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Annoucement
⌕ HW4

⌕ Due Time (hand-written): 2022/12/20 14:20
⌕ Due Time (programming): 2022/12/30 23:59
⌕ Don’t get spooked by the length; many of them are installation 

guides and tool/library manuals

⌕ Final exam: 2022/12/22
⌕ Location TBA
⌕ Closed book
⌕ Scope: all topics taught in ADA, focusing on those after the midterm
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To solve, or not to solve?

Design an algorithm to solve the 
computational problem efficiently

Prove that the problem is too 
hard to solve (no easier than 

solving NP-complete problems!)

3



We want to avoid…
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Origin: Michael Garey and David S. Johnson “Computers and Intractability: A Guide to the Theory of NP-Completeness” (1979)
Cartoon: https://www.ac.tuwien.ac.at/people/szeider/cartoon/



A better way

5
Origin: Michael Garey and David S. Johnson “Computers and Intractability: A Guide to the Theory of NP-Completeness” (1979)
Cartoon: https://www.ac.tuwien.ac.at/people/szeider/cartoon/



2-week Agenda
• NP-Completeness Overview
• Warm up: graph coloring
• Complexity classes
• Decision problems
• Reduction
• Appendix: P-time solving vs. 

verification

• Proving NP-Completeness
• Formula satisfiability
• 3-CNF satisfiability
• Clique
• Vertex cover
• Independent set
• Traveling salesman
• Hamiltonian cycle
• …
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Next Topic: Handling NP-Completeness



Warm up: Graph Coloring
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四色問題 (Four Color Problem)
⌕ 只能使用四種顏色，使地圖上每兩個鄰接區域的顏色都不一樣
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古代的大師們都證不出來看似簡單，但是…



一百多年後的四色定理

⌕ Finally proven (with the help of computers) by Kenneth Appel and 
Wolfgang Haken in 1976
⌕ Their algorithm runs in !(#!) time

⌕ First major theorem proved by a computer
⌕ Open problems remain…

⌕ Linear time algorithms to find a solution
⌕ Concise, human-checkable, mathematical proofs
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沒那麼簡單之一： 環面圖
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沒那麼簡單之二：飛地
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2 colors: No
3 colors: Yes
4 colors: Yes

Q: Can you color this map using only 2 colors? 
Using only 3 colors? Using only 4 colors?

Q: Given a map, can you efficiently determine 
whether % colors is enough?
% = 1: trivial
% = 2: trivial
% = 3: the planar 3-colorability problem is NP-
complete.
% ≥ 4 : always possible because of the four-
color theorem
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Given a graph ,, can we color the vertices with % colors such that no 
adjacent vertices have the same color?

K 色問題 (k-colorability)

% = 1: trivial
% = 2: trivial
% ≥ 3: NP complete

Q: Can we efficiently solve the k-colorability problem when % = 1? % = 2? 
% ≥ 3? 



Complexity Classes
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What is a hard problem
⌕ A problem is hard if it has no known efficient algorithms to solve it

⌕ Efficient = tractable = polynomial running time (in the size of input)
⌕ K-colorability, Hamiltonian, knapsack, … 

⌕ How to know whether a problem is hard?
⌕ Idea: 已知問題 A 很難。若能證明問題 B 至少跟 A 一樣難，那麼問題 B 也很

難。
⌕ Decide which complexity classes the problem belongs to via polynomial-

time reduction
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Complexity classes
⌕ A complexity class is defined as a set of problems of related resource-

based complexity
⌕ Resource = time, memory, communication, …

⌕ This lecture focuses on decision problems and time resource
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Complexity classes
⌕ Class P: class of problems that can be solved in !(#")

⌕ !(#") means polynomial in the input size, # (% is a constant)
⌕ Problems in P are considered tractable

⌕ Class NP: class of problems that can be verified in !(#")
⌕ NP = Non-deterministic Polynomial
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Complexity classes
⌕ Class P: class of problems that can be solved in !(#")

⌕ !(#") means polynomial in the input size, # (% is a constant)
⌕ Problems in P are considered tractable

⌕ Class NP: class of problems that can be verified in !(#")
⌕ NP = Non-deterministic Polynomial
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P ⊆ NP: Yes, because a problem solvable in polynomial time is verifiable in 
polynomial time as well. 

