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Annoucement

o HW4
o Due Time (hand-written):
o Due Time (programming):

o Don’t get spooked by the length; many of them are installation
guides and tool/library manuals

o Final exam: 2022/12/22
o Location TBA
o Closed book
o Scope: all topics taught in ADA, focusing on those after the midterm



To solve, or not to solve?

Design an algorithm to solve the Prove that the problem is too
computational problem efficiently hard to solve (
)
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We want to avoid---

“l can’t find an efficient algorithm, | guess I’m just too dumb.” “l can’t find an efficient algorithm, because no such algorithm is possible!”

<\

Origin: Michael Garey and David S. Johnson “Computers and Intractability: A Guide to the Theory of NP-Completeness” (1979)
Cartoon: https://www.ac.tuwien.ac.at/people/szeider/cartoon/ 4



A better way

“l can’t find an efficient algorithm, but neither can all these famous people.”

Origin: Michael Garey and David S. Johnson “Computers and Intractability: A Guide to the Theory of NP-Completeness” (1979)
Cartoon: https://www.ac.tuwien.ac.at/people/szeider/cartoon/



2-week Agenda

« Warm up: graph coloring « Formula satisfiability

« Complexity classes « 3-CNF satisfiability

« Decision problems « Clique

 Reduction « Vertex cover

« Appendix: P-time solving vs. * Independent set
verification « Traveling salesman

« Hamiltonian cycle

. e o o

Next Topic: Handling NP-Completeness
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Warm up: Graph Coloring



TNEafERE (Four Color Problem)

o  HEEEAIUREERE - it

oo

- W {E 7R [ By R EE B A A — 1k

ELRBE - BZ - 5 FUBYRBMPIERSE A 2k



— X EENNETEIE

jo,

jo,

jo,

Finally proven (with the help of computers) by Kenneth Appel and

Wolfgang Haken in 1976
o Theiralgorithm runsin 0(n?) time

First major theorem proved by a computer

Open problems remain---
o Linear time algorithms to find a solution

o Concise, human-checkable, mathematical proofs
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Q: Can you color this map using only 2 colors?
Using only 3 colors? Using only 4 colors?

2 colors: No
3 colors: Yes
4 colors: Yes

Q: Given a map, can you efficiently determine
whether k colors is enough?

k = 1:trivia
k = 2:trivia
k = 3:thep

anar 3-colorability problem is

k = 4 : always possible because of the four-
color theorem



K ®2 %8 (k-colorability)

Given a graph G, can we color the vertices with k colors such that no
adjacent vertices have the same color?

Q: Can we efficiently solve the k-colorability problem when k = 17 k = 27
k = 37

k = 1:trivial
k = 2:trivial
k = 3:

13



Complexity Classes



Whatis a hard problem

o Aproblemishard if it has no known efficient algorithms to solve it
o Efficient =tractable = (in the size of input)
o K-colorability, Hamiltonian, knapsack, -

o How to know whether a problem is hard?
o |dea: BAIERE ATREE - SEEFEAAMEIRE B VIR A — 5% - AZEFERE B 1R

o
o Decide which complexity classes the problem belongs to via polynomial-
time reduction

15



Complexity classes

o A complexity class is defined as a set of problems of related resource-
based complexity

o Resource =time, memory, communication, -
o This lecture focuses on decision problems and time resource

16



Complexity classes

jo)

jo)

Class P: class of problems that can be in 0(n®)

o 0(n*) means polynomial in the input size, n (k is a constant)
o Problemsin P are considered

Class NP: class of problems that can be in 0(n®)

o NP= Polynomial

17



Complexity classes

o C(Class P: class of problems that can be in 0(n®)
o 0(n*) means polynomial in the input size, n (k is a constant)
o Problemsin P are considered

o (Class NP: class of problems that can be in 0(n®)
o NP= Polynomial
Q:lsP & NP?

P < NP: Yes, because a problem solvable in polynomial time is verifiable in
polynomial time as well.



Complexity classes

Q:IsNP & P?
NP € P: We don’t know. If so, P =NP.
Whether P = NP is a question worth $1,000,000 (Millennium Prize).

