Equation (6-9) is the flow induced by a

source/sink located at the origin of the spherical coordinates. If the

source/sink is located at » = r,,, (6-9) is replaced by

p=-—20  ang o, =20 (6-10)

47[(]" - rref)’ T 47[(1/' - rref)z -

(if) Source in a uniform stream — Rankine half body
The velocity potential of a uniform stream, U_i, is
¢ =U,x, (6-11)
which is also a solution of the Laplace equation, (6-4). As the Laplace

equation is linear, the superposition of the first equation in (6-9) and
(6-11) is also a solution of (6-4). The result is
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b=U.x— 0 , (6-12)

47Z\/x2 + 2+ 7
in a Cartesian coordinates, (x, y,z). Here the x-axis is parallel to the

incoming stream, and the source is located at the origin. The velocity
components along are

_ 99 _ 9 X 6-13a
T o # Az (xz +y° + 22)3/2’ ( )

_9p_ 0 y ;
T (¥ + 2+ 22" (6-130)

and

op Q z
Wzgzg(x2+y2+zz)m . (6459

The flow is symmetric with respect to the x-axis as seen by examining the
functional relationships of (6-12) and (6-13a~c). For axial symmetric
flow, it is convenient to work with cylindrical coordinates, (7, 6, x), with

and Fo=ay+ 2 (6-14)

=)
Il
=

For axial symmetric flow, all the flow properties are independent of 4,
and the flow pattern in the xr-plane is enough for describing the whole
field. To study this further, lets first rewrite (6-12) in terms of the
cylindrical coordinates,

0
=U.x — . 6-15
/ Az~ 3% + 7P ( )
The velocity components along the 7 and x directions are evaluated as
w=2_y L X _ (6-16a)
ox

Ar ()?2 +r2)3/2 ’
and

U — (6-16b)

u, = ~ A {A ~2\3/2
or A7 (xz + r2)3

The streamline in the 7x-plane (actually an axial symmetric stream
surface in space generated by rotating the streamline about the x-axis) is
evaluated by
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~ ~ ~ /2 ~
dr  u. 4r ( 2 4 r2)3 B r
X

s= 5 (6-17)

Onthe x-axis, 7 = 0, . Isidentically zero,and #, = 0 when

_ |0 i
* \4nU, (6-18)

according to (6-16a) and (6-16b). The point where the velocity is zero is
called the stagnation point. In the present problem, (x, y,z) = (x,,0,0), or

(x,7) = (x,,0), Is the only stagnation point in the flow. The streamline

starting from the stagnation point can be obtained by solving (6-17) with
boundary condition 7 =0 at x = x,. Such streamline is called the

separating streamline because it separates the fluid from the free stream
and that emitted from the source, and is sketched in Figure 6-1. As the
fluid from the free stream cannot flow across the separating streamline,
we may replace the flow region enclosed by such separating streamline
by a solid body without affecting the flow outside the separating
streamline. The solid body is called the Rankine half body in the
literature. The flow field for the uniform flow past a Rankine half body is
the same as that outside the separating streamline of the flow field
constructed by the superposition of a uniform flow and a source.

=
Il
=
Il
~

[o]
—> ol >

Smpwo-f"n, ctrgamline

/

—_— >
—_—y
A S
N /A T
. - — .__——-’-w___»;ﬁ’x
A% E—
—_—
—_——

>

/
/

§ {\j g
i

Figure 6-1. Sketch of the streamlines for the flow, which is the
superposition of a uniform flow and a source located at the
origin. The flow outside the separating streamline is the same
as that over a Rankine half body.
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For region sufficiently far from the source downstream, it is
expected that the flow emitted from the source matches smoothly with the
uniform stream. Thus a downstream radius, a, (see figure 6-1) is defined
through

0=m’U,, (6-19)

to represent the radial extent from the x-axis of effect of the source, i.e.,
the radius of the Rankine half body downstream. By substituting (6-19)
into (6-18) and (6-17), we have

x =-2, (6-20a)

and

dr r
ar _ , (6-20D)
ds :2()22 N

which express the results in terms of a.

(iii) Source and sink in a uniform flow — Rankine ovoid

Similar as before in the last section, the flow generated by the
superposition of a uniform flow, a source at x = -4 and asinkat x = 4
as sketched in figure 6-2(a) is also a solution of the Laplace equation, the
corresponding velocity potential is

p=Ux-2 L L2 L o (6-21)

471'\/(x+d)2+y2+22 47[\/(x—d)2+y2+22

It is a good exercise to calculate the velocity field and the stream function
associated with the above velocity potential using similar procedures as
for the problem of Rankine half body. The flow is symmetric about the
x-axis, as observed from (6-21) and the associated velocity field. The
stream pattern in a symmetric plane is sketched in Figure 6-2(b). The
fluid emitting from the source goes to the sink, and the free stream is
distorted by the existence of the source and the sink. As the strength of
the source equals to that of the sink, all the fluid emitting from the source
enters the sink; the flow is also symmetric with respect to the yz-plane.
The separating streamline in the symmetric plane (or stream surface in
space) is an ellipse. Thus the flow outside the separating streamline is the
same as that for a uniform flow past an ellipsoid. The ellipsoid is called
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the Rankine ovoid.

It is expected that the major axis of the ellipsoid becomes smaller as
the spacing between the source and the sink is reduced, so that the
ellipsoid tends to approach a sphere. However, it is observed from (6-21)
that the velocity potential approaches that of a uniform flowas 4 — 0 if
Q is held fixed. Thus the limiting process for an ovoid to approach a
sphere as 4 — 0 requires Q — o« such that Od is finite. The flow
resulting from the superposition of a source and a sink of equal strength
under such a limiting process is called a dipole. According to (6-21), the
velocity potential for a uniform flow over a dipole, or doublet, is

-1 1

Jerdf s 7 Jo-dy + 7
. 2dQ x+d) +r x—d) +r
=U,x +
? - Id'po] Ar 2d
odof 1 0] X
=U x—=—— =U x + =— , 6-22
T 2w ox\ X247 2z (v + 72" (622
Y
Un f
-—.—) .
® | -a
. Il— d‘vébi-t— d —)1
_— V4 @)
z
4
U T /S%Arafrha stroamLine
00 T Ty

Figure 6-2: (a) The flow is composed by the superposition of a uniform
flow, a source with strength Q located at x=-d,y=z=0, and a
sink with strength —Q located at x=d,y=z=0. (b) Sketch of

the streamlines of the flow. The ellipsoid enclosed by the
stream surface generated by rotating the elliptic separating
streamline about the x-axis is called the Rankine ovoid.
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which is still a solution of (6-4). Here7* = »* + z* is the radial distance

from the x-axis. It is more convenient to work with the spherical
coordinates (r, 8, ¢), as shown in Figure 6-3, with

X = rcosé, F=4y +z> =rsing, and r = Jx* +7°

for the present axial symmetric problem. Equation (6-22) can be written
in terms of the spherical coordinates as

¢ =U,rcos@ + od cos26 (6-23)

2T r

The velocity components in spherical coordinates are

u, _9 U, COS&_%ZC%S@ : (6-24a)
or 2r r

) 109 _ ~U, sin 0 — od sm30 (6-24b)
r o0 2r r

and u, = 0.On the x-axis, we have «, =0 when

r=a :( Qd J (6-25)

zU,,

With (6-25), the velocity potential in (6-23) and the velocity components
in (6-24a,b) become

3
¢ = Uw(r+£a—2]cos¢9 , (6-26a)

2r
u = U{l :Z—SJcose (6-26b)

and

3
u, =-U. (1+1a—)sm9 (6-26¢)

2r

The radial component of the velocity, «,, is zero when r=a, which

implies that the flow in the region outside »=a does not mix with that
inside. a is the radius of the sphere, which encloses the fluid associated
with the doublet. The flow described by (6-26a-c) in the region r>a
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thus also describes a uniform flow past a sphere with radius a. The stream
pattern in a symmetric plane for the flow is sketched in Figure 6-3. On
the surface of the sphere, u.=0 and u,=—(3/2)U, sind. At 0=+x1/2,

u, =—(3/2)U_, which is the maximum speed throughout the flow. On the
other hand, u,=0 at =0 and r. Thus (r,8)=(at7z/2) are the two

stagnation points in the flow. The pressure on the surface of the sphere is
evaluated by using the Bernoulli equation,

£:£+1U;[1_9sin2ej, (6-27)
p p 2 4

where the dynamic pressure is employed, or the gravity is neglected. P
attains a same maximum value at =0 and ~, but is a minimum at
0 =+x/2. The minimum pressure at (r,0) = (a,x7/2) 1S

Fon B Sy 2, (6-27a)
p p 8

and the maximum pressure at (r,0) = (a,0) and (r,0) =(a,z) IS

Foa B 1y 2, (6-27a)
p p 2

The pressure variation is associated with the local change of the fluid
velocity. If the fluid under consideration is liquid, “cavitation” will occur
when the local pressure is reduced to a value, which is less than the vapor
pressure of the liquid. Bubbles are generated when the cavitation occurs,
and serious damage of the body surface may be resulted due to the
collapse of the bubbles. Cavitation is an interesting and important topic in
hydraulic engineering and naval architecture.