Q: Is P ⊆ NP? 



Complexity classes
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NPP

If P≠NP If P=NP 

P=NP

NP ⊆ P: We don’t know. If so, P = NP.
Whether P = NP is a question worth $1,000,000 (Millennium Prize).
Widespread belief in P ≠ NP. 

Q: Is NP ⊆ P?



⌕ P NP 五十週年
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Fifty Years of P vs. NP and the Possibility of the Impossible
By Lance Fortnow Communications of the ACM, January 2022, Vol. 65 No. 1, Pages 
76-85 10.1145/3460351
https://cacm.acm.org/magazines/2022/1/257448-fifty-years-of-p-vs-np-and-the-
possibility-of-the-impossible/fulltext



21Fifty Years of P vs. NP and the Possibility of the Impossible
By Lance Fortnow Communications of the ACM, January 2022, Vol. 65 No. 1, Pages 76-85 10.1145/3460351



http://en.wikipedia.org/wiki/File:P_np_np-complete_np-hard.svg

Complexity classes
Class P: class of problems that can be solved 
in !(#!)
Class NP: class of problems that can be 
verified in !(#!)
Class NP-hard: a class of problems that are "at 
least as hard as the hardest problems” in NP
Class NP-complete (NPC): class of problems in 
both NP and NP-hard

Hardness relationship can be determined via 
polynomial-time reduction
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The importance of class NPC
⌕ Solving one NPC problem can lead to solving all NP problems 

⌕ NPC problems are the hardest in NP
⌕ This is why it’s called NP-“complete”

⌕ Showing that a problem is “too hard to solve” by proving it is no easier 
than a NPC problem
⌕ NPC problems can be good reference points to judge whether an 

unknown problem is solvable in polynomial time
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More complexity classes
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Undecidability. No algorithm 
possible, such as Halting problem.

http://www.cse.psu.edu/~sofya/cmpsc464/Complexity-classes-diagram.jpg

Example: chess and Go 
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Given a program and an input, determine whether the program will finish 
running, or continue to run forever.

Halting Problem



Proof (animated version)
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Theorem: Halting problem is undecidable

Proof That Computers Can’t Do Everything (The Halting Problem) https://www.udiprod.com/halting-problem/

https://www.udiprod.com/halting-problem/


Proof
⌕ Let’s show that the halting problem is undecidable by contradiction
⌕ Suppose ℎ can determine whether a program & halts on input '

⌕ ℎ(&, ') = return (& halts on input ') [Eq. 1]
⌕ Define )(&) = if ℎ(&, &) is 0 then return 0 else +,-.
⌕ => )()) = if ℎ(), )) is 0 then return 0 else +,-. [Eq. 2]
⌕ Consider whether ) halts on ), both cases contradict the assumption: 

⌕ ) halts on ): then ℎ ), ) = 1 [Eq. 1], which would make )()) hang [Eq. 2]
⌕ ) does not halt on ): then ℎ(), )) = 0 [Eq. 1], which would make )()) halt [Eq. 2]
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Theorem: Halting problem is undecidable



Decision Problems
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⌕ Examples
⌕ PRIME: Given a natural number -, is - a prime?
⌕ COLOR: Given a graph , = (., 0) and a value %, can we color the 

vertices with % colors such that no adjacent vertices have the same 
color?

⌕ MST: Given a graph , = (., 0) and a bound 1, is there a spanning tree 
with a cost at most 1?