If P#=NP It P=NP

OF



contributed articles

DO0I:10.1145/3460351

Advances in algorithms, machine learning,
and hardware can help tackle many NP-hard
problems once thought impossible.

BY LANCE FORTNOW

Fifty Years

of P vs. NP

and the
Possibility of
the Impossible

ON MAY 4, 1971, computer scientist/mathematician
Steve Cook introduced the P vs. NP problem to the
world in his paper, “The Complexity of Theorem
Proving Procedures.” More than 50 years later,

the world is still trying to solve it. In fact, I addressed

bl A neehhsan & 1M esanom acvns son s FiAasicssscssesnmdrass e anebesanla

most importantly, the rise of data sci-
ence and machine learning. In 2009,
the top 10 companies by market cap
included a single Big Tech company:
Microsoft. As of September 2020, the
first seven are Apple, Microsoft, Ama-
zon, Alphabet (Google), Alibaba, Face-
book, and Tencent.” The number of
computer science (CS) graduates in
the U.S. more than tripled® and does
not come close to meeting demand.

Rather than simply revise or up-
date the 2009 survey, I have chosen to
view advances in computing, optimi-
zation, and machine learning
through a P vs. NP lens. I look at how
these advances bring us closer to a
world in which P = NP, the limitations
still presented by P vs. NP, and the
new opportunities of study which
have been created. In particular, I
look at how we are heading toward a
world I call “Optiland,” where we can
almost miraculously gain many of
the advantages of P = NP while avoid-
ing some of the disadvantages, such
as breaking cryptography.

As an open mathematical problem,
Pvs. NP remains one of the most impor-
tant; it is listed on the Clay Mathemati-
cal Institute's Millennium Problems®
(the organization offers a million-dollar
bounty for the solution). I close the ar-
ticle by describing some new theoreti-
cal computer science results that, while
not getting us closer to solving the P vs.
NP question, show us that thinking

key insights

® The P vs. NP problem turned 50 in 2021
and its resolution remains far out of
reach. Dramatic advances in algorithms
and hardware have allowed us to
tackle manv NP-comnlete nrohlems

about P vs. NP still drives much of the | groups, but nothing you do seems to = we can efficiently solve the Clique p

Fifty Years of P vs. NP and the Possibility of the Impossible

By Lance Fortnow Communications of the ACM, January 2022, Vol. 65 No. 1, Pages
76-8510.1145/3460351
https://cacm.acm.org/magazines/2022/1/257448-fifty-years-of-p-vs-np-and-the-
possibility-of-the-impossible/fulltext



Optiland

Russell Impagliazzo, in a classic 1995 paper,2© described five worlds with varying degrees of possibilities for
the P vs. NP problem:

« Algorithmica: P = NP or something "morally equivalent," such as fast probabilistic algorithms for NP.
« Heuristica: NP problems are hard in the worst case but easy on average.

« Pessiland: We can easily create hard NP problems, but not hard NP problems where we know the solution.
This is the worst of all possible worlds, since we can neither solve hard problems on average nor do we get
any apparent cryptographic advantage from the difficulty of these problems.

« Minicrypt: Cryptographic one-way functions exist, but we do not have public-key cryptography.

« Cryptomania: Public-key cryptography is possible—that is, two parties can exchange secret messages over
open channels.

These worlds are purposely not formally defined but rather suggest the unknown possibilities given our
knowledge of the P vs. NP problem. The general belief, though not universal, is that we live in Cryptomania.

Impagliazzo draws upon a "you can't have it all" from P vs. NP theory. You can either solve hard NP problems
or have cryptography, but you can't have both (you can have neither). Perhaps, though, we are heading to a de
facto Optiland. Advances in machine learning and optimization in both software and hardware are allowing
us to make progress on problems long thought difficult or impossible—from voice recognition to protein
folding—and vet, for the most part, our cryptographic protocols remain secure.