Figure 6-3: Sketch of the flow patterns for uniform flow and a doublet.
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The pressure is symmetric with respect to ¢=r/2, and thus the sphere
experiences no drag for the present potential flow. This is not true for the
real (viscous) situation. The drag equals to zero for a symmetric body in a
potential flow is called the D’ Alembert paradox.

(iv) General solution of Laplace equation — Mathematical approach

So far we have proposed solutions for some particular potential flows,
say, the source/sink, the uniform flow, the flow past a sphere, and etc.,
without actually solving the governing equation. Such solutions can
certainly be obtained through a rigorous mathematical approach as

follows. The Laplace equation for axial symmetric flow written in
spherical coordinates is,

2
vig=27, 3%+ii_(sneﬁ¢j 0. (6-28)
or* ror r’sin@ oo 00

By using the method of separation of variables, we set
#(r.0)=R()T(0).

Equation (6-28) implies

’,«2 " 3 LI -
E(R +RRj_l(l+l), (6-28a)
and
_lii(sineaT j 1(1+1). (6-28b)
T sin@ 06 00

The constant associated with the method of separation of variables is
written as /(/+1) so that (6-28b) is in the form of the Legendre equation.
The general solution of (6-28a) is

R(r) = Ar' + Br '™,

and the general solution of (6-28b), the Legendre equation, which is
boundedat =0 and ~,is

T©)=P©®); 1=0 1,2, .....
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where
F,(cosh) =1,

F(cosf) =coséd,

B,(6) = %(1 — 3 cos® 6?)

1 d (., ) B
B(X)_ZTI!Q(X —ly, X =C0s6 .

Thus the general solution of (6-28) is

#(r,0) = iP](cose)(A,rl + Blr_l_l). (6-29)

=0

Different flows result from different choices of the coefficients. For
example, the only solution, which is independent of 4, is

4, 6) = P(cos 0){140 ; 5} _ 4+ 2 (6-30)
r r
With 4, = B, = 4, = B, = ... = 0. The constant 4, in (6-30) does not

affect the velocity, and can be taken as zero without loss of generality; the
term B,/ r represents the source/sink flow. Another example is for flow

around a sphere. We may choose 4, and B, such that

Vé > U,i  as r— o, (6-31a)
and

9 _ at  r-a, (6-31b)

or

in a spherical coordinates. Equation (6-31a) requires

¢ — U_x + constant = /_rcosé + C,

which implies
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Then (6-29) becomes
#(r,0) = C +U_cos b + i P(cos §)Br'". (6-32)
/=0

By applying (6-31b), we have

0-2 U, cos & + Y P(cos 0)(—1 — )Br~'™".

orl, - 1=0
It follows that

0=U, + (-1-1)Ba>,
and

Thus

Finally, (6-32) becomes

¢(r,0) = U, cos e(r +

N |-~

3
“_2] +C, (6-32a)

r

which is the same as that in (6-26a) since the constant C may be taken as
zero without loss of generality.

(v) Flow past a slender body of revolution represented as distribution
of sources and sinks

We have learned that the uniform flow past a sphere under the potential
theory can be obtained by superposition of a uniform flow and a doublet.
Similarly, the flow field for a uniform flow past a slender body of
revolution as shown in Figure 6-4(a) can also be obtained by
superposition of a uniform flow and a suitable distribution of line source
and sink (as source with negative strength) as shown in Figure 6-4(b). Let
g(x) be the source strength per unit length, the potential at (x,7) with

7> =y*+z* due to a source of strength ¢(x,)dx, is (refer to (6-10))
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—q,(x,)dx, .
47r\/(x —x,) + 7

The velocity potential due to a distribution of such sources in a uniform
stream as shown in Figure 6-4(b) is

¢(x,?):wa—ij‘ Go(Xo )%y (6-33)

Az, \/(x—xo)2 + 7

The flow is symmetric with respect to the x-axis as expected from the
symmetric nature of the elements composed of the flow in Figure 6-4(b).
If the total strength of the line source (sink) is

jq(xo)dxo =0, (6-34)

the body will close up behind as that shown in Figure 6-4(a). Thus the
rest issue is to relate the artificial source (sink) strength, g¢(x,), to the

actual body shape, say, the variation of the cross sectional area, A(x,).
An approximate method to determine ¢(x,) for a slender body of

4
Un )
RN ' ROO
T S
— O @
— |
. L
T |
S) ]‘%
* ! Line source with strength per unit fongth F0XD
l %, YotdXo k(B
i ‘
—_— Y e N

Z

Figure 6-4: A slender bod.y of revolution in (a) can be represented by a
suitable distribution of line source (sink) in (b) for studying
the uniform flow past the slender body.
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revolution is as follows. As D << [ for slender body (see Figure 6-5),
the x-component of the velocity can be expressed as

u(x,7)=U_+u'(x,7)  with u'<< U,. (6-35)

Consider a small control volume shown in Figure 6-5. With R(x) the

local radius of the slender body of revolution at x, the local cross
sectional area is A(x) = zR(x)>. By applying the conservation of mass to

the control volume, we have
U,A(x + dx) — U_A(x) = g(x)dx,

under the condition u'<< U_.Thusas dx—0,

g = U Ao gy v, A (6:36)

q(x,) 1s positive in the front part of the body while 4(x,) is increasing,
and is negative in the rear part of the body while A4(x,) is decreasing.

S!Lpua‘kfnﬂ strzambing

(b

Figure 6-5: (a) Sketch of the streamlines in a symmetric plane for uniform
flow past a line source (sink) with total net strength equals to
zero. (b) A control volume for relating the strength, ¢(x), to the

shape of the body.
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(vi) Method of image

One powerful technique in potential flow that we have employed so far
Is the application of superposition of simple solutions to build up more
complicated flows in an unbounded fluid. We may employ such technique
also to the case of bounded region by using the method of images, which
Is illustrated as follows. Consider the flow due to a source located above
an infinite flat surface as shown in Figure 6-6(a). The flow is required to
satisfy the no cross flow boundary condition at the flat surface, i.e.,
oploy =0 at y = 0. Instead of solving actually the Laplace equation,

!al’
1
'g., @

— e Sl
j&— 5~ ﬁ'l

'ﬁ/l/l/lll//l’/ll/,,I/]//rt//l_l//////. ,X
S s SS S/ -/////////]///////

€))

77 . 77 77777

Figure 6-6: Illustration for the method of images. (a) A source is located
at y = » above an infinite flat surface. The flow field can
be studied by the superposition of the source and its image
by regarding that the infinite flat surface as a mirror. (b) A
body of revolution is translating parallel to an infinite flat
surface.
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(6-4), subject to the appropriate boundary conditions, the method of
images is to construct the solution by the superposition of the potential
due to the source at x =0,y = h,z = 0 with strength QO and that due

to the image of the source at x = 0, y = 4, z = 0 with the same strength.
The resulting potential is

= - 4 - 00) S (637
/ 47r\/x2 +(y-h)’+7° 472'\/)62 +(y+h)’+ 2 ( )
Note that
_0¢ _ o)y — h) o)y + h)

+

/2 /27

oy 47r(x2 +(y-h)+ 22)3 47z(x2 +(y+h)+ 22)3

which is zero when y = 0. Thus the flow with its velocity potential
described by (6-37) indeed satisfies the no cross flow condition at the flat
surface y = 0. Similarly, the translation of a slender body of revolution

parallel to a flat surface as shown in Figure 6-6(b) can also be studied by
the method of images.