⌕ KNAPSACK: Given a knapsack of capacity 2, a set of objects with 
weights and values, and a target value ., is there a way to fill the 
knapsack with at least . value?
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The answer to the problem is simply “yes” or “no” (or “1” or “0”)
Decision problems



Optimization problems
⌕ Examples

⌕ MST-OPT: Given a graph , = (., 0), find the minimum spanning tree 
of ,

⌕ KNAPSACK-OPT: Given a knapsack of capacity 2 and a set of objects 
with weights and values, fill the knapsack so as to maximize the total 
value

30

Each feasible solution to the problem has an associated value, and we wish 
to find a feasible solution with the best value (i.e., maximum or minimum)

Optimization problems



Converting an optimization problem to a 
decision problem
⌕ Every optimization problem has a decision version that is no harder 

than* the optimization problem.
⌕ In fact, they have equal* computational difficulty.
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1"#$: given a graph and (2, 3), find 
the length of the shortest path 

between 2 and 3

1%&': given a graph, (2, 3), and 4, 
determine whether there is a path 
between 2 and 3 whose length ≤ 4

Using ,"#$ to solve 1%&': check if the optimal value ≤ 4 (in the minimization problem)
Using ,%&' to solve 1"#$: apply binary search on the value range, linear to the value’s binary 
representation

Q: Suppose algorithm ,"#$ solves problem 1"#$, and algorithm ,%&' solves problem 1%&'.
Can we use ,"#$ to solve 1%&'? Can we use ,%&' to solve 1"#$? 

* In the sense that they are in the same complexity class



Converting an optimization problem to a 
decision problem
⌕ Every optimization problem has a decision version that is no harder 

than* the optimization problem.
⌕ In fact, they have equal* computational difficulty.
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Lower

Q: To convert a maximization problem to a related decision problem, we 
can impose a ____ bound on the value to be optimized. Vice versa.

* In the sense that they are in the same complexity class



Reduction (歸約)
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Reduction
⌕ General concept: Problem 3 reduces to problem 4 if we can use an 

algorithm that solves 4 to help solve 3

34

Answer for #Instance #
of $

?

$%&$, algorithm for $

Complexity of the Algorithm for 3?

!"#$, 
algorithm for $

Instance '
of (

Answer 
for '

?



Reduction of decision problems
⌕ A reduction 6 is an algorithm for transforming every instance of a problem , into an 

instance of another problem 7, and, for all 8, ,9), 8 = 1 if and only if ,9)7(6(8)) = 1
⌕ Thus, we can use ,9)7 to construct ,9), for solving problem ,

⌕ For ease of understanding, try replacing , and 7 with simple yet concrete problems
⌕ Example: , is “Can 2 divide '?”, and 7 is “Can : divide '?”
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$%&$, algorithm to decide $

!"#$, algorithm to 
decide $

Instance '
of (

1

0

1

0

Instance #
of $

Reduction 
Algorithm %
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(1) 5 ∈ 1, 2, 3, …
(2) 8 ∈ { 1,1 , 1,2 , … , 2,1 , 2,2 , … }
(3) ; 5 = (5, 2), this can be done in !(1).
Also, trivially 3<=4 ; 5 = 1 iff 3<=3 5 = 1. 

Q: Suppose 
Problem A is “Can 2 divide -?”
Problem B is “Can > divide -?”
- and > are both nature numbers.
Answer the following questions: 
(1) What are Problem A’s instances?
(2) What are Problem B’s instances?
(3) Show that A can be reduced to B by constructing a reduction ;

$ (

Note that {,(#)|$%&$ # = 1} is 
a subset of {'|$%&( ' = 1}



Polynomial-time reduction
⌕ A polynomial-time reduction (, ≤# 7) is a polynomial-time algorithm for transforming 

every instance of a problem , into an instance of another problem 7
⌕ Can help determine the hardness relationship between problems (within a 

polynomial-time factor)
⌕ , ≤# 7 implies , is no harder than 7; equivalently, 7 is at least at hard as ,
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$%&$, algorithm to decide $

!"#$, algorithm to 
decide $

Instance '
of (

1

0

1

0

Instance #
of $

Reduction 
Algorithm %



Applications of reduction
1. Designing algorithms: if we can reduce 3 to 4, then we can solve 3 using 

a given algorithm for 4.
2. Classifying problems: if 3 ≤2 4 and 4 ≤2 3, then 3 and 4 have the same 

hardness level.
3. Proving limits: if 3 ≤2 4 and 3 is hard, then so is 4.