Fifty Years of P vs. NP and the Possibility of the Impossible
By Lance Fortnow Communications of the ACM, January 2022, Vol. 65 No. 1, Pages 76-85 10.1145/3460351



Complexity classes

Class P: class of problems that can be solved
in 0(n™)

Class NP: class of problems that can be
verified in 0(n*)

Class NP-hard: a class of problems that are "
”in NP

Class NP-complete (NPC): class of problems in
both NP and NP-hard

Hardness relationship can be determined via
polynomial-time reduction

NP-Complete

P=NP=
NP-Complete

Complexity

http://en.wikipedia.org/wiki/File:P_np_np-complete_np-hard.svg
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The importance of class NPC

o Solving one NPC problem can lead to solving all NP problems
o NPC problems are the hardest in NP
o Thisiswhy it’s called NP-“complete”

o Showing that a problem is “too hard to solve” by
than a NPC problem

o NPC problems can be good reference points to judge whether an
unknown problem is solvable in polynomial time



More complexity classes

recognizable

decidable

PSPACE=NPSPACE

http://www.cse.psu.edu/~sofya/cmpsc464/Complexity-classes-diagram.jpg

Undecidability. No algorithm

possible, such as Halting problem.

Example: chess and Go

24



Halting Problem

Given a program and an input, determine whether the program will finish
running, or continue to run forever.

25



Theorem: Halting problem is undecidable

Proof (animated version)

Proof That Computers Can’t Do Everything (The Halting Problem) https://www.udiprod.com/halting-problem/

26


https://www.udiprod.com/halting-problem/

Proof

o Let’sshow that the halting problem is by contradiction
o Suppose h can determine whether a program p halts on input x
o h(p,x)=return (p haltsoninput x) [Eq. 1]
o Define g(p) =if h(p,p) is 0 then return 0 else HANG
o =>g(g)=ifh(g,g)is0thenreturn 0 else HANG [EQ. 2]

o Consider whether g halts on g, both cases contradict the assumption:
o ghaltson g:then h(g, g) = 1 [Eq. 1], which would make g(g) hang [Eq. 2]
o gdoesnothalton g:then h(g,g) = 0[Eqg. 1], which would make g(g) halt [Eq. 2]



Decision Problems



Decision problems
The answer to the problem is simply “yes” or “no” (or “1” or “0”)

o  Examples
Given a natural number x, is x a prime?

: Given a graph ¢ = (V,E) and a value k, can we color the

vertices with k colors such that no adjacent vertices have the same
color?

: Given a graph ¢ = (V,E) and a bound K, is there a spanning tree
with a cost at most K?

: Given a knapsack of capacity C, a set of objects with
weights and values, and a target value v, is there a way to fill the
knapsack with at least V value?

29



Optimization problems
Each feasible solution to the problem has an associated value, and we wish
to find a feasible solution with the best value (i.e., maximum or minimum)

o  Examples
: Given a graph ¢ = (V, E), find the minimum spanning tree

of G

: Given a knapsack of capacity € and a set of objects

with weights and values, fill the knapsack so as to maximize the total
value




Converting an optimization problem to a
decision problem

o Every optimization problem has a decision version that is
the optimization problem.

o Infact, they have computational difficulty.
*In the sense that they are in the same
Pope: given a graph and (s, t), tind P4ec: given a graph, (s, t), and k,
the length of the shortest path determine whether there is a path
betweens andt between s and t whose length < k

Q: Suppose algorithm A,y solves problem Py, and algorithm Ay, solves problem Py,
Can we use A,y to solve Pge.? Can we use Age, to solve Py, ?

check if the optimal value < k (in the minimization problem)

apply binary search on the value range, linear to the value’s binary
representation



Converting an optimization problem to a
decision problem

o Every optimization problem has a decision version that is
the optimization problem.

o Infact, they have computational difficulty.

*In the sense that they are in the same

Q: To convert a maximization problem to a related decision problem, we
canimpose a____ bound on the value to be optimized. Vice versa.

Lower



Reduction (BF#9)



Reduction

o General concept: Problem A reduces to problem B if we can use an

algorithm that solves B to help solve A

Instance a
of A

2 |[Instance

of B

AlgA, algorithm for A

AlgB,
algorithm for B

Answer

Answer for a

for B

Complexity of the Algorithm for A?