(IT) Two-dimensional potential flow

The major characteristic of the two-dimensional potential flow is that
we can employ the powerful method of complex variables for solving
problems. For the incompressible two-dimensional flow in a plane, the
continuity equation is satisfied automatically by defining a stream
function, v, in a Cartesian coordinates, (x, y), such that

=%  and —_— (6-38)
oy Ox

The stream function has the following properties: (1) y = constant iS a
streamline, (2) the difference in the values of the stream function for two
streamlines is the volume flow rate per unit depth between them, and (3)
the streamlines and equipotentials (lines of constant velocity potential)
are perpendicular to each other. To prove the third issue, we have

vy =000V  0p0v _ _ ]
Vg -Vy = o + o o u(=v) + v(u) = 0, (6-39)
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according to (6-38) and (6-3). Thus line of constant ¢ is perpendicular
to that of constant . In summary, we have

=W _9% and - W_O (6-40)
oy  ox ox oy

according to the definition of the velocity potential and stream function.
As the two equations in (6-40) are the Cauchy-Riemann equations, we
may construct a complex function,

F(z2) = ¢(x, y) + iy(x, y), (6-41)

which is an analytic function. Here z = x + iy, and i = v-1. For an

analytic function, we have: (1) the complex derivative, dF/dz, exists
independently of how Ax - 0 and Ay — 0 for any point in the

complex plane, and (2) analytic functions can be expressed as a
convergent power series.

The complex velocity is evaluated according to

W(z):d—Fz%Jria—W:u—iv, (6-42)
dz ox ox

and its complex conjugate

W(z) =u +iv,
such that
WEW(x) = w-iv)u-iv) =u”+v’ =u-u.

The complex variables can be expressed in terms of both the Cartesian
coordinates, (x, y), and the polar coordinates, (r, 8), as shown in Figure

6-7. The relations between these two coordinates are

z=x+iy =rcosé +irsin@ = r(cos@ + isinh) = re’, (6-43a)
and
W =u—iv=(u cos6 — u,sin @) — i(u, sin & + u, cos )
= (u, —iu,)cos @ —isin@) = (u, —iu,)e™ . (6-43b)

167



>X

Figure 6-7: The coordinates for studying two-dimensional potential flow.

(i) Some simple flows
Here we consider some simple two-dimensional potential flows.
(1) Uniform flow
The uniform flow parallel to the x-axis in a plane can be described by

¢ = Ux, or y = Uy, (6-44a)

¢

A

v
19

Figure 6-8: Sketch of a uniform flow, which makes an angle « with the
x-axis.

168



where U is the uniform speed. The corresponding complex potential is
F(z)=¢+iy = (x+iy)U = Uz. (6-44b)

If the uniform flow is not parallel to the x-axis as that shown in Figure
6-8, we have

F(z) = (U - iV)z, (6-45)
and the complex velocity

we =Ly
dz

as expected. The stream function and the velocity potential are then
y = Im[U - iV )x + iv)] = Uy - Vx, (6-45a)

and

¢ =Re[U - iV)x +iv)] = Uy + Vx. (6-45a)

U =+U?+7V?cosa, V =AU? + V?sina,

(6-45) may also be written as

As

F(z) = (U - iV)z = JU? + V?e 'z, (6-45c¢)

(2) Source and sink

The complex potential for a source or sink at the origin of the
complex plane, z = x +iy = 0, 1S

F(z) = % In z, (6-46)

which is analytic except at z = 0. By substituting z = r” (see (6-43))
in (6-46), we have

Fe) = 2 (nr+i0).
2
Then
b = 22 In and v=2o (6-46a)
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Figure 6-9: Sketch of the streamlines for flow emitted from a point
source.

as sketched in Figure 6-9. The corresponding velocity components in
polar coordinates are

w =% _921  and 4 -0 (6-47)

T or 27 ¥

Here Q is the volume flow rate per unit depth as observed from

2z

Yy s Q
[urdo = [ =do = 0.
5 o 27
For source or sink is at z, instead of at the origin, the complex potential

in (6-46) is replaced by

F(z) = % In(z - z,). (6-48)

(3) Plane vortex

The plane vortex is a particular flow of interest, which has no
counterpart in three-dimensional potential flow. The complex potential is
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Fz) = —% In . (6-49)

With z = re?,
FE) = =L (inr+i0),
27
and thus
¢ = ro and v = L Inr, (6-49a)
27 27

as sketched in Figure 6-10. The corresponding velocity components are

W =0 and w=1%_ T (650)
rod 2nr

The strength of the vortex, T, is called the circulation, which is defined
through

2
circulation = fudr = jugrde =T, (6-51)
0

The circulation is not zero when the contour of integration encloses the
singularity, i.e., the origin. The flow is irrotational except at origin.

g

//
©-

-—-/

Figure 6-10: Sketch of the flow for a plane vortex.
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(4) Flow in a sector

The complex potential for the flow in a sector as shown in Figure
6-11 is

F(z) = Uz" = Ur"e™® = Ur" cos n@ + iUr" sin né, (6-52)

for real constants, » and U. The velocity potential and the stream function
are thus

¢ = Ur" cos n@ and w = Ur"sin n@. (6-52a)

Any streamline of the flow is a possible solid boundary for steady flow.
In particular, the streamline with y = 0 is chosen for

=0 and 0 =rxln.

The complex velocity

W = cfZ_F = nUz"" = nUr" "™ =u —iv=(u —iu)e™. (6-53)
z
Then
u, = nUr"" cos nd and u, = —nUr"sinn@, (6-53a)
or

u = nUr" " cos(n — 1)@  and v = —nUr"*sin(n - 1)0. (6-53b)

stream@ines

—_———— Q?uip"cnﬂapx dl‘rzc‘h'on -Por roS'l'tiVE u

(cou».tcrclockwisn)

'y —
“n direction for neqetive U

X (clockwise)

~—
,‘ V1

Figure 6-11: Sketch of the streamlines and equipotentials for flow in a
sector.
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The variations of », and u, with 8 for » >1 and positive U are

shown in Figure 6-12, which is illustrative for plotting Figure 6-11. The
magnitude of the complex velocity

w| = V2 + v = W = U, (6-54)

is independent of 6. When » — 0, [w| - 0 if » > 1, which shows a

stagnation point at » = 0 for the case with a vertex angle less than 7.
However, [w| - « if n <1, which shows a singular point at » = 0.

The cases corresponding to different values of » are sketched in Figure
6-13.

U, Ug
n-i

Y vy |

I

{2H

oV
\.:H

y

6.}

Figure 6-12: The variations of the velocity components with 4.
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Figure 6-13: Several special cases for flows in a sector.
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(5) Flow due to a doublet or dipole

As in three-dimensional potential flow, the flow due to a doublet or a
dipole can be generated by the superposition of the flow due to a source
and that due to a sink of equal strength at the same position. Consider the
flow due to a source with strength Q at x=-¢,y=0 and a sink with
strength Q at x=¢,y=0 as shown in Figure 6-14. The complex potential

IS
F(z) :%ln(ﬂ g)—%ln(z —&)

=2|n(z+€j
2r \z—-¢

0 n{l+ £l j | (6-55a)

:g l-¢/z

With the Taylor series expansion,

A+0) =1+ad +...... )
A+6) =1-6+......,

and
INQ+0)=0+......,

for small values of ¢, equation (6-55a) becomes

F(z) =%ln[[1+§j[1+§+ ....... ﬂ

=25 (), (6-55b)

s | s
meft
Figure 6-14: A doublet or dipole is generated by the superposition of a
source and a sink with equal strength by letting ¢ — 0.
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Taking the limit as ¢ >0, QO >, such that Qs=7zu, where x is a

finite value, equation (6-55b) becomes

F)=%,

(6-56)

which is the complex potential due to a doublet or dipole with strength .
The complex potential, F(z), is analytic in (6-56) except at z=0. By

substituting z=x+iy into (6-56), we have

x—1i
Flz)=—t - u(2 ,z) _
x+iy x"+y
Thus
Lox y
= and =—
X2+y2 X2+y2
The streamlines are
=- Z’Uy > = constant ,
X +y
or
x2+y2__(ﬁjy,
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Figure 6-15: Sketch of the stream patterns due to a doublet.