⌕ Use frequently in NP-completeness proofs.
⌕ 目的是證明 B 為 intractable，而非設計可用的演算法！
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Applications of reduction: designing algorithms

⌕ Example #1:
⌕ A = all-pairs shortest path problem
⌕ B = single-source shortest path problem

⌕ Example #2:
⌕ A = finding arbitrage opportunity 
⌕ B = detecting negative cycles

⌕ Any other examples?
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Answer for #Instance #
of $

?

Algorithm for $

Algorithm 
for $

Instance '
of (

Answer 
for '

?



Applications of reduction: proving limits

⌕ A common usage in NP-completeness proofs
⌕ Known: 3 is NPC
⌕ Goal: prove that 4 is at least as hard as 3 (i.e., NP-hard)
⌕ Approach: show that 3 ≤2 4 by constructing a polynomial-time 

reduction algorithm to convert every 5 to a 8
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$%&$, algorithm to decide $

!"#$, algorithm to 
decide $

Instance '
of (

1

0

1

0

Instance #
of $

Reduction 
Algorithm %



Practice: Show PARTITION ≤! KNAPSACK

If we can solve KNAPSACK, how can we use that to solve PARTITION?
Polynomial-time reduction: Set 1 = 3

!
@4∈3,…,8A4

41

p-time reduction 3 4 5 6
A KNAPSACK instance with & = 9A PARTITION instance

3 4 5 6

KNAPSACK: 
Given a set {<(, … , <)} of non-negative 
integers, and an integer ?, decide if there is 
a subset 1 ⊆ [1, #] such that Σ*∈, <- = ?.

PARTITION: 
Given a set of non-negative integers 
{<(, … , <)}, decide if there is a subset 1 ⊆
[1, #] such that Σ*∈, <- = Σ*∉, <-



Practice: Show PARTITION ≤! KNAPSACK

If we can solve KNAPSACK, how can we use that to solve PARTITION?
Polynomial-time reduction: Set 1 = 3

!
@4∈3,…,8A4

Correctness proof: show that KNAPSACK A3, … , A8 , 1 returns yes if and 
only if PARTITION( A3, … , A8 ) returns yes
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Algorithm to decide PARTITION

Algorithm to 
decide KNAPSACK

Instance ' of
KNAPSACK

9:;

<=

9:;

<=

Instance # of 
PARTITION

Reduction 
algorithm



Practice: Show PARTITION ≤! KNAPSACK
Polynomial-time reduction: Set ? = (

/D-∈(,…,)<-
Correctness proof: show that KNAPSACK( <(, … , <) , ?) returns yes if and only if 
PARTITION( <(, … , <) ) returns yes

(1) If PARTITION( <(, … , <) ) returns yes -> KNAPSACK( <(, … , <) , ?) returns yes 
⌕ If PARTITION( <(, … , <) ) returns yes, then there is a subset 1 ⊆ [1, #] such that 

Σ*∈, <- = Σ*∉, <- = ?. 
⌕ Thus, KNAPSACK( <(, … , <) , ?)will return yes

(2) If KNAPSACK( <(, … , <) , ?) returns yes -> PARTITION( <(, … , <) ) returns yes 
⌕ If KNAPSACK( <(, … , <) , ?) returns yes, then there is a subset 1 ⊆ [1, #] such that 

Σ*∈, <- = ?.
⌕ The rest (not in 1) must sum up to ? as well. Thus, PARTITION( <(, … , <) )will 

return yes
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Practice: Show KNAPSACK ≤! PARTITION 

If we can solve PARTITION, how can we use that to solve KNAPSACK?
Polynomial-time reduction: Add A8>3 = |M − 21|, where M = @4∈3,…,8A4

44

p-time reduction

A KNAPSACK instance with K = 7
3 4 5 6 3 4 5 6 4

A PARTITION instance

KNAPSACK: 
Given a set {<(, … , <)} of non-negative 
integers, and an integer ?, decide if there is 
a subset 1 ⊆ [1, #] such that Σ*∈, <- = ?.