34



Reduction of decision problems

o Areduction fis an algorithm for
instance of another problem B, and, for all a, AlgA(a) =1

o Thus, we can use AlgB to construct AlgA for solving problem A
o  Forease of understanding, try replacing A and B with simple yet concrete problems

o Example: Ais “Can 2 divide x?”, and B is “Can y divide x?”

Instance «a

of a problem 4 into an

AlgB(f(a)) =1

of A

Reduction
Algorithm f

Instance B | AlgB, algorithm to
of B decide B

S

AlgA, algorithm to decide A




Q: Suppose

Problem Ais “Can 2 divide x?”
Problem B is “Can y divide x?”

x and y are both nature numbers.
Answer the following questions:

(1) What are Problem A’s instances?
2) What are Problem B’s instances?

E3§ Show that A can be reduced to B by constructing a reduction f
(1)
(2)
(

Na€ef{1,23,..} o] s [0
2) B €{(1,1),(1,2),..,(2,1),(22), ..} B
3) f(a) = (a,2), this can be done in 0(1). —
Also, trivially AlgB(f (a)) = 1 iff AlgA(a) = 1. AL |

Note that {f(a)|AlgA(a) = 1} is
a subset of {B|AlgB(B) = 1}



Polynomial-time reduction

A polynomial-time reduction (A <, B)is a

for transforming

every instance of a problem A into an instance of another problem B

o Can help determine the hardness relationship between problems (within a
polynomial-time factor)

o A<, Bimplies

Instance «a

; equivalently,

of A

Reduction
Algorithm f

Instance B | AlgB, algorithm to
of B decide B

AlgA, algorithm to decide A

37



Applications of reduction

1. Designing algorithms: if we can reduce A to B, then we can solve A4 using
a given algorithm for B.

2. Classifying problems: if A <, B and B <,, A4, then A and B have the same
hardness level.

o Use frequently in NP-completeness proofs.
o HBHBIEFEE B A intractable » MIERETRIAERE |



Applications of reduction: designing algorithms

Instance a ? Instance B | Algorithm |_Answer ? Answer for a
of A of B for B for B

Algorithm for A

o Example #1:
o A= all-pairs shortest path problem
o B=single-source shortest path problem

o Example #2:
o A=finding arbitrage opportunity
o B=detecting negative cycles

o Any other examples?



Applications of reduction: proving limits

Instance Reduction Instance B | 4lgB, algorithm to 1<’H 1
of 4 Algorithm f of B decide B - 0

AlgA, algorithm to decide A

o Acommon usage in NP-completeness proofs
o Known: A is NPC

o Goal: prove that

o Approach: show that A <, B by constructing a
to converteveryatoap




Practice: Show PARTI

ION <, KNAPSACK

KNAPSACK:

Given a set{ay, ..., a,} of non-negative
integers, and an integer K, decide if there is
a subset P € [1,n] such that Zjcp a; = K.

PARTITION:

Given a set of non-negative integers
{aq,...,a,}, decide if thereis a subset P €
[1,n] such that Yiep A; = 2igp Q;

If we can solve KNAPSACK, how can we use that to solve PARTITION?
Polynomial-time reduction: Set K = %ZiEL_",nai

o 6

A PARTITION instance

A KNAPSACK instancewith K =9

41



Practice: Show PARTITION <, KNAPSACK

Instance a of

PARTITION

Reduction
algorithm

Instance g of Algorithm to
KNAPSACK | decide KNAPSACK

yes

B

Algorithm to decide PARTITION

> yes

—> NO

If we can solve KNAPSACK, how can we use that to solve PARTITION?
Polynomial-time reduction: Set K = %ZiEL...,nai