176

-P°S"ta'v2 '

(6-56a)
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or
2 ‘ 2— - 2 6-58
g +(y+5] _[Ej ’ (6-58)

which describes a circle with radius |./(2y)| at center (x,y)=(0-u/(2y)).

The circle passes through the origin; and the stream patterns are sketched
in Figure 6-15. The complex velocity

W(z)=u—-iv=u, —iu, =d—F=—ﬁ2=—ﬁze‘2’€, (6-59)
dz z r
and thus
" :_ycgse and “, :_y3|2n¢9. (6-59a)
r r

It is interest to note that the doublet has the directional property. If
the doublet is generated by superposition of a source and a nearby sink
along a line, which makes an angle « with respect to the x-axis, as
shown in Figure 6-16, the complex potential

Figure 6-16: A sketch showing the directional property of a doublet.
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F(z)= %h’l(z - gei(”*“))_gm(z _ geia)

27
= % In(z + gei“) - % In(z - ge’”)
0 1+§ei“

27 z
= 22 e 4. ,
2T z
or
F(z)=*e, (6-60)

if the strength of the doublet, x, is defined through Q&=7zu when
£—0 and Q- . If we apply the method of image to study the flow
generated by a doublet at z, = x, +iy, in the vicinity of a solid flat wall as
shown in Figure 6-17, the resulting complex potential is

ia i(r-a) ia luefia

F(z)=—t*H K¢ - K - (6-61)
z—=(xp+1yy) z—(=xy+1v,) z—(xy+1y,) z—(=x,+0y,)

by the superposition of the flow due to the doublet at z, =x, +iy, with
orientation « and that due to its image at -x,+iy, with orientation

T—«Q.

. NC

‘ P
-« i
R?— f‘ 3 /;'{3_
(‘Xo;ﬁo) Zf (X°, 30)
Cimaqe) fl (doublet)
/
/

|
|
|
|
|
J

Figure 6-17: The image of the doublet makes an angle » - « with
respect to the x-axis, which is different from «, the angle
between the doublet axis and the x-axis.
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(if) Uniform flow past a circular cylinder

As in three-dimensional potential flow, the complex potential for
uniform flow past a circular cylinder can be obtained by the superposition
of a uniform flow and a doublet,

F(z) = Uz + £ = (Ur cos @ + £ cos 6) + i(Ur sin @ — £ sin HJ. (6-62a)
V4 r r

Thus

¢ =Urcos@ + Lcos@ and y =Ursind - £sing.  (6-62b)
r

r

By taking y = 0 on acircle of radius a, we have

aU -2 =0
a

according to the second equation of (6-63). Thus the radius of the
cylinder, q, is related to the strength of the doublet for generating the flow
as

a=ulU. (6-63)

Figure 6-18: Sketch for uniform flow past a circular cylinder.



It follows that

2
Y = U(r - a—j sin 9, (6-64a)
r
and
F(z) = U(Z + “_j. (6-64b)
z
The velocity components
2
u, = 1ov _ U(l — a—zj cos &, (6-65a)
r o6 r
and
u, = ¥ - —U[l + “_ZJ sin 6. (6-65b)
or r

The radial velocity component is identically zero on the surface of the
cylinder, » = a. The fluid slips on the surface of the cylinder for the
present inviscid flow, and the circumferential velocity component

u, = -2U sin 9, (6-65¢)

which attains a maximum value, 2U, at ¢ = ~ /2. Note that the flow is
symmetric with respect to both the x-axis and y-axis. There is no net force
on the cylinder for potential flow.

(iii) Flow around a circular cylinder with circulation

If we superimpose a plane vortex with its center at the origin of the
coordinates on the uniform flow past a circular cylinder, the complex
potential

2

F(Z):U[Z+a—]—£|nz+C. (6-66)

z 27

Here a constant, C, is added without affecting the velocity field. Such
constant is chosen such that w = 0 on the surface of the cylinder, i.e.,
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i’

C=—Ina.
2
Then
2 .
P - U[z ; a_j - L), (6-67)
z 2r a
By substituting z = re",
Y = U(r —~ a—] sin @ — - In(ﬁj, (6-68)
r 2r \a

which indeed satisfies w =0 at r =a as expected. The stream

function in (6-68) is not unique, and depends on the value of I" as follows.
To see this, the velocity components

2
u, = 1ov _ U(l -~ a—zj cos &, (6-69a)
r 00 r
and
2
u = -V - —U(l ; “_2] sin 0 + —— (6-69b)
or r 27

On the surface of the cylinder, » = a, the radial component «, =0
identically, and the circumferential component

u, = —2Usin 0 + ——. (6-69¢)
27a

Stagnation points on the surface of the cylinder are the values at 9 = 6,
and » = a where . =0 and u, = 0. According to (6-69c),

r
AxUa

(6-70)

sing, =

There are four different cases as illustrated in Figure 6-19. When T = 0,
0, =0 and r. The flow is symmetric as before in the last section, and

there is no net force on the cylinder due to the flow. When T < 0 and
I /(4zUa)| < 1, the stagnation points shift “downward” as shown in Figure

6-19(b) according to (6-70). The velocity is larger on the top of the
cylinder, the pressure is reduced there according to the Bernoulli equation,
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and thus a lift force is generated by the flow associated with the effect of
circulation. A negative lift is generated if T >0. When <0,
IC /(47Ua)) = 1 and 6, = -3z /2; there exists only one stagnation point

on the surface of the cylinder. A lift associated with the negative

@WMr=o, Stagnxh‘oa points

oFf O©= 0 and T with

r=a.
/_\
r
0 — | <
/ & r<o, [‘mwei ’
therg exist two stegnation
490.;.1"; with ‘T'(Q < 27 ’
——’//\, oh Y= Q

() <0 ,’

ﬂ there exists only ong
Ligt
s shagnwf‘fw point o Y=o
) Dnd 95 = 37[’/2_
./\
e SN

@ I <o, lqﬂva’>‘

‘CN
\.

m there wists mo Stegumation
‘_j/) \\/ k) point on the surfoa of
S the Uaziuo(zr.

Figure 6-19: Sketch of the flow for different situation. The point *s”
represents the location of the stagnation point.
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circulation is also generated as in case (b). When I'<0 and
I /(4zUa)| > 1, there is no stagnation point on the body surface. However,

we may find a stagnation point in the flow field as follows. For stagnation
point, the complex velocity

e =2 - U[l - "_2] - L. (6-71)

Thus the stagnation point occurs at

. 2
EAN S ( d j .
a 4rUa 4rUa
Both roots are pure imaginary when

2
[Fj>1.
AxUa

One root occurs within the cylinder, and the other is

—i( r jz—l, (6-72)

A7xUa

T
A7U0a

g

a

which implies that the stagnation point outside the cylinder occurs at

2
r‘:_|r|+(rj_l and 9‘=3—”,
’ \47Ua| 47Ua ’ 2

as illustrated in Figure 6-19(d). With the velocity known, we may
evaluate the pressure through the Bernoulli equation, and then calculate
the lift force on the cylinder. For two-dimensional flow, there exists a
Blasius theorem for calculating the force and moment on the body
directly once the complex velocity is known, as discussed in Chapter 4 of
Currie’s book.

(iv) Method of images

As in three-dimensional potential flow, the method of images can be
employed for studying a variety of problems.
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(v) Flow for complicated geometries

In the text of complex variables, method of changes of variables is
usually employed for solving problems with more complicated
geometries, for example, the conformal mapping. In two-dimensional
potential flows, two transformations, the Joukowski transformation and
the Schwarz-Christoffel transformation, are employed quite successfully
in studying certain problems, as discussed in Chapter 4 of Currie’s book.