PARTITION: 
Given a set of non-negative integers 
{<(, … , <)}, decide if there is a subset 1 ⊆
[1, #] such that Σ*∈, <- = Σ*∉, <-



Practice: Show KNAPSACK ≤! PARTITION 

If we can solve PARTITION, how can we use that to solve KNAPSACK?
Polynomial-time reduction: Add A8>3 = |M − 21|, where M = @4∈3,…,8A4
Correctness proof: show that PARTITION A3, … , A8, A8>3 returns yes if and 
only if KNAPSACK( A3, … , A8 , 1) returns yes

45

Algorithm to decide KNAPSACK

Algorithm to 
decide PARTITION

Instance ' of
PARTITION

9:;

<=

9:;

<=

Instance # of 
KNAPSACK

Reduction 
algorithm



Practice: Show KNAPSACK ≤! PARTITION 
Polynomial-time reduction: Add <)2( = |+ − 2?|, where + = D-∈(,…,)<-
Correctness proof: show that PARTITION <(, … , <), <)2( returns yes if and only if 
KNAPSACK( <(, … , <) , ?) returns yes

(1) If KNAPSACK( <(, … , <) , ?) returns yes -> PARTITION <(, … , <), <)2( returns yes

46

a1 a2 a3 a4

= ? a1 a2 a3 a4

= ?

a5

= @ − ? + 2? − @
= ?

= @ − ?

a1 a2 a3 a4

= ? + (@ − 2?)
= @ − ?

a5

= @ − ?
@ ≥ 2?:

@ < 2?:



Practice: Show KNAPSACK ≤! PARTITION 
Polynomial-time reduction: Add <)2( = |+ − 2?|, where + = D-∈(,…,)<-
Correctness proof: show that PARTITION <(, … , <), <)2( returns yes if and only if 
KNAPSACK( <(, … , <) , ?) returns yes

(2) If PARTITION <(, … , <), <)2( returns yes -> KNAPSACK( <(, … , <) , ?) returns yes
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a2 a3 a4

= @ − ?

a5a1

= @ − ?

a1 a2 a3 a4 = ?@ ≥ 2?:

@ < 2?: a2 a3 a4

= ?

a5a1

= ?

a1 a2 a3 a4 = ?



Proving NP-completeness
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Proving NP-Completeness
⌕ Class NP-Complete (NPC): class of decision problems in both NP and NP-hard
⌕ In other words, a decision problem R is NP-complete if 

1. R ∈ NP
2. R ∈ NP-Hard (that is, R’ ≤# R for every R’ ∈ NP)

49

…

F!

F"
R

F#

NP problems

≤$

Q: How to prove NP-Hard (every 
NP problem reduces to R)?



Proving NP-Completeness
⌕ Class NP-Complete (NPC): class of decision problems in both NP and NP-hard
⌕ In other words, a decision problem R is NP-complete if 

1. R ∈ NP
2. R ∈ NP-Hard (that is, R’ ≤# R for every R’ ∈ NP)

⌕ The second part can be simplified into showing V ≤# R for a known NPC problem V
⌕ Note, if , ≤# 7 and 7 ≤# V, then , ≤# V

50Held by definition
All we need to prove 
is one reduction!

…

F!

F"
R

F#

NP problems

≤$
Known 

NPC 
problem H

≤$



The first NP-Complete problem:
Circuit-Satisfiability Problem

51

CIRCUIT-SAT = {<C>: C is a satisfiable Boolean combinational circuit} 

Stephen Cook
Turing Award (1982)

The Circuit-Satisfiability Problem (CIRCUIT-SAT) is NP-complete
Cook’s Theorem



The first NP-Complete problem:
Circuit-Satisfiability Problem
⌕ Given a Boolean combinational circuit composed of AND, OR, and NOT 

gates, is it satisfiable?
⌕ Satisfiable = there exists an assignment s.t. the circuit outputs 1 
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Karp's 21 NP-complete problems
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Richard M. Karp
Turing Award (1985)

CIRCUIT-SAT



More NP-complete problems
⌕ “Computers and Intractability” by Garey and Johnson 

includes more than 300 NP-complete problems
⌕ Most cited book in CS
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Proving NP-Completeness 
R ∈ NP-Complete ó R ∈ NP and R ∈ NP-hard

Step-by-step approach for proving R in NPC:
1. Prove R ∈ NP
2. Prove R ∈ NP-hard (V ≤# R)

① Select a known NPC problem V
② Construct a reduction 6 transforming every instance of 

C to an instance of R
③ Prove that ' in V if and only if 6(') in R for all ' in 0,1 ∗

④ Prove that 6 is a polynomial-time transformation

55

C L



Fun examples

56



差一點差很多之 complexity class
猜猜以下每組中哪一個 in P (if P≠NP)？

57

Shortest simple path Longest simple pathvs.