Correctness proof: show that KNAPSACK({ag, ..., a,}, K) returns yes

PARTITION({a4, ..., a,}) returns yes



Practice: Show PARTITION <, KNAPSACK

Polynomial-time reduction: Set K = %ZiEL...,nai

Correctness proof: show that KNAPSACK({a,, ..., a,}, K) returns yes
PARTITION({ay, ..., a,}) returns yes
(1) If PARTITION({a4, ..., ay}) returns yes -> KNAPSACK({a4, ..., ay }, K) returns yes
o |t PARTITION({ay, ..., a,}) returns yes, then there is a subset P € [1,n] such that
Ziep Q; = Xjgp a; = K.
o Thus, KNAPSACK({ay, ..., a,}, K) will return yes

(2) If KNAPSACK({ay, ..., a,}, K) returns yes -> PARTITION({aq, ..., a,}) returns yes

o | KNAPSACK({a4, ..., a,}, K) returns yes, then there is a subset P € [1,n] such that
ZiEP a; = K.

o Therest (notin P) mustsum up to K as well. Thus, PARTITION({ay, ..., a,}) will
return yes




Practice: Show KNAPSACK <, PARTITION

KNAPSACK:
Given a set{ay, ..., a,} of non-negative

integers, and an integer K, decide if there is
a subset P € [1,n] such that Zjcp a; = K.

PARTITION:

Given a set of non-negative integers
{aq,...,a,}, decide if thereis a subset P €
[1,71] such that ZiEP a; = Zi&P a;

If we can solve PARTITION, how can we use that to solve KNAPSACK?
Polynomial-time reduction: Add a,44 = |H — 2K|, where H = Xic1 _pna;

e et 6

A KNAPSACK instance with K=7

A PARTITION instance

44



Practice: Show KNAPSACK <, PAR

Instance a of

I TION

KNAPSACK

Reduction
algorithm

Instance B off  Algorithm to
PARTITION | decide PARTITION

€S 5

y<
no

Algorithm to decide KNAPSACK

——> yes

—> NOo

If we can solve PARTITION, how can we use that to solve KNAPSACK?
Polynomial-time reduction: Add a,44 = |H — 2K|, where H = Xic1 _pna;

Correctness proof: show that PARTITION({ay, ..., a,, an+1}) returns yes

KNAPSACK({ay, ..., a,}, K) returns yes



Practice: Show KNAPSACK <, PARTITION

Polynomial-time reduction: Add a,+1 = |H — 2K|, where H = Xje1  na;

Correctness proof: show that PARTITION({ay, ..., a,, an4+1}) returnsyes it and only it

KNAPSACK({ay, ..., an}, K) returns yes
(1) If KNAPSACK({ay, ..., a,}, K) returns ves -> PARTITION({a4, ..., a,, a,,.1 }) returns yes

11

> .
=2k =K + (H — 2K)
=H-K

Sk Je< ] (EAERER

(H—-K)+ (2K — H) =K
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Practice: Show KNAPSACK <, PARTITION

Polynomial-time reduction: Add a,+1 = |H — 2K|, where H = Xje1  na;

Correctness proof: show that PARTITION({ay, ..., a,, an4+1}) returnsyes it and only it

KNAPSACK({ay, ..., a,}, K) returns yes
(2) If PARTITION({a4, ..., a,, a,.1}) returns yes -> KNAPSACK({a4, ..., a, }, K) returns yes

el - | HEEn - HBEE -«

= H—-K =H-K
i<z [ HBEABA - HBEl -«
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Proving NP-completeness



Proving NP-Completeness

o Class NP-Complete (NPC): class of decision problems in both NP and NP-hard

o Inotherwords, a decision problem L is NP-complete if
1. LeNP
2. L e NP-Hard (thatis, L’ <, L forevery L’ € NP)

NP problems Q: How to prove NP-Hard (every
iy B NP problem reduces to L)?
L x




Proving NP-Completeness

o Class NP-Complete (NPC): class of decision problems in both NP and NP-hard

o Inotherwords, a decision problem L is NP-complete if
1. LeNP
2. L e NP-Hard (thatis, L’ <, L forevery L’ € NP)

o The second part can be simplified into showing € <,, L for a
o Note,ifA<,BandB <, C,thenA <, C