(vi) Water waves
Although the potential flow assumption is not quite successfully in

determining the force on the body. The potential theory is a suitable tool
for studying the water waves (see Chapter 6, Currie).
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Homework

(1) Consider the uniform potential flow over a sphere. Obtain the stream
function in a symmetric plane, plot the stream patterns, and calculate
the force on the sphere.

(2) Consider the two-dimensional potential flow due to a doublet next to
an infinite solid wall as that shown in Figure 6-17 of the course note.
Obtain the velocity potential, the stream function, the velocity field,
the pressure field, and the force acting on the solid wall.

(3) Consider uniform flow past a circular cylinder with negative
circulation as that shown in Figure 6-19 of the course note. Calculate
the pressure field, and the force on the cylinder for the four cases
shown in the figure.

(4) Consider three-dimensional potential flow. The following figure
shows a doublet of strength p located at x =/ and a doublet of
strength 4 located at x = «*//. Show that the surface » =a
corresponds to v =0 if 4 = —-a’u/*, and hence deduce that the
stream function for a doublet of strength x located a distance / from

the center of a sphere of radius a is
3

H o 2 Ha 2
,0) = ———sin + sin o .
v(r0) = =z Pt e,

Also deduce that the corresponding velocity potential is
3

U Ha
,0) = cos B — Ccos a
#(r. 0) 12 P T G

Show that the force, which acts on a sphere of radius a owing to a
doublet of strength 4 located a distance / from the center of the sphere
along the x-axis is

2.3
F - 3puca’l

= IF T e from Currie’s
27(1? - a*f (

book, Ch.5)
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FIGURE 5.13

Superposition of doublet of strength u and doublet of strength u* which leads to
doublet of strength u outside a sphere of radius a.

(5) Determine the complex potential for a circular cylinder of radius a in
a flow field which is produced by a counterclockwise vortex of
strength I" located a distance / from the axis of the cylinder. This may
be done by writing down the complex potential for a clockwise vortex
of strength I" located at z = -4, a counterclockwise vortex of strength
I" located at z = —a*/ b, a clockwise vortex of strength I" located at
z = a® /1, a counterclockwise vortex of strength I'" located at x =7,
and a constant — [ir" /(2z)]log b. Then let » — « and show that the
circle of radius a is a streamline. Obtain the force acting on the
cylinder.
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CHAPTER 7: LAMINAR BOUNDARY LAYER THEORY

The major drawback of the potential flow is that the force on the
body cannot be predicted correctly due to the absence of viscosity. A
remedy to include the viscous effect is to introduce a “thin” boundary
layer next to the body surface as discussed in chapter 4. For high
Reynolds number flow, the flow region is separated into two regions, the
inviscid main flow and the boundary layer region (including the boundary
layer next to the solid surface and the wake downstream of the body), as
illustrated in Figure 4-1(b). The governing equations for the
two-dimensional boundary layer flows have been derived in chapter 4
(see equations (4-18a-b)). Here in this chapter we shall consider some
laminar boundary layer flows. The laminar boundary layer flow becomes
unstable and transits to turbulent boundary layer flow when the Reynolds
number exceeds some critical values (see Schlichting’s book).

(I) Boundary layer on a flat plate, a wedge, and a perpendicular wall
(stagnation flow)

Consider the two-dimensional boundary layer flow over a flat plate, a
wedge, and a perpendicular wall (i.e., stagnation flow) as shown in Figure
7-1. The governing equations and the associated boundary conditions are
equations 4-17(a-d), and are stated as follows.

Loy, (4-17a)
ox Oy
and
2
w2y Oy AUy O (4-17b)
X Oy dx oy
subject to
u=0, v=0 at y=0, (4-17¢)
and
u=U/(x) as y — 0. (4-17d)

The surface velocity of the inviscid main flow, U (x), may be evaluated
from the potential flow theory (refer to section (i)-(4) of chapter 6), as

187



U,(x) = Ax", (7-1)

where n is related to the wedge angle, 26, or a(= = — 0) through

(7-1a)

The values for n for different cases are illustrated in Figure 7-1. The scale
of the thickness of the boundary layer, o, can be estimated as

oL (7-2)

through a scaling analysis (see chapter 4), where R_is the Reynolds
number defined as

Rx = > " (7-28.)
1%
x
t
U. ¢ U, U. i
= 4 =, % =, '%I
-/T_.S(x) o T",(;)-"* o “y
—> s> X —— % - —_— - - ’
St w \45(’0 y ;
R —_— 2 . | l
| Y,
S, %O‘)‘
(&) §fat 4platz : (b) wedqe {eows : (¢) stognation ffour :
Mm=0 upper : 0<m< 1 n =1

Lower = Mm<O
($low sepovates when
m=-0.09( (¥={18")

Figure 7-1: Sketch of the two-dimensional boundary layer flow over (a) a
flat plate, (b) a wedge, and (c) a perpendicular wall. The cases
for the flat plate and the perpendicular wall can be regarded as
special cases for the wedge flow. The surface velocity of the
inviscid main flow for these cases can be expressed as
U, (x) = Ax", where 4 and n are constants.
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On setting
X
= — (7-2b)

we now try to solve the present problem by using the method of similarity
transformation. Let

u(x, ) =U(x) /() and  n =yl (7-3)

where f'(n) = df I dn. With U (x) and &(x) given by (7-1) and (7-2b),
we may deduce the equation governing f(») from (4-17a) and (4-17b)
as follows.

n

frs R - ) = o, (7-4)

which is called the Falkner-Skan equation. The corresponding boundary
conditions for (7-4) are

S (@) =1=7(0) = f(0) = 0. (7-5)

Equation (7-4) subject to (7-5) is solved via numerical integration, say,
using the computer program discussed before in chapter 3 for the
stagnation flow with suitable modifications for the functions. The
numerical results are plotted in Figure 7-2. The line with » =0
corresponds to the boundary layer flow over a flat plate at zero angle of
attack; there is no applied pressure gradient from the external inviscid
main flow, i.e., oP/ox = —pU.dU, | dx = 0. The applied pressure gradient

is favorable for » > 0, but is adverse for negative n. The shapes of the
velocity profiles for different values are direct consequences of the
applied pressure gradient. The slope of f'(») tends to approach vertical

as |1 increases for negative n. According to the numerical solution, the

slope of 7'(n) becomes vertical, the shear stress at wall vanishes, and
the flow separates from the surface when » = —0.091, which corresponds
to o =198 in Figure 7-1. It is generally defined that the separation
occurs when the shear stress at wall equals to zero. Reversed flow is
observed locally next to the wall when » < -0.091. According to the
profiles plotted in Figure 7-2, f'(;) approaches unity as 7 increases.
For example, f'(7)~1 when » ~5 for » = 0, which implies that the
actual boundary layer thickness is about 55 . The boundary layer
becomes thinner as » increases, but increases rapidly as —n increases.
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With 7' () known, we may calculate the shear stress at wall

_ PU- (7-6)

W \/R— /()

ou
Ty = ﬂ'é;

the displacement thickness,

5*EI£1_;JJ =ﬁz(1—f'(f7))dﬂ, (7-7)

and other flow properties. The validity of the above similarity solution is
studied as follows. We have assumed that

ou ou
ox oy

in deriving the boundary layer equation as discussed in chapter 4, which
implies that

<< 1. (7-8)

5 _ 1
x /R
According to (7-2a), (7-8) is not valid at small x. Thus the similarity

solution is not valid near the leading edge of the flat plate or the wedge
for 0 < n < 1. However, for stagnation flow, » = 1, and

S = _*  _

[(Ax)x
v

which is a constant (independent of x !). Thus the above similarity
solution is still valid. In fact, the viscous diffusion term along the
x-direction is identically zero for the stagnation flow; the solution of the
stagnation flow is an exact solution as discussed in chapter 3.

v
A

For the case of boundary layer flow over a flat plate, » = 0, equation
(7-4) reduces to

fres =0, (7-9)

which is called the Blasius equation. In particular, f''(0) = 0.332,
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W , (7-9a)
; pul K
and
) 1.73
_— = . 7-9b
- (7-9b)

L
C, = = lj 064 v = 1328 (7-9c)
L 0

4

/)]
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/
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v
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y (Ze)
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0

Figure 7-2: Numerical solutions of the Falkner-Skan equation for

different values of »n. The figure is adopted from Panton’s
book. Here m = n,and u, = U,.
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(IT) Interaction between the inviscid main flow and the boundary
layer flow

A more rigorous analysis for steady flow at high Reynolds number
using the boundary layer theory is as follows.