Degree-constrained 
spanning tree

Minimum spanning 
treevs.

Hamiltonian cycleEulerian tour vs.
LCS with arbitrary 
input sequences

LCS with two input 
sequences vs.



Sudoku Candy Crush MineSweeper
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How about these games?
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Minesweeper consistency problem is 
also NP-complete
⌕ Minesweeper consistency problem: Given a state of what purports to be 

a Minesweeper game, is it logically consistent?

61http://www.cs.princeton.edu/~wayne/cs423/lectures/np-complete-4up.pdf



62http://web.math.ucsb.edu/~padraic/ucsb_2014_15/ccs_problem_solving_w2015/NP3.pdf
https://web.mat.bham.ac.uk/R.W.Kaye/minesw/minesw.pdf

Wire

http://web.math.ucsb.edu/~padraic/ucsb_2014_15/ccs_problem_solving_w2015/NP3.pdf
https://web.mat.bham.ac.uk/R.W.Kaye/minesw/minesw.pdf


63http://sed.free.fr/complex/mines.html
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Yes, Yes, Yes, No, No   

True/False: If A can be reduced to B in polynomial time (A ≤p B), then A is 
no harder than B
True/False: if A ≤p B and B ≤p C, then A ≤p C
True/False: NP-Complete problems can be reduced to each other in 
polynomial time.
True/False: if A ≤p B and B is in NPC, then A is in NPC too.
True/False: if A ≤p B and A is in NPC, then B is in NPC too.



Appendix: Polynomial-time Solving & 
Polynomial-time Verification
Chap. 34.1, 34.2
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Abstract problems 
⌕ P: the set of problem instances
⌕ Q: the set of problem solutions
⌕ R: an abstract problem, defined as a binary relation on P and Q

66

I#, ;#, J#, K#
I!, ;!, J!, K!

…
…

L: < I, ;NO, P:;J, K >
所有可能的圖、起訖

點、⻑度上限
1 (R:;)
0 (S=)

T: {0,1}U: SHORTEST−PATH
是否找得到最短路徑⻑度≤ K ?

…

Example of a decision problem, SHORTEST−PATH:



Encoding of problem instances
⌕ Convert an abstract problem instance into a binary string that is fed to 

a computer program

⌕ A concrete problem is polynomial-time solvable if there exists an 
algorithm that solves any concrete instance of length # in time !(#")
for some constant %
⌕ Solvable = can produce a solution

67

Abstract problem instances 
Encoder

Concrete problem instances
(Binary strings)



Formal-language theory
⌕ An Alphabet Σ = a finite set of symbols
⌕ A Language V over Σ = any set of strings made up from alphabet Σ
⌕ Notations 

⌕ W: empty string
⌕ X: empty language
⌕ Σ∗: the language of all strings over Σ

68



69

⌕ Σ = A, Y, Z, … , [
⌕ V = a set of English words

Q: In English, what is the alphabet Σ and the language V? 

⌕ Σ = 0,1
⌕ V = {10, 11, 101, 111,… }

Q: In the language of binary representation of prime numbers, what is the 
alphabet Σ and the language V? 

⌕ Σ∗ = {W, 0, 1, 00, 01, 10, 11, 000,… }
Q: If Σ = {0,1}, what is Σ∗? 