NP problems

L, &A
— P
L —

All we need to prove

|
Held by definition > |



The first NP-Complete problem:
Circuit-Satistiability Problem

CIRCUIT-SAT ={<C>: Cis a satisfiable Boolean combinational circuit}

Cook’s Theorem v
The Circuit-Satisfiability Problem (CIRCUIT-SAT) is NP-complete | =&

Stephen Cook
Turing Award (1982)

ol



The first NP-Complete problem:
Circuit-Satistiability Problem

o Given a Boolean combinational circuit composed of AND, OR, and NOT
gates, is it satisfiable?
o Satisfiable = there exists an assignment s.t. the circuit outputs 1

v

% 1 1
xp - ID

o g
D; —
|

D

1

oot )
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|
Karp's 21 NP-complete problems
CIRCUIT-SAT
SATISF;Z\BILITY Richard M. Karp
Turing Award (1985)
cu'QUE PROGRAMNING MOST 3 LITERALS PER CLAUSE
ggﬁgn PA§§§NG CHROMATIC NUMBER

FEEDBACK FEEDBACK DIRECTED

SET
NODE SET ARC SET  HAMILTON
CIRCUIT COVERING
UNDIRECTED
HAMILTON
CIRCUIT

EXACT
COVER

LR

3-DIMENSIONAL HITTING STEINER
MATCHING e SET TREE

CLIQUE
COVER

SEQUENCING PARTITION

MAX CUT
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More NP-complete problems

o “Computers and Intractability” by Garey and Johnson
includes more than 300 NP-complete problems

o M OSt Clted bOOk N CS COMPUTERS AND INTRACTABILITY

A Guide to the Theory of NP-Completeness

Michael A. Garey / Dawd S. Jonnzor

1. MR Garey, D S Johnson
Computers and Intractability: A Guide to the Theory of NP-Completeness 1979
8562
2. T HCormen, C E Leiserson, R L Rivest
Introduction to Algorithms 1991
7126




Proving NP-Completeness

{0,13*
L € NP-Complete < L € NP and L € NP-hard

Step-by-step approach for proving L in NPC:
1. ProveL &NP

2. Prove L € NP-hard (C <, L)

(1D Selecta

transforming every instance of
Ctoaninstance of L

® ProvethatxincC f(x)inLforallxin{0,1}*
@ Provethat fisa



Fun examples



JBIR LA N HER

Shortest simple path

LCS with two input
sequences

Degree—co nstrained

spanning tree

VS.

VS.

VS.

VS.

BLEIR %« complexity class

OI—1@ in P (if P=NP) ?

Longest simple path

Hamiltonian cycle

LCS with arbitrary
Input sequences

Minimum spanning
tree

¥



How about these games?

Sudoku Candy Crush MineSweeper
4 1 3|7
6 2 ol8 o e
519 2|1 el [T
2|7 3 231 1/1/1
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RIRE I (23 2 BIfiZRARE (ASP) LW oDk, I DAV AF Az LZNICHT D 1 DOfif s 5%
HNTZBRZ, o D s S DOEEROIBBEDZ L THD, FHLVWREEZ 7 AL LTOD ASP D& Ueda
& Nagao (2£5,) KX TiEn BOMMBEEZONTHICH D 1 DOMRERDHHE (n-ASP) 122\ T
EET D, B, WNIGT DE~OEWR Y ZIEAXRER TIT 2 5 L 9 72 £ EAFFH parsimonious #TiZBH7 %
T2 THD ASP BRI VW TEET S,

AL LT, ARXTHE S 20FARNIAN, RVF—V 2Ly rn (FJuRED) &F3—F
L—Z (BM) 2o\ TZD ASP 22t (NP 222 E8E8T2) #7177,

Complexity and Completeness of Finding Another
Solution and Its Application to Puzzles

Takayuki YATO Takahiro SETA
Department of Information Science Department of Computer Science
Graduate School of Science Graduate School of Information Science and Technology
The University of Tokyo The University of Tokyo
yato@is.s.u-tokyo.ac. jp seta@is.s.u-tokyo.ac. jp
Abstract

The Another Solution Problem (ASP) of a problem II is the following problem: for a given instance
z of II and a solution s to it, find a solution to x other than s. (The notion of ASP as a new class
of problems was first introduced by Ueda and Nagao.) In this paper we consider n-ASP, the problem
to find another solution when n solutions are given. In particular we consider ASP-completeness, the
completeness with respect to the parsimonious reductions which allow polynomial-time transformation
of solutions.