(1) Solve the inviscid main flow (external flow) with no cross flow
boundary condition. Potential flow theory is employed if the flow
Is incompressible and irrotational.

(2) Obtian U (x) and UdU,!ldx , ie., -/ p)dPldx) for the
streamwise pressure gradient inside the boundary layer.

(3) Solve the boundary layer flow using the boundary layer
equations.

(4) Update the inviscid main flow by taking into account the
boundary layer effect, usually through the displacement effect.
The original shape is replaced the modified shape as shown in
Figure 7-3. The modified shape of the body is “thicker” than that
of the original body by a displacement thickness.

(5) Update the boundary layer flow using the new values of U, (x)

and U.dU, | dx associated with the updated external flow.

(6) Iteration between the external and the boundary layer flow as
above until convergence is attained.

Similar iteration procedures can be employed if the external inviscid
flow is rotational and/or compressible. Of course, the potential theory
cannot be applied for such cases, and solutions of the continuity and
Euler equations are required. Usually the above iteration is not needed
since the displacement effect in item (4) is small, and the procedure (4)
always calls for numerical calculation.

U, i’)nod:{-‘md shapz
’ A 8o

// -~ -

—, !
( Orlﬂlnu Sl'wpg e ~ o - —

——— S e — — —

~ . -
—_—

Figure 7-3: The original shape of the body is replaced by the modified
shape, which takes into account the displacement effect, for
updating the inviscid main flow.
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(ITI) Integral method

The integral method is an approximate method for solving the
boundary layer equation. We shall first define some length scales for the
boundary layers, then derive the von Karman’s momentum integral
equation (1921), and finally illustrate the method through an example.

(i) Some scales for boundary layers

As in the undergraduate fluid mechanics, the boundary layer thickness,
o, 1s usually defined as the distance from the wall (or from the centerline
for boundary-free shear flows such as wake or jet flows, see next section)
where the local velocity equals 99% of the free stream velocity (or 50%
of the centerline velocity for jet flow), i.e., when u(x, 5) = 0.99U (x, t). AS

U, is function of x and ¢ in general, the boundary layer thickness &is also

function of x and z. Of course, one may define ¢ as the distance from the
wall where the local velocity equals another fraction other than 99% of
the free stream velocity, say, when u(x, §) = 0.9U,(x, ¢), for example.

The displacement thickness, & (x,7), which was defined before in
(7-7), can be rewritten as

vs = [, - . (7-10)

The physical interpretation of the displacement thickness is illustrated in
Figure 7-4(a) and (b). The term U 6" in (7-10) represents the volume

flow rate defect. The name “displacement thickness” comes from the
following reason. Since u = oy / oy, we have

y

v = [ulx, y)dy = Uy - [(u - U (7-11)
0 0
for a given x. At y >> & (outside the boundary layer),

v > Uy+[w-UMy=Uy-Us". (7-11a)
0

It follows that
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v=0 a  y=5. (7-11b)

Thus the effect of the boundary layer is to make the body appear to be at
y = & as seen from an observer outside of the boundary layer, which is

termed the displacement effect, and has been employed in the last section
for updating the external inviscid main flow.

The momentum thickness, 6(x, ¢), is defined as

0 = Ié‘ (1— (;‘ ]dy, (7-12)

which can be rewritten as

U0 = [ulU-upy. (7-12a)

0

The term U,?0 represents the momentum defect of the boundary layer
flow, as illustrated in Figure 7-4(c) and (d).

Y4 g/‘ Us

'T (b)

by
Same avea e
SAMme area
Us N
]

U_([); 7)) U(Us-uwd

R

Figure 7-4: lllustration for the boundary layer and displacement thickness
(a and b), and for the momentum thickness (c and d).
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(if) von Karman’s momentum integral equation (1921)

Here we shall derive the momentum integral equation for unsteady
incompressible two-dimensional boundary layer flow with suction
(negative normal velocity) or blowing (positive normal velocity) at the
wall. The mechanism for blowing and/or suction is usually employed for
boundary layer control. The governing equations for the unsteady
incompressible two-dimensional boundary layer flow with constant
viscosity are (4-18a,b), and are expressed as follows for convenience.

Gu v _y, (7-13a)
ox Oy
and
2
a—quua—quva—u:aU*‘+U58U°‘+vabzt. (7-13b)
a  ox oy a ox | oy

By multiplying (7-13a) with » and adding to (7-13b), we obtain

2
MUy 22y s L) =, Loy O0 (7-14)
ot ox oy ox oy

With the application of continuity equation,

0 0 ov 0 ou
—w)=—pu-U U,—=—pu-U,)|-U, —
0 oU,
= _y [V( - U?)] - a (Uvu) +u ax !
it follows from (7-14) that
ou-U,) . oNoU, B v du
T . (u - Uu) (u US) o + & [v(u US)] =v P

By integrating the above equation with respect to y from y =0 to oo,
we obtain

A R L
0

X 0 0 Ox ay y=0
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where v, = v (x) IS the specified suction/or blowing velocity, which
may varies along the wall. On using the definitions

Us = J-(US — u)dy,
0

Use = Iu(U;u)dy,
0
and
_ Va_u — Tw(x’ t) ,
Wl p

where 7 (x,¢) IS the shear stress at wall, we finally obtain

%(Uﬁ*) + a—i v2e)+u. aais

s +vU =2, (7-15)
Yo

which is called the von Karman’s momentum integral equation. The
terms in (7-15) represent the unsteady effect, the effect of momentum
defect, the effect of the imposed pressure gradient, the suction/blowing
effect, and the effect of the wall shear.

(iii) Example for the application of the integral method

Here we consider a simple example, which is the steady uniform flow
past a flat plate without suction and blowing. U, = U, which is a

constant here and thus there is no imposed pressure gradient. Equation
(7-15) reduces to

< lv.o) - L. (7-15a)

If a velocity profile, which satisfying the boundary conditions, is assumed
across the boundary layer, i.e.,

u(x, y) _ _ Y
T = f(p) for 0<py-= 509 <1

0

=1 for 7 >1, (7-16)

with a given functional relationship of f(»), we can evaluate the spatial
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variation of the boundary layer thickness, &(x), by solving (7-15a). Once
5(x) is known, we can evaluate z (x), and thus the drag on the flat plate.

The simplest profile, which satisfying the no-slip condition at wall and
the free stream condition at y = ¢, is the linear profile, i.e.,

u(x,y):n for 0<p=-2 <1

U, S(x)
=1 for 7 >1. (7-16a)
We have
5=2 92 and T o W
2 6 P o
Thus (7-15a) implies
2
i(Um 5) _ W, (7-17)
de| 6 )

which is solved subjectto s = 0 at x = 0. The solution is

3.46
o -2 7-17a
= (7-172)
In particular, the shear stress at wall,
r, _2v _ 058 (7-17b)

N

which is only 12.65% less than the Blasius solution in (7-9a). It is worth
to point out that the approximate solution in (7-17b) is fairly accurate
although the assumed linear profile is a very crude assumption as the
shear stress is constant across the whole boundary layer and is not
continuous at the outer edge of the boundary layer. A better result can be
obtained by using a smooth profile. For example, one may assume

u(x, y)
U

00

=a+bny+cn*+dn + en' (7-18)
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for n <1 for general steady boundary layer flow with an imposed

pressure gradient but without suction and blowing. The coefficients a, b,
¢, d and e are obtained by satisfying

2
u=U  and a—”za—”jzo at y=90 (7-18a)
d 0oy
and
2
u=0 and va—f = -U, U, at  y=0. (7-18b)
oy ox

Here the last condition in (7-18b) is derived from the steady form of
equation (7-13b) with the imposed no-slip boundary condition at wall.