Representation of a decision problem

⌕ P = the set of problem instances = Σ∗, where Σ = {0, 1}
⌕ R = a decision problem = a language V over Σ = {0, 1} such that V = {- ∈

Σ∗: R(-) = 1}
⌕ 以答案為 1 的 instances 定義 decision problem R!
⌕ V = {^_`2, ^_`3} in this simple example

70

str1
str2
str3
…

L: set of problem 
instances

1 (R:;)
0 (S=)

T: {0,1}U: decision problem

…
Strings that represent 
meaningless instance …



U _

Representation of a decision problem

⌕ 以答案為 1 的 instances 定義 decision problem R
⌕ R can be reduced to a means - ∈ R ⟺ ;(-) ∈ a

71

reduction 

A decision problem R can be defined as
a language V over Σ = {0, 1} such that V = {- ∈ Σ∗: R(-) = 1}

Decision problem



Definition of the complexity class ! in 
language-theoretic framework
⌕ An algorithm 3 accepts a string - ∈ 0,1 ∗ if 3(-) = 1
⌕ An algorithm 3 rejects a string - ∈ 0,1 ∗ if 3(-) = 0
⌕ An algorithm 3 accepts a language V means…
• 3 accepts every string - ∈ V
• 對所有在 V 中的 string 都要能正確地輸出 YES
• 對不在 V 中的 string 可能輸出 NO, 也可能無法判斷（e.g., loop forever)

⌕ An algorithm 3 decides a language V if 3 accepts V and 3 rejects every 
string - ∉ V
⌕ 對所有的string都要能正確地輸出YES/NO

72



Definition of the complexity class P in 
language-theoretic framework
⌕ Class P: a class of decision problems solvable in p-time

⌕ That is, given an instance - of a decision problem R, its solution R(-)
(i.e., YES or NO) can be found in polynomial time

⌕ Hence, an alternative definition of class d:

73

d = {V ⊆ 0,1 ∗| there exists an algorithm that decides V in p-time}
Definition of Class P

d is also the class of language that can be accepted in polynomial time.
d = V ⊆ 0,1 ∗ V is accepted by a polynomial-time algorithm}

Theorem 34.2
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HAM−CYCLE = { , | , has a Hamiltonian cycle}
Hamiltonian-Cycle Problem

Q: Is this language decidable? 
Q: Is this language decidable in polynomial time?

Q: Can you find a cycle visiting each vertex exactly once in the examples?



Polynomial-time Verification: 
Hamiltonian-cycle problem
⌕ Suppose a nice TA gives you a certificate ‒ a vertex sequence that forms 

a Hamiltonian cycle in a given graph ,
⌕ With this certificate, how much time does it take to verify that , indeed 

contains a Hamiltonian cycle?
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Verification algorithms
⌕ Verification algorithms verify memberships in language with the help of 

certificates 
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Verification algorithm: Is 
9 a Hamiltonian cycle in 

the graph (encoded in `)?

Input `

Certificate 9

YES
(` is in HAM-CYCLE)

There exists a certificate for each YES instance

HAM−CYCLE = { , | , has a Hamiltonian cycle}



Verification algorithms
⌕ Verification algorithms verify memberships in language 
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Input x

Certificate y ??

NO
No conclusion

HAM−CYCLE = { , | , has a Hamiltonian cycle}

Verification algorithm: Is 
9 a Hamiltonian cycle in 

the graph (encoded in `)?



Co-NP
⌕ Class co-NP: class of decision problems whose complement are in NP

⌕ Complement of V = iV = Σ∗ − V
⌕ HAM−CYCLE: Given a graph ,, is there a simple cycle that visits each 

vertex on , exactly once?
⌕ HAM−CYCLE: Given a graph ,, does , contain no Hamiltonian cycle?
⌕ It’s still an open problem whether HAM−CYCLE ∈ co-NP

⌕ Equivalently, whether HAM−CYCLE ∈ NP
⌕ 是否能提供 certificate 證明 graph , 沒有 Hamiltonian cycle?
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R

Σ∗

WR



P, NP, and co-NP
⌕ Class P: class of decision problems solvable in !(#")

⌕ !(#") means polynomial in the input size (% is a constant)
⌕ Class NP: class of decision problems verifiable in !(#")
⌕ Class co-NP: class of decision problems whose complement are in NP
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If P ≠ NP and NP = co-NP

Most likely case!

If P = NP = co-NP

If P = NP ∩ co-NP