As an application, we prove the ASP-completeness (which implies NP-completeness) of three popular
puzzles: Slither Link, Cross Sum, and Number Place.
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(A @ isnphard.com

Bejeweled, Candy Crush and other match-three games are (NP-)Hard!

What is this all about?

This is an implementation of the reduction provided in the paper Bejeweled, Candy Crush and other Match-Three Games are (NP)-
Hard which has been accepted for presentation at the 20/4 IEEE Conference on Computational Intelligence and Games (CIG 2014).

To find more about what NP-Hard means you can read this blog post or the corresponding page on Wikipedia.

About the authors

We are an Italian group of three people: Luciano Guala, Stefano Leucci, and Emanuele Natale. We had the weird idea to spend our

weekends proving that Candy Crush Saga is NP-Hard. We also thought that it was nice to put online an implementation of our

hardness reduction... so here it is!

00



also NP-complete

Minesweeper consistency problem is

o Minesweeper consistency problem: Given a state of what purports to be
a Minesweeper game, is it logically consistent?

........ 1) .1 2y 2?2
1:2i1 1i2:1 121 121
1 i1 1 1 11 1 1
1 i1 1 i1 U EY I EYEY T E Y
2121212 212122 212122 221212
| | ] .? - 1 [ ¢
........ 1.3 2?7
1:2i1 1:2:1 1i2i1
1 1 1 1 1 1
SIS I Ji. i1 11 13
1222 [1]212i2 [12i2i2
=

http://www.cs.princeton.edu/~wayne/cs423/lectures/np-complete-4up.pdf

YES

NO
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http://web.math.ucsb.edu/~padraic/ucsb 2014 15/ccs problem solving w2015/NP3.pdf
https://web.mat.bham.ac.uk/R.W.Kaye/minesw/minesw.pdf
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http://web.math.ucsb.edu/~padraic/ucsb_2014_15/ccs_problem_solving_w2015/NP3.pdf
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http://sed.free.fr/complex/mines.html



True/False: If A can be reduced to B in polynomial time (A <, B), then A'is
no harder than B

True/False: if A<, Band B =<,C,thenA<,C

True/False: NP-Complete problems can be reduced to each otherin
polynomial time.

True/False: if A <,B and Bis in NPC, then Ais in NPC too.

True/False: if A <,Band Aisin NPC, then B is in NPC too.
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Abstract problems

o [:the setof problem instances
o S:theset of problem solutions
o @Q:an abstract problem, defined as a onlandsS

Example of a decision problem, SHORTEST—PATH:

I: < G,src,dest, k > Q: SHORTEST—PATH S: {0,1}
FrErAEVE ~ 852 oS IRERERE< k7
w1~ RE LR

Gli S1, tl) k]_ 1 (YeS)
GZISZI tz,kz 0 (NO)
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-ncoding of problem instances

Convert an abstract problem instance into a binary string that is fed to
a computer program

Abstract problem instances Concrete problem instances
g Encoder _ _ >
(Binary strings)

A concrete Eroblem is polynomial-time solvable if there exists an
algorithm that solves any concrete instance of length n in time 0(n*)
for some constant k

o Solvable = can produce a solution

of



Formal-language theory

o AnAlphabet X = a finite set of symbols
o Alanguage L over X = any set of strings made up from alphabet X

o Notations
o g empty string
o ¢:empty language
o X¥*:thelanguage of all strings over X

08



Q: In English, what is the alphabet £ and the language L?
o Y={ab,c,..,z}

o L =asetof English words

Q: In the language of binary representation of prime numbers, what is the
alphabet X and the language L?