For steady flow, it is noted that the application of the momentum
method is to reduce the problem governed by a set of partial differential
equations, say, (7-13a) and (7-13b) without the unsteady terms, by that
governed by an ordinary differential equation, say, (7-15) without the
unsteady term. The integral method can also employed for studying the
unsteady boundary layer flows, although the resulting integral equation is
a partial differential equation with independent variables x and .

(IV) Boundary-free shear flow

So far in this chapter we have discussed the boundary layer flow next
to the solid boundary. As discussed in chapter 4, we may also apply
boundary layer assumption in solving the boundary-free shear flow,
which is a kind of the boundary layer flow governed by the same
boundary layer equations as before, but without solid boundary.
Examples of the boundary-free shear flows are the wakes, the jets and the
shear layers (or called the mixing layers). For the laminar case, the
analysis of the shear layer can be found from Batchelor’s book; the jet
problem will be discussed in the homework set; and the rest of this
section will concentrate on the study of the wake problem. The discussion
of the corresponding turbulent boundary-free shear flow can be found
from the book “A first course in turbulence”, by H. Tennekes and J. L.
Lumley, MIT press, 1972.

The velocity field of a steady two-dimensional laminar far wake is
sketched in Figure 7-5. There exists a velocity defect downstream of the
body, which is a direct consequence of the drag exerted by the fluid on
the body, as illustrated in the following integral analysis. Consider a
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sufficiently large control volume, V, enclosing the body as shown in
Figure 7-6(a). The surface of the control volume having unit outward
normal n consists of two parts, the inner part, S,, and the outer part, S,.

Here s, is the surface of the body having unit outward normal N=-a.

With the application of the continuity equation, the steady incompressible
Navier-Stokes equation with negligible body force can be expressed in a
conservative form as

V-(puu-T)=0, (7-19a)

or in index form as
2 (puu, 1,)=0, (7-19b)

1

where T is the stress tensor. On taking the volume integral of (7-19a) with
respect to the control volume, and using the divergence theorem, we have

IV (puu-T)= Iﬁ {puu —T)dsS + jﬁ {puu—T)dS =0.

Sy S

With u=0 on S, the above equation becomes

[ Tds =—[NTdS = [ (puu—T)ds .

The force exerted on the body by the fluid is

F=[NTdS = [f (T - puu)ds. (7-20)

S

({ar weke >

Figure 7-5: Sketch of the wake flow.
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The drag on the body, D, is defined as D=F-i, where i is the unit
normal vector along the direction of the uniform stream as shown in

Figure 7-5, and thus

D= [i T - puu)-ids.

S
Recall that the stress tensor,

T=—pl+ u(Vu+Vu' )+ AV -u,

(7-21)

(7-22a)

for Newtonian fluid, where I is the unit tensor, or expressed in index form

as
Ou, Ou, ou
T =—pS. + ul —+—L |+ 15, —&.
v =P ﬂ(&xj 6x[] o,

A
L3

N

Control
volume ¥V

37

Vad
N \
/ S
S
2 N ContiroR volumae

¥

(@)

R
>

LD

(b)

I

Vi

Figure 7-6 : Sketch of the control volumes for evaluating the drag.
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If s, is sufficiently far from the body, T=-p, I, with p_ the pressure
associated with the free stream U,

Iﬁ-Tds:I—pwﬁdS:—prﬁdS:O,
Sz

Sz S

and thus (7-21) implies

D=— j p(hu)(u-i)dS (7-23)

Sz

The x-component of the velocity u can be expressed in terms of the
velocity defect (u-U) as

u=u-i=U+ @u-U), (7-24)
equation (7-23) then becomes

D=~ pth wU + (- VS . (7-25)

The first term on the right hand side of (7-25) is zero since there is no net
mass efflux from s,, i.e.,

[ ph - uds =0, (7-26)

Sz

which can be proved by integrating the continuity equation for steady
flow, Vv - (pu) = 0, over the control volume, i.e.,

O=J-V-(pu)a’V= Iﬁ-pua’S+Ipﬁ~udS= Ipﬁ-udS,
V

Sy S, S

by using the no-cross flow condition at S, . Thus (7-25) becomes

D= —[p@ wu-Uls . (7-27)

As the shape of the large control volume is arbitrary, we may choose a
special control volume in Figure 7-6(b) such that S, = S,'n4. Here the
downstream part of the control surface, 4, is a flat surface perpendicular
to the flow with unit normal vector a = i. For the integration over the
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part of S,', the velocity defect (v« — U) — 0, and thus its contribution to
the drag is zero. Therefore, equation (7-27) finally becomes

D = [ pu(u - U)dS, (7-28)

which relates the velocity defect to the drag.

As the far wake (the wake that is sufficiently downstream from the
body) is a slender region of flow variation, it is adequate to use the
boundary layer assumption and thus the boundary layer equations to
study the flow field inside the far wake. As the pressure outside the wake
Is constant, the pressure gradient for the boundary layer flow inside the
wake is identically zero, and thus the governing boundary layer equations
for the steady wake in the Cartesian coordinates shown in Figure 7-5 are

u vy, (7-29a)
ox Oy
and
2
PN (7-29b)

=V —
ox oy oy?
Denote the velocity defect by

u'=u-U, (7-30)

ou' , Ou' ou' ou'

(7-31)

As
u~v<<u-~U, (7-32)

the second and the third terms in (7-31) are negligible in comparing with
the first term, and thus (7-31) is linearized as

1 2 1
Uﬁa—i:v%@, (7-33)

which is in the form of the heat equation. Equation (7-33) is solved
subject to
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u—>0 as y — to, (7-33a)

and the integral constraint according to the “drag-velocity defect” relation
in (7-28) with the application of (7-32), i.e.,

Ju' dy = ———, (7-33Db)

for given value of D. It is worth to point out that the integral constraint in
(7-33b) is employed instead of specifying a given condition at a fixed
value of x for solving the problem. Also according to (7-33b), the total
velocity defect of the velocity profile across the wake is constant
(independent of x!). Let

u' (x, y) = —A(x)f(n), (7-34)
with
_ Y -
n = §(x)’ (7 34&)

where 6 = vw /U IS a scale for the boundary layer thickness, which is
obtained through a scaling analysis of (7-33). On substituting (7-34) into
(7-33), we have

xA' (x)
A(x)

@)+ S0 ) = ~f" ). (7-35)

For self preserving (i.e., similarity solution exists), it is required that
xA' (x) | A(x) to be independent of x. With (7-34), (7-33b) implies that

Al __Db
- A\/;_Lf(n)dn =-
On setting
[ foydn =1, (7-36)

we found
A(x) =

T

-
S

(7-37)

and thus
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A L (7-38)

With (7-38), (7-35) becomes
T 1 1 1
S (77)+§77f (77)+§f(77) =0, (7-39)

which is solved subject to the boundary conditions according to (7-33a),
S (teo) =0, (7-39a)
and the integral constraint, (7-36). To solve the problem, we first re-write
(7-39) as
e @ = o, (7-40a)
and thus obtain
I % o = C, (7-40b)

by carry out the integration. The constant of integration C, = 0 if
/"= 0 and f - 0 as n — +wo, Which is consistent with (7-39a), as
validated from the solution later. Thus equation (7-40b) becomes

f+ % nf =0, (7-40c)

which has solution
f=Ce* . (7-40d)

The constant of integration, C,, is determined by substituting (7-40d)
into (7-36), the resultis C, = 1/+/4z . Thus

1
L @ (7-41a)

or

oo D U1 _
u'(x, y) = pU\/;\/Ee : (7-41b)
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Homework

(1) For steady boundary layer flow over an axial symmetric body as
shown below. The governing equations are

% (ru) + % (rv) = 0, (1a)
2

and LU S RN (1b)
ox oy ©odx oy

The Mangler’s transformation (1948) is defined through the following
relations,
r(x)

¥ = Hﬂ(x)dx, 7=y O® - v,

7@ 7) = u(x,y), and ¥ ) = {v(x, W+ T y)] )
) )

where L is a reference length, and r(x) is the radius of the cross
sectional area at x. Derive

__+_:0, 3a

ox 0y (33)
_ _ — 2

and Py g AUy, Tu (30)
ox oy dx oy

which are of the same form as those in planar boundary layer flow, and
thus the method employed before in this chapter can be applicable for
solving the problems.