o ¥ ={0,1}
o L = {10,11,101,111,..}

Q: If £ = {0,1}, what is £*?
o> 3* = {¢0,1,00,01,10,11,000,...}



Representation of a decision problem

I: set of problem o .
ctances Q: decision problem S: {0,1}
strl 1 (Yes)
str2 0 (No)
str3
/

o ] =thesetof probleminstances =2* where 2 = {0, 1}
o @ =adecision problem =alanguage L over X = {0,1} such that L = {x €

X Qx) =1}
o MUEZEA 1 Hinstances % decision problem Q!
o L = {str2,str3}in this simple example



Decision problem

A decision problem Q can be defined as
alanguage L overZ = {0,1} such thatL = {x € 2*:Q(x) = 1}

o DIEZEA 1B instances £ decision problem @
means

reduction
{0,13* . | {0,13*
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gorit
gorit
gorit

Definition of the complexity class P in
anguage-theoretic framework

nm A accepts astringx € {0,1} ifA(x) = 1
nm A rejects a stringx € {0,1}* iTA(x) =0

M A accepts a language L means:--

A acceptseverystringx € L

HFTBTE L PRI string AR ge IEMERNE X YES

HATE L Y string AJgE#IH NO, B RJge S EFIET (e.g., loop forever)
An algorithm A decides a language L it A accepts L and A rejects every
string x & L

o EFTERIstringal EaE IEREMEE HYES/NO

M B3
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o (Class P: a class of decision problems

o Thatis, given an instance x of a decision problem @, its solution Q(x)
(i.,e,, YES or NO) can be found in polynomial time

o Hence, an alternative definition of class P:

Definition of Class P
P = {L < {0,1}*| there exists an algorithm that decides L in p-time}

exity ¢

TMEWOIK

ass P In

In p-time

P is also the class of language that can be accepted in polynomial time.
P = {L < {0,1}*|L is accepted by a polynomial-time algorithm}



Hamiltonian-Cycle Problem
HAM—CYCLE = {(G) | G has a Hamiltonian cycle}

Q: Can you find a cycle visiting each vertex exactly once in the examples?

Q: Is this language decidable?
Q: Is this language decidable in polynomial time?
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Polynomial-time Veritication:
Hamiltonian-cycle problem

o Suppose a nice TA gives you a certificate — a vertex sequence that forms
a Hamiltonian cycle in a given graph G

o With this certificate, how much time does it take to that G indeed
contains a Hamiltonian cycle?

Certificato

75



Veritication algorithms

o Verification algorithms verify memberships in language with the help of
certificates

HAM—CYCLE = {{G) | G has a Hamiltonian cycle}

Input x

Verification algorithm: Is
y a Hamiltonian cycle in YES

the graph (encoded in x)?

Certificate

Certificate y

76



Veritication algorithms

o Verification algorithms verify memberships in language
HAM—CYCLE = {(G) | G has a Hamiltonian cycle}

Input x
Verification algorithm: Is
y a Hamiltonian cycle in NO

the graph (encoded in x)?

Certificatey 7?7

rf
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Co-NP @ L

o Class co-NP: class of decision problems whose are in NP
o Complementof L=L=3%"—-1L

o HAM-CYCLE: Given a graph G, is there a simple cycle that visits each
vertex on G exactly once?

o HAM-—CYCLE: Given a graph G, does G contain no Hamiltonian cycle?

o |t’sstill an open problem whether HAM—CYCLE € co-NP

o Equivalently, whether HAM—CYCLE € NP
o EEBEIRMH certificate 55RH graph ¢ 788 Hamiltonian cycle?




P. NP, and co-NP

o (Class P: class of decision problems in 0(n®)
o 0(n*) means polynomial in the input size (k is a constant)
o (Class NP: class of decision problems in 0(n®)
o (Class co-NP: class of decision problems whose
If P=NP=co-NP If P %= NP and NP =co-NP
P — NP = co.NP NP = co-NP
D)
(@) (b)
If P=NP N co-NP Most likely case!
P =NP N co-NP NP 2 co- NP
cE» @
(©) (d

are in NP
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