(2) Carry out the integral momentum analysis of the uniform flow over a
flat plate for the assumed velocity profile

i3 2 ©

Compute the boundary layer thickness 8, the displacement thickness,
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the momentum thickness, and C, = r, /(pU,*/2). (from White,

p.329)
(3) The quantity (5" /z,)dp/dx) is called the Clauser’s parameter. It

compares external pressure gradient to wall friction and is very useful
for turbulent boundary layers. Show that this parameter is a constant
for a given laminar Falkner-Skan wedge-flow boundary layer. What
value does this parameter have at the separation condition? (from
White, p.330)

(4) Consider the two-dimensional laminar jet as shown in the following
figure. The fluid is ejected from a slit with width b in a wall into
infinite space filled with the same fluid. The mass and momentum
discharge per unit depth are 9, = bpUand M = bpU?, respectively.
On setting » - 0 and U — « simultaneously such that M =
constant, we have 9 = M /U — 0. Thus a constant momentum

m

source can be generated approximately by a weak mass source. A jet
Is a flow generated by a constant momentum source, i.e.,

j pu’dy = M = constant (5)

for any x in the Cartesian coordinates shown in the figure. As the jet
is a slender region of flow variation, and the pressure is uniform
outside the jet, we may apply the boundary layer equations,

oy, (6a)
ox Oy
2
and u(?_u+vé_u=‘/6_u

(6b)
to describe the jet flow. These equations are solved subject to the
boundary conditions

u=0 at y —> o, (7a)
ou
oy
together with the integral constraint in (5). Equation (6a) is satisfied
automatically by introducing the stream function, v, such that

and =v=0 at y=0  (symmetric condition), (7b)

=Y and v--Y (8)
oy ox
Equation (6b) becomes
oy & oy & o
vV _NVov._,¥ (9a)
dy Oyox  Ox Oy oy

and (5) becomes
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let

. 2
| p(%—l//j dy = M = constant. (9b)
S Y

Let x, 6 and Q be the length scale in the x-direction, the length
scale in the y-direction and the scale for . Show that

szz 1/3 M 1/3 M 1/3

5~ (P j and Q0 ~ (_j = V( j (10)
M Yo, Yo%

by carrying out a scaling analysis of equations (9a) and (9b). Thus

1/3 1/3
w(x ) = (Mj S with 7 = (%} v, (11)
p pV°X
prove that f(») is governed by
3f =0, (12)
which is solved subject to the boundary conditions
fQO) =" (0) = f(x) =0, (12a)
according to (9a), (7a) and (7b). Show that the solution is
C
f =+2¢C tanh(ﬁj. (13a)
The constant C is determined by the integral constraint. Show that
9 1/3
With (13a), calculate the velocity components, # and v. The results are
2 1/3
u = (321?121“} sec h*(¢) (14a)
and
v = ( My jm(Zf sec h°£ — tanh 5) (14b)
6 ox° ’

where & = n/(48)""*. Note that

(15)

1/3
Mvj

v(x,y — o) = _(6,0)62

which is not zero, and this phenomenon is called the entrainment. As
there exists entrainment at the outer edge of the jet, the total volume
flow rate, Q., across the jet also varies with x. Show that

0, = 'Tu(x, y)dy = 2(%) (ﬂJ x“si sec h’&dé
P 0
(16)

— 00

which increases with x.
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CHAPTER 8: GENERAL DISCUSSION ON OTHER TOPICS IN
FLUID MECHANICS

First let us review what we have learned previously in this course.
We have laid down the basis of continuum fluid mechanics in chapter 2,
and illustrated vary mechanisms and some analytical techniques via
selected exact solutions of the governing equations in chapter 3. As the
governing equations of fluid mechanics are nonlinear in nature, exact
solutions for the governing equations are limited, and thus the fluid
mechanics problems are always studied under certain approximations,
which forms the topics in chapter 4-7. Since the Reynolds number is the
most important dimensionless parameters for general fluid mechanics
problems, approximation is made here under the conditions of low and
large Reynolds number. The flow physics from small to large Reynolds
number is discussed in chapter 4. When the Reynolds number is
sufficiently small, the nonlinear convection term can be neglected, and
the flow is governed by linear equations. Two types of low Reynolds
number flows, lubrication (internal flow) and flow past a sphere (external
flow), are discussed in chapter 5. When the Reynolds number is
sufficiently large, the flow region can be separated into two regions, the
inviscid main flow and the thin boundary layer regions. Each of these two
regions is solved by simplified equations derived from the Navier-Stokes
equation. The inviscid main flow contains most of the flow region, which
Is governed by the continuity and the Euler equation. If the inviscid main
flow is further irrotational, the governing equation of the inviscid main
flow becomes the Laplace equation, and the resulting flow is called the
potential flow. Elementary potential flow is discussed in chapter 6. The
boundary layer region is a slender region of flow variation, with its
streamwise extent much greater than that in the cross streamwise
direction. It contains the boundary layer next to the solid boundary (for
satisfying the no-slip condition) and the wake region behind the body.
The equations governing the flow inside the boundary layer region are
called the boundary layer equations, which were derived in chapter 4.
Some simple planar boundary layer flows were discussed in chapter 7.

The present course is an introductory course for the student who

wishes to learn further fluid mechanics beyond the undergraduate fluid
mechanics. There are three succeeding courses, namely, the “viscous
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flow”, the “compressible flow”, and the “introduction to turbulence”,
available in the Institute of Applied Mechanics at National Taiwan
University. The detailed contents of these courses may vary for different
instructors, but it is expected that the major topics should remain
essentially the same. According to the author’s own experiences and
realization, the essential topics of these three courses are as follows.

(I) Viscous flow

If the course “viscous flow” is treated as a follow-up course of the
present course, it is suggested that the following topics are adequate.

(i) Unsteady low Reynolds number flows
(a) Arbitrary motion of a sphere in an unbounded fluid - a
natural discussion of the extension of the steady Stokes flow

to unsteady situation (Yih’s book).

(b) Swimming of microscopic organisms - illustration of a
propulsion mechanism via the viscous effect (Taylor’s
papers).

(c) Squeeze film problem — a type of lubrication problem, which
finds direct applications to MEMS (selected papers).
(i1) Some complicated laminar viscous flows
(@) Ekman flow — illustration for studying problems in a rotating
frame (Batchelor’s book).
(b) Entrance flow — illustration for the interaction of inviscid and
boundary layer flows (Schlichting’s book).
(c) Flow in curved and/or rotating channels/pipes — illustration of
the secondary flows (Schlichting’s book, selected papers).
(iif) Axisymmetric and three-dimensional boundary layers (Yih’s
book, Schlichting’s book, and Rosenhead’s book)
(iv) Unsteady boundary layers (Schlichting’s book, Rosenhead’s
book)
(v) Introduction to hydrodynamic stability (selected materials from
chapter 1 to 4 of the book by Drazin & Reid)

210



(IT) Compressible flow

The author has taught this course several times, and included:
(i) Most of the materials in the book by Anderson,
(if) The compressible boundary layers in Schlichting’s book, and
(iii) Elementary acoustics (refer to chapter 4 of Thompson’s book;
chapter 1 and 2 of Lighthill’s book).

Of course, the serious students should read the famous classical texts
by Shapiro (1953) and Liepmann & Roshko (1957).

(ITIT) Introduction to turbulence

The author had taught this course several times and followed basically
the text by Tennekes & Lumley (1972), together with some preliminary
discussions on experimental methods based on Bradshaw’s book.

However, the author believed that a rigorous understanding on fluid
mechanics should included some further materials on potential flow,
which includes: (1) more details on two-dimensional potential flow
(chapter 4 of Currie’s book), (2) Unsteady potential flow (Yih’s book),
and (3) Elementary water waves (chapter 3 and 4 of Lighthill’s book).
Unfortunately, these topics cannot be included naturally in the above
three courses offered by the Institute of Applied Mechanics.
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